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Abstract. In this paper, we establish several interesting identities and congruences involving classical,
complementary and generalized Euler numbers, by using generating functions.

1. Introduction

For a real or complex parameter x, the generalized Euler numbers E(z’;) ([6, 7]) are defined by the generating
functions:
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When x = 1, the numbers E(zln) = E,, are the classical Euler numbers. By (1) or (2), we can get
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when k is positive. For a real or complex parameter x, the generalized complementary Euler numbers are
defined by the generating function
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or

(5ws) = 2(-”’“'@’3% (1<) )

n

When x = 1, the numbers E;ln) = Eyy are the original complementary Euler numbers or Euler numbers of the

second kind ([3, 4]). Notice that (—1)"Ez, > 0 and (—=1)"Es, > 0 for all n > 0.
When x is a positive integer, E(;;) and E(zj;) are called higher-order Euler numbers and higher-order complemen-
tary Euler numbers, respectively. In [6, 7], several identities were established, involving the Euler numbers
and the Euler numbers of order 2. There are many interesting or useful properties and relations involving
classical or generalized Euler numbers, in particular, of order 2. The main purpose of this paper is to show
several new identities and congruences involving classical, generalized or complementary Euler numbers,
in particular, of order 2.

2. Some basic identities of Euler numbers

In this section, we shall show some new identities of the classical Euler numbers and the generalized
Euler numbers of order 2.

Lemma 2.1.

00

(1 -t)cosx = 1—-2tcos®x +t
t* cos(2k + 1)x = ;) tcos2kx= '
Z cos( )X (1+t)2—4tcos?x Z‘ cos S (1 +1t)? —4tcos®x
— k=0
S (I +¢t)sinx S 2tsinxcosx
t*sin(2k + 1)x = ;) tsin2ky = '
kZ=O‘ sind * (1+t)2 —4tcos?x kzzo‘ ST Tt —atcosx

Proof. The first and the second identities can be seen in [5]. Put

(o)

A(t) = Z tcoskx and B(t) = Z *sinkx .

k=0 k=0

Then, by De Moivre formula, we have

- 1t +itsi
A() + V=1B() = Y Fcosx + V=Tsinx) = - _Czotsc’; lefl;‘x .
k=0

Hence, we get

1-tcosx tsinx
Ay LTheoSY g tsinx
® 1—2tcosx+£2 0 ®) 1 —2fcosx + 2 (It < 1)
yielding
3 B(Wt) - B(= vt 1+1)si
ZtkSin(2k+1)x= (VD B \/_)= 1 (t2 )Z:nxz ’
k=0 2Vt (1+1)? —4tcos?x
itksinzkx: B(VH) + B(- VD _ tsin2x )
k=0 2 (1 + )2 — 4t cos? x
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In [5], it is shown that

n

k
Z (i’;)(Zk + 1) 2Ey; = 2 Z(—1)’<*S(2s)2”
s=0

j=0
We have a similar formula given by the following.

Theorem 2.2. For positive integers n and k, we have

Z (27’1 ;‘ 1)(2]{ 2)2[4 2]+1E L ZZ( 1)k 5(25 + 1)2H+1

j=0 5=0

Proof. By using Lemma 2.1 and the identity

1 (1+t)sinx _ 2tsinxcosx 1
1+t (1+t)2—4tcos2x (1 +1t)2 —4tcos?x2tcosx’

(i( t)k] (Z t* sin(2k + 1)x] = Z t* sin(2k + 2)x secx
k=0 k=0

we get

or

00 k 00
2 #Y (-1 sin@s + 1)x = ) #sin(2k + 2)xsecx.
k=0  s=0

k=0
Comparing the coefficients on both sides, we can get

k
2 Z‘(—l)k_S sin(2s + 1)x = sin(2k + 2)x secx .
5=0

By using Taylor series, we can obtain
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Comparing the coefficients on both sides, we get the desired result. [
We show two relations between Euler numbers of order 2 and the classical Euler numbers.

