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A Note on the Schwarz Lemma for Harmonic Functions

Marek Svetlik?

*University of Belgrade, Faculty of Mathematics

Abstract. In this note we consider some generalizations of the Schwarz lemma for harmonic functions on
the unit disk, whereby values of such functions and the norms of their differentials at the point z = 0 are
given.

1. Introduction
1.1. A summary of some results

In this paper we consider some generalizations of the Schwarz lemma for harmonic functions from the
unit disk U = {z € C: |z| < 1} to the interval (—1, 1) (or to itself).

First, we cite a theorem which is known as the Schwarz lemma for harmonic functions and is considered
a classical result.
Theorem 1 ([10],[9, p.77]). Let f : U — U be a harmonic function such that f(0) = 0. Then

£2)] < %arctan|z|, for all

ze U,
and this inequality is sharp for each point z € U.

In 1977, H. W. Hethcote [11] improved this result by removing the assumption f(0) = 0 and proved the
following theorem.

Theorem 2 ([11, Theorem 1] and [29, Theorem 3.6.1]). Let f : U — U be a harmonic function. Then
1— |z 4
f(z) — mf(O) < p arctan |z|, forall zeU.

As was written in [25], it seems that researchers had some difficulties handling the case f(0) # 0, where
f is a harmonic mapping from U to itself. Before we can explain the essence of these difficulties, it is

necessary to recall a particular mapping and some of its properties. We emphasize that this mapping and
its properties have an important role in our results.

Let a € U be arbitrary. Then for z € U we define ¢, (z) = 1a++;z. It is well known that ¢, is a conformal
automorphism of U. Also, for a € (—1,1) we have
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1° @, is increasing on (—1,1) and maps (—1, 1) onto itself;

a—r a+r
1—ar’'1+ar

2° @ull=r,1]) = [Pa(=1), @alr)] = [

Now we can explain the previously mentioned difficulties. If f is a holomorphic mapping from U to
U, such that f(0) = b, then using the mapping g = ¢_; o f we can reduce the problem to the case f(0) = 0.
But, if f is a harmonic mapping from U to U such that f(0) = b, then the mapping g = ¢_; o f does not
have to be a harmonic mapping.

In a previous joint work [25] of the author with M. Mateljevi¢, the Theorem 1 was proved in a different
way than previously found in the literature (for example, see [10] and [9]). Modifying that proof, the
following theorem (which can be considered an improvement of the H. W. Hethcote result) has also been
proved in [25].

], where r € [0,1).

Theorem 3 ([25, Theorem 6]). Let u: U — (—1,1) be a harmonic function such that u(0) = b. Then

4 4
p arctan @,(—|z|) < u(z) < p arctan @,(|z|), forall zeU.

b
Here a = tan Zﬂ Also, these inequalities are both sharp at each point z € U.

As one corollary of Theorem 3 it is possible to prove the following theorem.

Theorem 4 ([26, Theorem 1]). Let f : U — U be a harmonic function such that f(0) = b. Then

4
If(2)] é;arctan(pA(|z|), forall zeU.

b
Here A = tan %

This paper expands on that previous research. We give further generalizations of Theorems 3 and 4.
These generalizations (see Theorems 11 and 12) consist of considering harmonic functions on the unit disk
U with following additional conditions:

1) the value at the point z = 0 is given;
2) the norm of its differential at the point z = 0 is given.

In the literature one can find the following two generalizations of the Schwarz lemma for holomorphic
functions.

Theorem 5 ([17, Proposition 2.2.2 (p. 32)]). Let f : U — U be a holomorphic function. Then
fO)] + |2
L+ |0z
The following theorem is in fact a corollary of Theorem 5, by considering the holomorphic function

=
o { & zevo)

If(2)] < forall zeU.

