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Ordering of the Unicyclic Signed Graphs With Perfect Matchings
by Their Minimal Energies

Ling Yuan?®, Wen-Huan Wang?

?Department of Mathematics, Shanghai University, Shanghai 200444, China

Abstract. Let U3, be the set of unicyclic signed graphs with perfect matchings having 2n vertices, where
o is a signing function from the edge set of the graphs considered to {-1,1}. The increasing order of the
signed graphs among U3 according to their minimal energies is considered. A relationship between the
energies of a unicyclic graph and of its signed graphs is derived. A new integral formula for comparing the
energies of two signed graph is introduced. In US, with n > 721, the first 18 signed graphs in the increasing
order by their minimal energies are obtained.

1. Introduction

Let G = (V(G), E(G)) be a simple undirected graph of order n, where V(G) and E(G) are the vertex set and
the edge set of G, respectively. Let V(G) = {v1, vy, ..., v,}. Asigned graph, denoted by S = (G, 0), is obtained
from G by assigning a positive or negative label on the edge of E(G), where ¢ : E(G) — {-1, 1} is the signing
function. Namely, for an edge v;v; of G, 0(viv;) = =1 or 1, where 1 < i, j < n. We say that G is the underlying
graph of S and S is the signed graph of G. If each edge of E(G) has a positive label, then S becomes G. The
signed graph is of theoretical interest due to both their applications in modeling a variety of physical and
socio-psychological processes and their interesting connections with many classical mathematical systems
[6].

The sign of a signed cycle is defined to be the product of signs of its edges. A signed cycle is said to
be positive/negative if its sign is positive/negative. Namely, a positive/negative signed cycle contains an
even/odd number of negative edges. A signed graph is said to be balanced if each of its cycles is positive,
and otherwise to be unbalanced.

The adjacency matrix of S is an n X n matrix A(S) = (a;;), where a;; = o(v;v)) if v; is adjacent to v; and
a;j = 0 otherwise. The characteristic polynomial of S is

¢Ps(x) = det[xI - A(S)] = x" + a(S)X" ™ + -+ a,_1(S)x + a,(S), (@)

where I is the unit matrix of order n and a:(S), - - - ,a,(S) are the coefficients of ¢s(x). The # roots of ¢ps(x) =0
are denoted by Aq,---,A,, which are called the eigenvalues of the corresponding signed graph S. Since
A(S) is a real symmetric matrix, all A; with 1 <i < 7 are real.
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We denote the adjacency matrix of G by A(G) = (a;;), where a;; = a; = 1 if i and j are adjacent, else
aij = aj; = 0 for 1 < i, j < n. The energy of G, denoted by &(G), as introduced by Gutman [8], is defined as
the sum of the absolute values of all the eigenvalues of A(G).

Let M be an m X n complex matrix. The singular values of M are the positive square roots of the
eigenvalues of MIM*, where IM" is the conjugate transpose of IM. Nikiforov [16] first defined that the energy
of a matrix M is the sum of its singular values. For undirected graphs, there are various generalizations
of the graph energy, for example, the matching energy by Gutman and Wagner [10], Laplacian energy by
Gutman and Zhou [11], the incidence energy by Jooyandeh et al. [14], the distance energy by Indulal et al.
[13] and Ramane et al. [19], and so on. For directed graphs, Pefia and Rada [17] introduced the energy of
a digraph, and Adiga et al. [2] proposed the skew energy of an oriented graph. The energy for the signed
digraphs was defined by Bhat and Pirzada [3, 18].

The energy of the signed graph S was first introduced by Germina et al. [6] and it can be reduced to

&(S) = Y Al 2)
i=1
Bhat and Pirzada [4] expressed &(S) as the following Coulson integral formula
L e 13 , Ul )
= (S)x2) ‘ 2j+1
60)= 37 | 1osl(L ) (3 b o ®)

where b;(S) = [a;(S)| for 0 < i < n. Note that by(S) = 1, b1(S) = 0 and b,(S) equals the number of edges in S.
It can be seen from (3) that &(S) is a strictly monotonously increasing function of b;(S), where 0 <i < n. Let
51 and S, be two unicyclic signed graphs. We get

bi(S1) 2 bi(S2) = &E(51) = E(S2), 4)

where &(51) = &(S,) if and only if b;(S1) = bi(52) for all 0 < i < n. We will refer to the relation (4) as the
method of coefficient comparison. For the sake of conciseness, we introduce the symbols “ — “and “ = ”.