Proposition 2.3. For positive integers n and k, we have

n

n—-1
Z( ])(2k+ 1)*72E,; — (2k)*" Z( )E(Z)(zk)% 2j-1

j=0 j=0

Proof. Integrating (2) in the case of order 2, we have

tanx = Z(—l)"E(z) ad

2
L "2n+ 1)

2n+1

(6)

By using Taylor expansions of cos 2kx = sin 2kx tan x + cos(2k + 1)x sec x and comparing the coefficients, we
get the desired result. O
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Proposition 2.4. For positive integers n and k, we have

2n+1 2m-2jp(2) _ 2n+1 2n-2j+1 1
Z(; ( 2+ )(Zk 1 2EY) = 2; 2 (2K) Eyj+ (2k +1)
j= j=

Proof. Since cos(2k + 1)xtanx = —sin2kx sec x + sin(2k + 1)x, by using Taylor series with (2) and (6), and
comparing the coefficients, we can get the desired result. [

Theorem 2.5. For positive integers n and k, we have

Z (Zk) ]HEn i (Zk + 1)2"+1 -
(2]

B Z 1 i (2k — 2s)212i
D=2l @n+ Dl @D (@n-2))
Proof. Since
k
Y (-1 cos(@k — 25)x = cos(2k + 1)x @)
— cos X
(e.g., [5, (5)]), we get
2%
sinx Z(—l)s cos(2k — 2s)x = sin(2k + 1)x — sin 2kx sec x
s=0

By using Taylor series with (2), and comparing the coefficients, we get the desired result

0
We consider some special cases of the above identities. Let p be a prime number with p = 1 (mod 4)
we may denote by

-1 -1
n= PT and k= PT (even).
By Theorem 2.2, we have

1
2

1725+ 1) —42( 1°2s +1)7

p+1
= (p + 1/ +2ZEzj( ])(p+1)2

Thus, we can get the congruence relations

(=)
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2

4) (-1 + DT =+ 1Ery

(mod (p + 1)3)
s=0
and

r3 3

42( 17(2s +1)(25+1)_E,,21 )

p+l
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where ( ) denotes the Legendre symbol.
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Similarly, by Proposition 2.3 and Proposition 2.4, we get the alternative congruence relations

p-5
1

1\ oy o T (mod
p §_j=0 iloj+1) 0 P

and

3. Some identities of complementary Euler numbers

In this section, we shall study the complementary Euler numbers and higher-order complementary
Euler numbers.
From the definitions (1) and (4),
Eyus1 =Eopp1 =0 (n20).

Euler numbers E,, are integers, but complementary Euler numbers Ezn are rational numbers. We can
know the denominator of E,, completely.

Theorem 3.1. For an integer n > 1, the denominator of complementary Euler numbers Eop is given by

[]»

(p-Di2n

where p runs over all odd primes with (p — 1)|2n. In other word,

(p-D)i2n

is an integer, where p runs over all odd primes with (p — 1)|2n.

Remark 3.2. For any integer n > 0,

@n+1)2n—1)---3Ey, = (2;;1—-;!1)!?2"
is an integer.
Proof. Notice that for n > 1, we have
=2 (3) = - 28,

where B, (x) is the Bernoulli polynomial, defined by

tetx had i
= B, (x)— .
et —1 ; nl )n!

When x = 0, B, = B,(0) is the classical Bernoulli number with B; = —1/2. By Von Staud-Clausen theorem

(2, 8]), forn > 1
1

an + Z -

(p=D)2n P
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is an integer, where the sum extends over all primes p with (p — 1)[2n. By Fermat’s Little Theorem, if
(p — 1)I2n, then m** = 1 (mod p) form = 1,2,...,p — 1. Thus, 2** =1 # 2 (mod p) for any odd prime p.
Therefore, the denominator of Euler numbers of the second kind is given by

I1»
(p-Di2n
where the product extends over all odd primes p with (p — 1)[2n. O
Examples. The odd primes p satisfying (p — 1)|24 are 3,5,7,13, and

= _ 1982765468311237 _ 47103 - 178481 2294797
%= 1365 - 3.5.7-13

The odd prime p satisfying (p — 1)|26 is 3, and
3 286994504449393 13 -31-601 - 1801 - 657931

26 — 3 3

It is well-known that Euler numbers satisfy the recurrence relation
n
2n
j=0
with Eg = 1. Similarly, complementary Euler numbers satisfy the following recurrence relation.