Theorem 6 ([17, Proposition 2.6.3 (p. 60)], [28, Lemma 2]). Let f : U — U be a holomorphic function such that
f(0) =0. Then
|f'(0)] + ||
@) € |z|7=—%7=—, forall zeU.
FEI<E o /

S. G. Krantz in his book [17] attributes Theorem 5 to Lindel6f. Note that Theorem 4 could be considered
a harmonic version of Theorem 5. Similarly, one of the main results of this paper (Theorem 12) could be
considered a harmonic version of Theorem 6.
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1.2. Hyperbolic metric and the Schwarz-Pick type estimates

By () we denote a simply connected plane domain different from C (we call these domains hyperbolic).
By Riemann’s Mapping Theorem, it follows that any such domain is conformally equivalent to the unit
disk U. The domain Q is also equipped with the hyperbolic metric po(z)|dz|. More precisely, by definition

we have
2

pu(z) = T-RE

and if f : (3 — U a conformal isomorphism, then also by definition, we have

pa(w) = pu(f(w))|f (w)].

The hyperbolic metric induces a hyperbolic distance on Q in the following way
dQ(Z1,Zz) = il’lff pQ(Z)|dZ|,
14

where the infimum is taken over all C! curves y joining z; to z, in (). For example, one can show that

Z1 —2p

du(z1,z2) = 2artanh

7

— 212y

where 21,2, € U.
Hyperbolic metric and hyperbolic distance do not increase under a holomorphic function. More pre-
cisely, the following well-known theorem holds.

Theorem 7 (The Schwarz-Pick lemma for simply connected domains, [3, Theorem 6.4.]). Let Q; and ()
be hyperbolic domains and f : Q0 — Qy be a holomorphic function. Then

po, (f@If @ < pai(z),  forall ze), )

and
do,(f(z1), f(z2)) < do,(z1,22), forall z1,zp € (. )

If f is a conformal isomorphism from )y onto ), then in (1) and (2) equalities hold. On the other hand if either
equality holds in (1) at one point z or for a pair of distinct points in (2) then f is a conformal isomorphism from ()
onto (.

For a holomorphic function f : ;1 — €, (where (O; and (), are hyperbolic domains) the hyperbolic
derivative of f at z € (1 (for motivation and details see Section 5 in [3], cf. [2]) is defined as follows:

h _ sz(f(Z)) 1
i = Pl ),

Note that by Theorem 7 we also have |f"(z)| < 1 for all z € ().
Using this notion, in 1992, A. F. Beardon and T. K. Carne proved the following theorem, which is stronger
than Theorem 7.

Theorem 8 ([2]). Let () and C, be hyperbolic domains and f : Oy — (), be a holomorphic function. Then for all
z,w € (),

do, (f(2), f(w)) < log(coshdg, (z,w) + | f (w)| sinhdg, (z,w)). )
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Let us note that Theorem 8 is of crucial importance for our research (see proof of Theorem 11).

Note that in [2], Theorem 8 is formulated and proved for 2; = Q; = U. Using the fact that (3; and ()
are conformally equivalent to U, one can easily prove that this result remains valid for hyperbolic domains.

Next, since for all ¢+ € R we have log(cosht + sinht) = log(ef) = t, it follows that for |f"(w)| = 1
inequality (3) becomes (1). On the other hand, for all t € [0, +c0) the function / : [0,1] — [0, +00) defined by
h(a) = log(cosht + asinht) is monotonically increasing. Hence, if | f"(w)| < 1 then (3) is stronger inequality
than (1).

There are many papers where authors have considered various versions of Schwarz-Pick type estimates
for harmonic functions and related problems (see [13], [4], [16], [8], [12], [6], [19], [27] and [18]). In this
regard, we note that M. Mateljevic [24] cf. [23] recently explained one method (we will refer to it as the strip
method) which enabled that some of these results to be proven in an elegant way.

For completeness we will shortly reproduce the strip method. In order to do so, we will first introduce
the appropriate notation and specify some simple facts.