8(51) < 8(52) — 51— 5, 8(51) = 8(52) — 51 =65 (5)

The Coulson integral formula for &(G), as introduced in [9], can readily be written by replacing S in (3) with
G, where b;(G) = |;(G)| and a;(G) is the coefficients of the characteristic polynomial of G for 0 < i < n.

The relation (4) has successfully been employed in the study on the extremal values of energy for signed
graphs. Among all the unicyclic signed graphs with 7 vertices, Bhat and Pirzada [4] characterized the
unicyclic signed graph with the minimal energy. Among all the bicyclic signed graphs with n vertices, Bhat
et al. [5] determined the bicyclic signed graphs with the first and the second minimal energies.

We denote by U,, the set of unicyclic graphs with perfect matchings having 2n vertices. Among U>,,
for the increasing order of graphs according to their minimal energies, Wang [20] obtained the first 7 graphs
for/ =2r+1and ! = 4j + 2 when n > 45, where [ is the girth of the graphs considered and 7, j are positive
integers; and Zhu [25] derived the first 7 graphs when n > 191.

Let U5, be the set of unicyclic signed graphs with perfect matchings having 2n vertices, where ¢ is a
signing function from the edge set of the graphs considered to {—1,1}. In this paper, we will study the
increasing order of the signed graphs among Uy according to their minimal energies.

This paper is organized as follows. In Section 2, some graphs are introduced and necessary lemmas are
presented. The results of Section 3 are divided into five parts. In Subsection 3.1, a relationship between the
energies of a unicyclic graph and of its signed graphs is derived. In Subsection 3.2, a new integral formula
for comparing the energies of two signed graph is introduced. The capped graphs, in which the number of
2-matchings is less than 2n — 3, of the graphs among U,, are characterized in Subsection 3.3. In Subsection
3.4, by using the method of coefficient comparison in (4), the theorem of zero points and the new integral
formula (presented in Theorem 3.3 in Subsection 3.2), we compare energies for the signed graphs whose
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capped graphs have the number of 2-matchings being less than 2n — 3. In Subsection 3.5, the preceding
18 signed graphs in the increasing order by their minimal energies are obtained among U35 with n > 721;
and the preceding 12 graphs in the increasing order by their minimal energies are derived among U, with
n>721.

2. Preliminaries

A basic figure is a graph whose components are cycles or edges or both. In 1980, Acharya [1] studied
the characteristic polynomial of a signed graph and got Lemma 2.1 as follows.

Lemma 2.1. [1] If S is a signed graph with characteristic polynomial ¢s(x) = x" +a1(S)x" 1 ++ -+ a,_1(S)x +a,(S),
then forall j=1,2,...,n, we have

a(8) = Y (-1y®2<WI TT s(2), (6)

Le L]' Zec(L)

where L; is the set of all basic figures L of order j in S, p(L) the number of components of L, c(L) the set of all cycles
in L, and s(Z) the sign of cycle Z.

For u € V(S), let S — u be the graph obtained from S by deleting © and all the edges in S which are
incident with u. For e € E(S), let S — e be the graph obtained from S by deleting e.

Lemma 2.2. [7] Let S be a unicyclic signed graph and uv a pendent edge of S with a pendent vertex v. Then
Ps(x) = XP(5-0)(X) = Ps—v-u)(X)- (7)

A k-matching of G is a union of k independent edges in G. Let m(G, k) be the number of k-matchings in
G, where 0 < k < n. For G and its signed graph S, it is obvious that m(G, k) = m(S, k) for 0 < k < n.

Lemma 2.3. [9] Let e = uv be an edge of a graph G. Then we have

m(G, k) =m(G —e, k) + m(G—u—-v,k-1). (8)
v
@ T ®) T

Figure 1: T and T’ in Lemma 2.4.