Theorem 3.3. Forn>1,

= (21 + 1\~
X (% =0

=0
and Eo =1.

Proof. From the definition (4), we have

t
t= sinh t
sinh t

o t2] 0 t21+1
- ZEZj(Zj)! [z:o (21+1)!]

j=0
- (Zn + 1),\ 2l

) 2Ty (1’l=j+l).
= 2j 2n +1)!

Comparing the coefficients on both sides, we get the result. [J

Similarly to Theorem 2.2 and the result in [5], complementary Euler numbers satisfy the following
recurrence relation, complementary Euler numbers satisfy the following relation.

Theorem 3.4. For a positive integer n and a nonnegative integer k,

: k
2. (2112; 1)(2k +HIPEEy =200+ 1) ) 2IP
P =1
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Proof. From Lemma 2.1, for |f| < 1 we have

i tk Z cos(2k — 2j)x = i tk [2 Zk: cos(2k — 2j)x — 1]
=0

k=0 k=0

[ Otk][i thOSZIx] Ztk

2 1-2tcos’x+t 3 1
1—-t(1+t)2—-4tcos?x 1-t

1+t 1 v .
(1+1t)2 —4tcos?x sinxkzzol sin( )

Comparing the coefficients of t*, we get
2%k

Y cos(2k—2j)x = _ Sin(k+ Dx. 8)
]:0 Sll’lx

The right-hand side of (8) is equal to

x sm(2k+1 RIS " el XM
sinx [Z( 1y 2](2 )l](mzo( 1"k +1)? 1(2m+1)!
n +1 n—2j+ X" ;
Z( 1) ( 2k + 1)2"2H1E,, AR

n=0

The left-hand side of (8) is equal to

2k oo

Y Y Cek-2 i

j=0 n=0
Comparing the coefficients on both sides, we have

2n+1 i E2 (2k — 21>
Z( ])(2k O e - Z o]

j=0

Therefore, we get the desired result. [

Now, we show some relations with complementary Euler numbers of order 2.

Lemma 3.5.

1y CUE) e
t

th== - .
«0 @) 2n-1

n=1

Proof. By (4), we have

d £2n
4 n'TZ)
! dt cott = (smt) Z ~D'E;, @2n)!”

Dividing —t? and integrating both sides, we get the relation. [
g g g g
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The first relation is about the classical Bernoulli numbers B,, defined by

t A
e’—l_;Bna'

Theorem 3.6. Forn >1,

= 2n

EZ?] 1 27’1 k
= _1- 2k,
2412 — 1) 22 Z( k )B «

Proof. Since
1 2t 1 2t eit+it_ite”+1_tcott
22 —1 22t —1 2 26t-1 2 2

where i* = —1, we obtain

o0 . oo i ) T2 _
1 Z B, (2it)" 1 Z (Zzt)” (zt)” _t[2 Z (-D"E;, 1
244 a2 n! 2 2|t 2271 (2n)! 2n -1

Comparing the coefficient of t*" (n > 1), we have

2 2n E.
2% 4 B2k = ————2 |
;;(k) ¢ 220-1(2p1 — 1)
O

We give a relation with the original complementary Euler numbers.

Theorem 3.7. Forn >1,

E?
2k -

= —Ep-2n+1.
)Zk—l 2T ANE

n
2

Proof. By 1/sint —sint = cost - cott and using Lemma 3.5,

—_

(- 1)1172) f2n-1 ]

00 ( 1)nt2n+1 ( th 1 2n
?Z -1)" E2n(2 ) Z 2n +1)! [Z (2n)! ]{? ; @n)! 2n-1

Hence,
2

o0 ) ) (_1)n—1t2n _ °° (—1)”t2" b ; n o Ezk
;5 ~1) Ezn(2 0 @ —nZ:é el —;(—1) ;(2k)2k—1(2n)!-

Comparing the coefficients on both sides, we get the result. [

4. Some congruence relations of complementary Euler numbers

In this section, we use another definition of complementary Euler numbers. Put

F(x) =

sinx

3524
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Then complementary Euler numbers are defined by

xF(x) = ignx_” .
n=0

n!