By § we denote the strip {z € C : —1 < Rez < 1}. The mapping ¢ defined by ¢(z) = tan (%z) is a

conformal isomorphism from $ onto U and by ¢ we denote the inverse mapping of ¢ (see also Example 1
in [25]). Throughout this paper by ¢ and ¢ we always denote these mappings.
Using the mapping ¢ one can derive the following equality

/ e 1
ps(z) = pule(2)|e'(z)| = T Mo\ forall zeS.
cos (E Rez)

By Vu we denote the gradient of real-valued C! function u, i.e. Vu = (uy, uy) =uy +iu,. If f=u+ivis
complex-valued C! function, where u = Re fand v = Im f, then we use notation

fr = Uy + 10y and fy = uy +1ivy,

as well as . .
f-= E(fx_ify) and fz= E(fx"‘ify)'

Finally, by df(z) we denote differential of the function f at point z, i.e. the Jacobian matrix

( ue(z)  uy(z) > .
0x(z)  vy(2)

The matrix df(z) is an R-linear operator from the tangent space T.IR? to the tangent space T(,)R%. By
|df(z)| we denote norm of this operator. It is not difficult to prove that |df(z)| = |fz(2)| + |fz(2)]-

Briefly, the strip method consists of the following elementary considerations (see [24, 25]):
(I) Suppose that f : U — § be a holomorphic function. Then by Theorem 7 we have
ps(f@If () < pu(2),
forallze U.

(II) If f = u + ivis a harmonic function and F = U + iV is a holomorphic function on a domain D such
that Re f = Re F on D (in this setting we say that F is associated to f or to u), then

F = U +iVy = Uy — iUy, = uy — iy,
Hence F' = Vu and |F'| = |Vu| = |Vu|.

(IT) Suppose that D is a simply connected plane domain and f : D — 5 is a harmonic function. Then it
is known from the standard course of complex analysis that there is a holomorphic function F on D
such that Re f = ReF on D, and it is clear that F : D — 5.
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(IV) The hyperbolic density ps at point z depends only on Re z.

From (I)-(IV) we immediately obtain:

Theorem 9 ([24, Proposition 2.4], [12],[6]). Letu : U — (—1,1) bea harmonic function and let F be a holomorphic
function which is associated to u. Then

ps(u(2))|Vu(2)| = ps(F@)IF (2)] < pu(z), forall zeU.
In other words

4 cos (gu(z))

< -~ 7
V()| <

forall zel. 4)

If u is the real part of a conformal isomorphism from U onto S then in (4) equality holds for all z € U and vice versa.

In 1989, E. Colonna [8] proved the following version of the Schwarz-Pick lemma for harmonic functions.

Theorem 10 ([8, Theorem 3] and [24, Proposition 2.8], cf. [1, Theorem 6.26]). Let f : U — U be a harmonic
function. Then

4 1
S—0——>, :
ldf(2)] A TP forallze U )
In particular,
4
ldf Ol < —- (6)

Remark 1. The inequality (5) is sharp in the following sense: for all z € U there exists a harmonic function
fiz1 : U — U (which depends on z) such that

4 1
ldfa (@] =~ T—pp

One such function is defined by f[.1(C) = Re (¢(¢_>(C))). For more details see Theorem 4 in [8].

Remark 2. The inequality (6) could not be improved even if we add the assumption that f(0) = 0. More precisely, if

f(C) = Re ¢(C) then f satisfies all assumptions of Theorem 10, f(0) = 0and |df(0)| = % (see also [24, Proposition
2.8] and [1, Theorem 6.26]).

Remark 3. It seems that the question: “Is it possible to improve the inequality (5) if we add the assumption f(0) = b,
where b # 0?7 is an open problem (see [24, Problem 2]).

Note that the inequalities (4) and (6) naturally impose assumptions in Theorems 11 and 12 below.

2. Main results

Theorem 11. Let u: U — (—1, 1) be a harmonic function such that:

(R1) u(0) =band

4 n
(R2) |Vu(0)| = d, where d < —cos <§b),
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Then, forallze U,

4 4
= arctan g, ( — [zlpe(2) < u(z) < = arctan g, (Izlpe(l2)))- 7)
Here a = tan l%n and ¢ = g 171 d. These inequalities are sharp for each point z € U in the following sense: for
cos =b
2

arbitrary z € U there exist harmonic functions 1), i, : U — (—1,1), which depend on z, such that they satisfy
(R1) and (R2) and also

~ 4 - 4

i (z) = ;arctan(pa( — |zlge(|z])) and iip(z) = garctan(pa(|z|(pc(|z|)).
Remark 4. Formally, if c = 1 then function ¢, is not defined. In this case we mean that ¢ (|z|) = 1 for all z € U.