Let T be a tree as shown in Fig. 1(a). Namely, T is obtained from an edge uv by attaching trees T; and
T, at u and v, respectively. Let T” be the tree obtained from T by first identifying u and v and then attaching
a pendent edge at u. T” is the tree as shown in Fig. 1(b). For the 2-matchings of T and T”, by using Lemma
2.3, we can get Lemma 2.4 as follows. We omit the proof of Lemma 2.4 since it is straighforward.

Lemma 2.4. Let T and T’ be two trees as shown in Fig. 1. We have m(T,2) > m(T’, 2).
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Lemma 2.5. [4] If S is a signed graph on n vertices, then

1 (1

o0

dx, )

os(])

where i = —1.

For G € Uy, the relationship between b;(G) and m(G, i) is shown in Theorem 4 in [12] and Lemma 2 in
[22].

Next, we will give a formula to calculate m(G, i), where G € Uy,.

It is consistent to define m(G,0) = 1. Obviously, m(G,1) = 2n. Let G=G- M(G) — Sy, where M(G) is
the perfect matching of G and S the set of isolated vertices in G — M(G). It is clear that |[M(G)| = n, where
IM(G)| is the number of edges in M(G). We call G the capped graph of G and G the original graph of G.

Each k-matching Q) of G can be partitioned into two parts: Q = ®(J W, where @ is a matching in G and
W c M(G). Thus, for G € U,,, we have [24]

k . k .
m(G k) =Y m(G, i)(: - Z) =p+Y. m@, i)(z ) f) (10)
i=0 i=2
where
s

and j is the number of edges in M(G) which are adjacent to the i-matching ®.

For n > 2, P, is a path with n vertices, and the vertices of P, are labeled consecutively by v1,v,...,v,.
For I > 3, C; is a cycle with [ vertices, and the vertices of C; are labeled consecutively by u1,uy,...,u;. For
n > 3, X, is a star with n vertices.

For [ = 3, some graphs are introduced as follows.

For n > 4, Cj, is the graph obtained from C; by attaching a and n —a — 3 pendent edges to u; and u,
respectively, where 0 < a < [%32].

For n > 5, Q, is the graph obtained by identifying u; of C3 with a pendent vertex of X,,_,.

Forn > 6, let H,, S, and T, be the graphs obtained by identifying v,, v3 and v4 of Py of I,_, with u; of
C; respectively, where [,,_, with nn > 6 is the graph obtained from P4 = v1v,v3v4 by attaching n — 6 pendent
edges to v, of Py.

For n > 6, R, is the graph obtained from Cs by attaching n — 5 pendent edges to #; and a path of length
2 to u,.

For n > 6, W, is the graph obtained from Cs by attaching one pendent edge to u; and identifying u, of
C; with a pendent vertex of X,,_3.

Forn > 6, Y, is the graph obtained from Cs by attaching one pendent edge to u#; and 1, and n—5 pendent
edges to u3.

Denote by K = {C}, Qn, Hy, Su, Tn, Ry, Wy, Yy}, where 0 < a < [”7_3].

For n > 7, O, is the graph obtained from Pg by attaching n — 6 pendent edges to v;. For n > 6, Z,, is the
graph obtained from Cs by attaching n — 5 pendent edges to u;.

Let H, be the set of unicyclic graphs with 1 vertices. Let dia(G) be the diameter of a graph G.

Lemma 2.6. [21, 23] Let G € H,, withn > 7 and C; the cycle contained in G. If one of the three conditions holds: (i)
dia(G —e) > 5 and G — e # O, where e is an edge of Cj; or (ii) | = 3 and G ¢ K or (iii) | > 5 and G # Z,, then we
have m(G, 2) > 3n — 12 and m(G, 3) > 2n — 12, where the two equalities do not hold simultaneously.
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3. Main results

3.1. Comparing the energies of a unicyclic graph and of its signed graphs

Bhat and Pirzada [4] obtained that for a unicyclic graph G with an odd girth, any two signed graphs on
G have the same energy. In Theorem 3.2, we will extend this result to the relationship between the energies
of a unicyclic graph and of its signed graphs. To obtain Theorem 3.2, Lemma 3.1 is needed. By Lemma 2.1,
we can get Lemma 3.1 as follows.