From (4), we know that EZH = (—1)"E2n > 0. Define the constants ¢;(m) (i = 0,1,...,m) by the coefficients of
the polynomial

G+ 13)(x +33)(x +52) - (x + @m — 1)) = Z ci(m)x™
i=0
Then, as in [9, (6)] there is the recurrence relation ci(n + 1) = c¢(n) + (2n + 1)%cy_1(n) with initial conditions
co(n) = 1and c,(n) = (2n — D)2 (n > 1).
In [9], the calculating problem of the summation involving the Euler numbers
Z E2u1 Ut EZak
Qan)! - 2ay)!

a+--+ag=n
were studied. We consider the similar summation involving the complementary Euler numbers &,,.

Theorem 4.1. Forn =0,1,..., mandk =2m+ 1 > 1, we have

gal...’gak
Q@m)! Z m = ¢, (m)@2m — 2n)! .

a+--+ag=n

For any nonnegative integer n, we have

2n)! - —
(2m)! — & &
ﬂ1+~~+ﬂkz=‘n+m+1 (2&1)' e (2ak)' : 24

- ci(m)Eonrom-2i+2
— @un+2m—-2i+1)2n+2m—2i)---2n+2)2n +2m —2i +2)!

1

Proof. First, we shall prove

m)IF?" 1 (x) = i ci(m)F@m=2)(x) . 9)

i=0

From the definition of F(x),

cos x 1+ cos®x
>— and F'(x) = ———

F(x) = —= ,
sin” x sin” x

So, we have 2F3(x) = F”(x) + F(x). This is the case m = 1in (9). By induction, using the recurrence relation
of ci(m), we can prove (9). The procedure is similar to the case F(x) = 1/ cosx ([9, Lemma]). Next, since

82,1_1 =0and
x2n—1

1 vo
F(x) = i Zf(gzﬂ—(zn)! ,

we have fori=0,1,...

(o)

@iy (20)! Eon 2121
F(x) = 2+l + Z 2n—-1)2n—-2)---2n -2i) (2n)!

n=i+1
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_ (2i)! N = Ennsrina o
x2i+l e n+2i+1)2n+2i)---2n+2) 2n + 2i + 2)!

and
(21_,.1)( ) (21 + 1) + Z Eon y2n—2i-2
$2i+2 e Cn-1)2n-2)---@n-2i—1) (2n)!
- (Zi + 1)! . 52n+2i+2 x2n

@2 L n v 2i+ D@+ 20 @n+ 1) @2n+2i+2)

On one hand,

@m)IX*Fr(x) = x* 2 ci(m)F@=20(x)

< (2m — 2i)1x2m+l
IZ_(; ci(m) 2m=2i+1

+ . Eonvam-2i+2 x
— @n+2m—-2i+1)2n+2m —2i)---(2n +2) 2n + 2m — 2i + 2)!

2n+2m+2

m

= Z ci(m) - @m — 2i)1x%

2n+2m+2

4 i i Cz(m)82n+2m 2i+2 X
Cn+2m—-2i+1)2n+2m-2i)---2n +2) Qn +2m —2i +2)!"’

n=0 i=

On the other hand,
2n

ek 2n)! o~ = X
= Z D @t @i

n=0 ay+--+a=n

Comparing the coefficient of x* (n = 0,1,...,m) on both sides, we get the first result. Comparing the
coefficient of x>**2"*2 on both sides, we get the second result. [J

For any odd prime p, by using the congruences ([9])

(=) i=1.. P=3
cl( 5 )_0 (mod p) (1_1, ' ),

we can get the following result.

Theorem 4.2. Let m = ’%1 and k = p. Then, we obtain the following congruence relations:
For n = 0, we have the trivial identity

(p—l)!:co(p_l)(p—l)!.

-1
Forn = pT, we have

— —

Eny  Em, it
p-1 Y m=(<p—z>!!)zs(—1>z (mod p).
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Fornzl,---,pT,wehave

(p-1) Z (82121'::'82%.=cn(p_1)(p—2n—1)!50 (mod p).

2
at--tap=n
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