Corollary 1. Let u : U — (—1,1) be a harmonic function such that u(0) = 0 and Vu(0) = (0,0). Then, for all
zel,

4
lu(z)| < — arctan |z|*.
s
Theorem 12. Let f : U — WU be a harmonic function such that:
(C1) £(0) =0and

(C2) |df(0)] = d, where d < %

Then, for all ze U
4
f(z)] < —arctan (I2lec(lzD), (8)

4
where C = Zd'

Corollary 2. Let f : U — U be a harmonic function such that f(0) = 0 and |df(0)| = 0. Then, forall z e U,
4 2
If(z)] < ;arctan|z| .

Remark 5. Formally, if C = 1 then function ¢ is not defined. In this case we mean that oc(|z|) =1 forall z € U.

3. Proofs of main results

3.1. Proof of Theorem 11

In order to prove Theorem 11, we recall the following definitions and one lemma from [25].

Let A > 0 be arbitrary. By D () = {z € U : dy(z,{) < A} (respectively Sy(C) = {z€ S :ds(z, ) < A}) we
denote the hyperbolic closed disc in U (respectively in 5) with hyperbolic center C € U (respectively C € )
and hyperbolic radius A. Specifically, if C = 0 we omit C from the notation.

Let r € (0,1) be arbitrary. By U, we denote the Euclidean closed disc
{zeC:|z| <1}

Also, let

r
= 2artanhr.

A(r) = dy(r,0) = log .

1+
1—
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1+ |z|

.E = 2artanh |z|, for all z € U, we have

Since dy(z,0) = log

Ea(r) = {z€ C:2artanh |z| < 2artanhr} = {ze C: |z| < r} = U,.
b
Let b € (—1,1) be arbitrary and a = tan Zﬂ By Theorem 7 we have

517(b) = S (0(@a(0))) = D(¢a(Da)) = plea(Uy)),

where ¢ is the conformal isomorphism from U onto $ defined in subsection 1.2. Further, one can show that
(see Figure 1):

i) EA(V) (b) is symmetric with respect to the x-axis;

ii) EA(V) (b) is Euclidean convex (see [3, Theorem 7.11]).

R ) P bl¢uT) |

Figure 1: Disks U,, q(U,) and ¢ (@ (U,))

From i)-ii) we immediately obtain:

Lemma 1 ([25, Lemma 3]). Let v € (0,1) and b € (—1,1) be arbitrary. Then

Re(San (b)) = [% arctan ¢, (—r), % arctan @,(r) | .
Here a = tan l%n and R, : C — Ris defined by R.(z) = Rez.

Proof. [Proof of Theorem 11] Applying the strip method we obtain that there exists holomorphic function
f:U — SsuchthatRe f = u, f(0) = band |f'(0)| = d. Also, we have

_ ps(£(0)
pu(0)

1 d=c.

, T
£1(0)] 1 O=7

i
cos Eb
Let z € U be arbitrary. By Theorem 8, taking 2; = U and Q, = 5, we have

1+ z + 2c|z|>

ds(f(z),b) < log(coshdy(z,0) + |fh(0)| sinhdy(z,0)) = log < 1= 2F
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Now, we chose a point R(z) € [0, 1) such that

1+ |z]* + 2¢|z]
du(R(z),0) = log <1_—|Z|2

Note that the equality (9) is equivalent to the equality

1+R(z) 1+]z]* +2cz|
1-R(z)  1—Jz?

¢+ z|
1+ clz|

and hence we obtain R(z) = |z| = |z|pc(|z|). Therefore

ds(f(2),b) < du(lzlec(lz]),0),

ie. f(z)e EA( ) (b). Finally, by Lemma 1

|zl (121)

u(z) =Re f(z) € [% arctan ¢, ( — |z|pc(|2])), % arctan ¢, (|z|@c(|z])) | -

If z = 0 then it is clear that the inequality (7) is sharp.
In order to prove that inequality (7) is sharp in the case z € U\{0}, we first define the functions
D, ®: U — § as follows

B(0) = ¢(pa( — T 0el0))

and

~

O(C) = (P((Pu (C : (PC(C))>
Let z € U\{0}. Define the functions ii[;), [, : U — (—1,1) (which depend on z) in the following way:

il (C) = Re d(e'2187C)

and - .
li;(C) = Re®@(e '*8%().