Lemma 3.1. Let S € U3 , | the length of the cycle contained in S and r and h integers with r,h > 1. Then

0, I=2rl=2r+1&2i+1<I,

bais (8) = {Zm(S CLi-5l), I=2r+1&2i+1>1 (12)
m(S, i), [=2r+1,
m(S,i) +2m(S — Cj,i — %), if S is balanced and | = 4h + 2 or

byi(S) = S is unbalanced and | = 4h, (13)

m(S,i) —2m(S - Cj,i — %), if S is balanced and | = 4h or
S is unbalanced and | = 4h + 2.

For a unicyclic graph G, by Lemma 3.1 and (3), we can conclude that any two balanced graphs of G have
the same energy and any two unbalanced graphs of G also have the same energy. If G is a unicyclic graph,
we use, for simplicity, G* to denote its balanced graph and G~ its unbalanced graph throughout this paper.
We have a relationship for &(G"), E(G™) and &(G), as shown in Theorem 3.2.

Theorem 3.2. Let G be a unicyclic graph with girth 1. For positive integers r,h > 1, we have
(i) E(GT) =&E(G7) =E(G) for 1 =2r+1;

(ii) E(G*) = E(G) < E(G™) for | = 2r with r = 2k,

(iii) E(G*) = E(G) > E(G™) for | = 2r withr = 2h + 1.

Proof. Let! = 2r + 1. By Lemma 2 in [22] and Lemma 3.1, we have by(G™) = b2i(G*) = bxi(G) = m(G, i),
b2i11(G™) = b2i41(G™) = b2i41(G) = 0 for 2i + 1 < [, and bi41(G™) = b2i41(G*) = b2i+1(G) = 2m(G — Cy,i —r) for
2i+1 > 1, where 0 <i < [n/2]. Furthermore, by comparing &(G), 8(G*) and £(G™) in terms of their Coulson
integral formula in (3), we get Theorem 3.2(i).

By the method similar to that for Theorem 3.2(i), we can get Theorem 3.2(ii) and (iii). O

3.2. A new integral formula for comparing the energies of two signed graphs

From Lemma 2.5, we obtain a new integral formula for comparing the energies between two signed
graphs by directly using their characteristic polynomials, which are shown in Theorem 3.3.

Theorem 3.3. Let s, (x) and ¢s, (x) be the characteristic polynomials of signed graphs S1 and S, respectively, where
Sy and Sy have the same number of vertices. Then

_ 1 oo (Psl(ix)
&E(51) - &(Sy) = EIOO log b5, () dx (14)
Proof. From Lemma 2.5, we have
+00 A l
E(S1) - E(Sy) = f 1210 *'9s:(3) (15)
T ) X "¢52;1C
Obviously, we get
1p (° s (3 e s (3
s -5 = [ [ 1og| 220 d( )+ [ o pol,) (16)
T J o q552 <P52( )
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Since 0 is a flaw, we obtain

0 (Psl()_lc) 1 ¢ ¢51 0 (Psl(i) 1
1 —|d(=) = lo 1 —|d(=

Lo %8| 5e(n)| ¥ L, Blon| 1 ch %8| 5o 1
_ ¢s, (it) s, ()| L bs, (it)

f 18| 65,1 ”f 18 | s, it | ‘fo 108 | g, | 4 an

where 31—( = t. Similarly, we have

e @] 1 0 @)

j(; log 5 d(x) = j;m log Y dt. (18)

Substituting (17) and (18) into (16), we obtain (14). O

3.3. Finding the graphs whose capped graphs have 2-matching less than 2n — 3

In this section, among U,,, the graphs whose capped graphs have 2-matching less than 2n — 3 are
characterized in Lemma 3.8. To obtain Lemma 3.8, we need to introduce Lemmas 3.4-3.7 first.

