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Abstract. In this paper, the relations between Schatten-von Neumann property of the tensor product of
operators and Schatten-von Neumann property of its coordinate operators are studied.

1. Introduction

The general theory of singular numbers and operator ideals was given by Pietsch [7], [8] and the case of
linear compact operators was investigated by Gohberg and Krein [6]. However, the first result in this area

can be found in the works of Schmidt [9] and von Neumann, Schatten [10] who used these concepts in the
theory of non-selfadjoint integral equations.

Later on, the main aim of mini-workshop held in Oberwolfach (Germany) was to present and discuss
some modern applications of the functional-analytic concepts of s—numbers and operator ideals in areas

like numerical analysis, theory of function spaces, signal processing, approximation theory, probability of
Banach spaces and statistical learning theory (see [3]).

Let H be a Hilbert space, S(H) be a class of linear compact operators in H and A € So(H). The

eigenvalues of the operator (A*A)'? € S (H) are called the s — numbers of the operator A. We shall
enumerate the nonzero s-numbers in decreasing order, taking account of their multiplicities, so that

sn(A) = L (A AV, n=1,2,..

(see [6]).
The Schatten-von Neumann operator ideals are defined as

Sp(H) = {A € Soo(H) : ZSZ(A) < oo}, 1<p<oo
n=1
in [7], [8].
Throughout this paper, the algebra of linear bounded operators from any Hilbert space H; to another
Hilbert space H, is denoted by L (H1, Hy). If Hy = H, = H, itis denoted by L (H) = L (H, H).
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Now give few main definitions from [1].
Let (Hy);_, be a finite sequence of separable Hilbert spaces and let (e;k))]i“;o be an orthonormal basis in Hy.
Consider the formal product

ep=c ol ®.. 0 1)

where a = (a1,a9,...,an) € ZI} = Z, X Z; X ... X Z, (n-times), i.e., we consider the ordered sequence
(eg), effz), . e(")) and construct a Hilbert space spanned by the formal vectors (1) which are assumed to be an

orthonormal basis of this space. The separable Hilbert space thus constructed is called the tensor product

n
of the spaces Hy, H, ..., H, and is denoted by H1 ® H, ® ...H,, = ® Hjy. Its vectors have the form

k=1
f=) feta(fu€O), I|f||2,1 = Y il <o, @)
aeZl} ko ezl
(f 9 Z faga/ g= Z gaea ®Hk
aeZll aeZl

Let f® = f(k) ® e Hy (k = 1,2, ..., n) be some vectors. By definition,
j= O

1) (2
f=fefPe.efM=3" (DD fle. ©

aeZll
The coefficients f, = fé f(Z).. ft,(:t') of decomposition (3) satisfy condition (2). Therefore, vector (3) belongs

n
to (X) Hy and, in addition,
k=1

||f|| H 1 il

Let (Hy),_, and (Gx);_, be two sequence of Hilbert spaces and let (A);_, be a sequence of operators

n
Ayx € L(Hg, Gg). The tensor product A; ® A, ®...Q A, = ® Ay is defined by the formula

k=1
@Ak f o= [(X)Ak Y. futa
k=1 aeZll
= ) faliel)) @ (Arel)) @ .. 0 (Ael), fe ®Hk. 4)
aeZl k=1

It is stated that the series on the right-hand side of (4) is weakly convergent in () G and defines the
k=1

n n n
operator (X) Ay € L (® Hy, @ Gk) . Furthermore,

k=1 k=1 k=1
n n
1) Adll = T T 1A
k=1 k=1

Our aim in this paper is to study the relations between Schatten-von Neumann property of the tensor
product of operators and Schatten-von Neumann property of its coordinate operators.
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2. Schatten-von Neumann properties of tensor product operators
Let Hy be a Hilbert space, Ay € L(Hy) for1 <k <n, n € Nand
A=A108A,9..0A,:H — H,

where H = ® Hy, be a tensor product of operators A, k=1,2,...,n.
k=1
Throughout this paper, for the simplicity we assume that:
(1) if for some j > 1, s;(A¢) > 0, then s;(Ax) <sj-1(Ax) forany 1 <k <n;
(2) if for different two vectors

1,1 1 2 2 2
(ml,m2,..., mn) and (ml,mz,...,mn)

at least one of the numbers
Smi (Al)Sm; (Az)sm}, (An) and Sm% (Al)smi (142)5"1’2Z (An)
is not zero, then
St (Al)Sm; (Az)...Smrll (Ap) # S (A1 )Sm§ (Az)...sm% (Ap).
Firstly, using the method in [11] we can generalize the following result.

Theorem 2.1. The tensor product A € So(H) is nonzero and compact if and only if fork = 1,2, ...,1n Ax € Seo(Hy)
are both nonzero and compact.

Now we give the main results of this paper.
Theorem 2.2. Let p € [1,00). If Ay € S,(Hy) fork =1,2,...,n, then A € S,(H).

Proof. By Theorem 2.1, since Ax € Soo(Hy) fork =1,2,...,n,then A = A1 ® Ay ® ... ® A, € Soo(H). In this case
it is clear

A=A RA®..QA,
AA=AA@AA® .. QALA,

VA*'A = JA]A1 ® \AA2 ® ... ® VAL A,

On the other hand it is known that for the spectrum of the tensor product operator A the following

relation
o ( \/M) =0 ( \/A;Al) o ( \/A;Az) e ( \/M) .

is true (see [2]). Therefore

{sm(A) : m = 1} = {$y, (A1), (A2)e .S, (Ap) : M1 21, mp > 1,..., my, = 1}.