It is easy to check that the functions ii;) and ii;) are harmonic and that they satisfy assumptions (R1) and
(R2). Also

i (2) = = arctan g~ [zl (J)

and
i (z) = %arctan(p,z(|z|(pc(|z|)).

[

3.2. Proof of Theorem 12
In order to prove Theorem 12, we need two lemmas.

Lemma 2 ([8, Lemma 1]). Let z,w € C. Then
. 1 . )
max |wcos 0 + zsin 0] = =(|w + iz| + |w — iz|).
6eR 2

t+ |z

Lemma 3. Fixz € U. Functionh: (—1,1) — R defined by h(t) = T3]

is monotonically increasing.
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1— 2
Proof. The proof follows directly from the fact /'(t) = ﬁ >0forallte (-1,1). O

Proof. [Proof of Theorem 12] Denote by u and v real and imaginary part of f, respectively. Let 0 € R be
arbitrary. It is clear that the function U defined by

U(z) = cos Ou(z) + sin Ov(z)
is harmonic on the unit disk U, U(0) = 0 and |U(z)| < |f(z)| < 1 for all z € U. By Theorem 11 we have

U(z) < 2 arctan (lpu(eD)),  forall ze, (10)

where ¢ = g|VU(O)|.
Since

VU(z)

cos OVu(z) + sin OVo(z)
= 086 (uy(z) + ity (z)) +sin 0 (vx(z) + ivy(2)),
by Lemma 2 we get

max |VU(z)| max | cos 6 (1x(z) + iuy(z)) + sin O (vy(z) + iv,(2)) |

= %(|ux(z) + i1ty (z) + i(ve(2) + 10y (2))] + [ux(2) + i1y (z) — i(v:(2) + ivy(2))])

= % (\/ (ux(z) — vy(2))* + (uy(2) + 0x(2))* + \/ (1x(2) +0y(2))? + (y(2) — vx(z))z)

= @I+ 1£E)] = ldf ).

Hence
IVU(0)| < [df(0)]
and - - -
c=7IVUO)] < 7 [df(0)] = 7d =C.

By Lemma 3, from (10) we obtain
4
U(z) < —arctan (Izlpc(lz])), forall zeU. (11)

Finally, let z € U be such that f(z) # 0 and let O such that

u(z) and sinf = Y

1f@I f@I

Then U(z) = |f(z)| and hence from (11) we get the inequality (8).
If z € U is such that f(z) = 0 then the inequality (8) is trivial. [

cos O =

4. Appendix

4.1. Harmonic quasiregular mappings and the Schwarz-Pick type estimates
Taking into account Remark 3 we mention some results related to harmonic quasiregular mappings.
Let D and G be domains in C and K > 1. A C! mapping f : D — G we call K—quasiregular mapping if

ldf(z)|* < K|Jf(z)|, forallze D.

Here J; is the Jacobian determinant of f. In particular, a K—quasiconformal mapping is a K—quasiregular
mapping that is also a homeomorphism.

In [16], M. KneZevi¢ and M. Mateljevi¢ proved the following result (which can be considered as gener-
alization of Theorem 10):
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Theorem 13. Let f : U — U be a harmonic K—quasiconformal mapping. Then
1-f@)P

1|zl °

ldf(z)] <K forall zeU.

One result of this type was also obtained by H. H. Chen [5]:
Theorem 14. Let f : U — U be a harmonic K—quasiconformal mapping. Then

cos (|f(2)|m/2)

1—Rf forall zeU.

4
ldf @) < —K

For further results related to harmonic quasiconformal and hyperbolic harmonic quasiconformal mappings
we refer the interested reader to [21], [30], [20], [7], [22], [14], [15] and literature cited there.
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comments and directions for improvement of the exposition.
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