It is easily to see that the series }| sh (A)is equal to one of rearrangement series of
m=1

Y S (A)sh,(A2)..5), ().

m=1
m=(m,...,My)

Now we will investigate the convergence of last multiple series. From the knowing algebraic equality
of the multiple series

AT Y s (Ash,(A2).. 5], ()

m=1 m=1

S (A1) Y $ha(A2). Y sh (An)
m1=1

my=1 my=1



P. Ipek Al, Z. Ismailov / Filomat 34:10 (2020), 3411-3415 3414

we have that the series

Z Z ZsW(Al)smz(Az) b (Aw)

m=1my=1 m,=

is convergent (see [5]). Therefore, A € S,(H). O

Theorem 2.3. Let Ay € Seo(Hi), pr € [1,00) fork =1,2,..,nand p = {nkax px- If Ax € Sp(Hy) fork =1,2,...,n,
<k<n

then A € S,(H).

Proof. Let ||All < 1forany k =1,2,..,n. Thenfork=1,2,.,n0 < sh (Ap) < sht (Ak) holds. Then for any
k=1,2,...,nthe series ). sfnk(Ak) is convergent, i.e., Ay € Sp(Hy), k=1,2,...,n, p = {nax pr- Hence from the
mk:1 < <‘fl
Theorem 2.2 implies that A € S,(H).
Now, consider the general case of the compact operators Ay in Hy for k = 1,2, ..., n. In this case, for the

operator

1
T = ——A,:H Hy, k=1,2,..,
T AT "

we have ||Ti|| < 1. And also from the following relations

Pk

o st (Ax) < shr (Ax), Ax € Sp(Hy), k=1,2,..,n

() = ()
AL+ A T+ llAgll

it is obtained that Ty € S, (Hy), k=1,2,...,n
Then by the first part of proof is true

S

T=T1®T,®..80T, € S,(H), p = {rg}i);pk.

Therefore from the equality
A = (A+]ANE®Q+ANE .. A+[ANE) (10T, ®...0T),),

A+ AN Er @ 1+ 1A E2 © .. ® (1 + A Ey € L{(X) Hk]
k=1

where E; : Hy — Hy, k = 1,2, ..., nareidentity operators, and by the important theorem of compact operators
in [4] it is established that A € S,(H), p = {nI?x pr. O
<k<n

Theorem 2.4. Let Ay € Seo(Hy), k=1,2,..,nand 1 < p < co. If A € S,(H), then Ay € Sy(H) fork=1,2,...,n

Proof. The any singular number s;(A) of the operator A can not be repeated infinite times in expression
$j1(A1)s},(A2)...5),(An)

which is product of different singular numbers s; (A1), s,,(A2), ..., s;,(A,) of the operator Ay, k=1,2,.

respectively. If it had been repeated infinite times, the series ): sp (A), 1 < p < oo would not converge

and thus A ¢ S,(H) would held. That is, the j-th singular m]lr;\bers sj(A) of the operator A can be re-

peated finite times in expression s; (A1)sj,(A2)...sj,(A,;) which is product of different singular numbers

8j,(A1), 8j,(A2), ..., sj,(Ay) of the operator Ay, k =1,2,..., 1, respectively.
From A € S,(H) and the following relation

Y- ZZ Zs”ml)s (A2)..s] (A)—ﬁ[isﬁkmk)

j=1 a=lp=1  j,= k=1 \j=1

< 00,

we have ), s] (Ax) < oo forany k=1,2,..,n. This means that Ay € S,(Hy) foreachk =1,2,..,n. O
Jik=1
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Theorem 2.5. Let 1 < p < oo. If Ay € Sy(Hy), k =1,2,...,j—1,j+1,..,n, Aj € Seo(H;) and A € S,(H), then

Proof. The validity of this claim is clear from the following equality

s — 1 F o
= I, (lz s;’k(Am) =
k=1 Uk=1

0
From last Theorem 2.5 it is implies the following corollary.

Corollary 2.6. Let 1 < p < co.Ifat least one of k = 1,2, ...,n Ay ¢ Sp(Hy), then A ¢ S,(H).

References

[1] Y. M. Berezanskii, Z. G. Sheftel, G. F. Us, Functional Analysis II, Birkhauser Verlag, Basel Switzerland, 1990.
[2] A. Brown, C. Pearchy, Spectra of tensor products of operator, Proceedings of the American Mathematical Society 17(1) (1966)
162-166.
[3] E Cobos, D. D. Haroske, T. Kiihn, T. Ullrich, Mini-workshop: modern applications of s-numbers and operator ideals, Mathema-
tisches Forschungs Institute Oberwolfach, Oberwolfach, Germany, February 8-February 14, 2015, 369-397.
[4] N.Dunford, J. T. Schwartz, Linear Operators I, Interscience Publishers, New York, 1958.
[5] S.R.Ghorpade, B. V. Limaye, A Course in Calculus and Real Analysis, Springer, New York, 2006.
[6] I. C. Gohberg, M. G. Krein, Introduction to the Theory of Linear Non-Selfadjoint Operators in Hilbert Space, American Mathe-
matical Society, Rhode Island, 1969.
[7] A.Pietsch, Operators Ideals, North-Holland Publishing Company, Amsterdam, 1980.
[8] A.DPietsch, Eigenvalues and s—Numbers, Cambridge University Press, Londan, 1987.
[9] E.Schmidt, Zur theorie der linearen und nichtlinearen integralgleichungen, Mathematische Annalen 64(2) (1907) 433-476.
[10] J. von Neumann, R. Schatten, The cross-space of linear transformations, Mathematische Annalen 47 (1946) 608-630.
[11] J. Zanni, C. S. Kubrusly, A note on compactness of tensor products, Acta Mathematica Universitatis Comenianae 84 (2015) 59-62.