Let 7,41 be the set of trees with n + 1 vertices. Let Ei’fl be the tree obtained from P4 by attaching a2 and b

pendent edges at v, and v; respectively, where 0 <a < [%2]and b =1n—a — 3. Let F“ff be the tree obtained

from Ps by attaching a, b and ¢ pendent edges at v,, v3 and v, respectively, where 0 < a,b,c < n — 4 and
a+b+c=n-4.

Lemma 3.4. Let G € Uy, and n > 9. Ifa € Ty and G # X,,+1,ngl 3,E1111’1 4,F231” -4 Fgflw then m(a, 2) >
2n — 3.

Proof. Let G € U,, withn > 9 and Ge T w+1. We suppose G # X,+1. Thus, dia(a) > 3. Four cases are
considered according to the value of dia(G).
Case (i). dla(G)

In this case, G = Eﬁl By (8), we have m(EZfl,Z) = (a+1)(n—2-a) = fi(a). Therefore, m(E, b 2)isan
increasing function of a since f/(a) = —2a+n -3 > 0, where 0 < a < [”23]. We have m(ng1 52) = = f1(0) =
n-2<2n-3mE""2) = fi(1) =2(0n-3) <2n-3,and m(E,2) = fi(a) > fi(2) = 3(n — 4) > 2n - 3 for

2<a< [”7_3]. NarEely, in Case (i), if G # ngl 3 Eifl * then we have m(G,2) = 2n — 3.

Case (ii). dia(G) =

In this case, G may be viewed as a tree obtained from Ps by attaching trees T7, T, and T3 at v, v3 and
vy, respectively. Let |E(T1)| = a, |[E(T2)| = b and |E(T3)| = c, where 0 < a,b,c <n—-4anda+b+c=n-4. By

using Lemma 2.4 repeatedly, we get m(G,2) > m(P“f:f ,2). Three subcases are considered as follows.

Subcase (ii.i). a=0,0<b,c<n—-4andc=n—-4-b.

By (8), we have
m(F2€,2) = (b +2)(n =3 -b) + b+ 12 fo(b). (19)

We get f,(b) = —2b + n — 4. Thus, m(FOff, 2) is an increasing function of b with 0 < b < I_”T_4J and

a decreasing function of b with [”‘4] < b < n-4 We have m(FO’O’”_4, 2) = (0) =2n—-5 < 2n -3,

n+1
m(FY"40,2) = fo(n —4) = 2n = 5 < 2n — 3 and m(F¥,2) = fo(b) > min{fo(1), fo(n — 5)} = 3n —10 > 2n - 3,
wherel1 <b<n->5.
Next, we use the same analysis as those for Case (i) or Subcase (ii.i) to derive the property of the
2-matching of the graphs considered.
Subcase (ii.ii). b=0,1<a,c<[%*]landc=n—-4-a.

By (8), we have m(F**¢,2) = (@ +2)(n =3 —a) +a+12 f3(a) > f(1) = 3n— 10 > 2n - 3.

n+l’
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Subcase (ii.iii) is the same as that for Subcase (ii.i).
Subcase (ii.iv). 1 <a,c <[%52],1<b<n-6andc=n—-4—-a-b.
If a = 1, then by (8), we obtain m(Fllq’f’f,Z) =0b+1)(n—-4-b)+2n-3) = fa(b) = min{f2(1), fa(n — 6)} =

4n—16 > 2n - 3.1f 2 < a < [%52], then by (8), we get

m(FY5,2) = (a+ D(n—a—2)+b(n—3—a—b)+n-3-a-b
Z(ﬂ+1)(1’l—a—2)éf5(a)2f5(2)=3(n_4)22n_3‘

By the proofs of Subcases (ii.i)—(ii.iv), we have m(a, 2) > m(Fi’f’f ,2) = 2n -3 if G# Fgf’l"_4, Fgfl_ 40,

Case (iii). dia(G) = 5.

In this case, G may be viewed as a tree obtained from Py by attaching trees Ty, T, T3, and Ty at vy, v3,
vy, and vs respectively. Let |[E(T1)| = a, |[E(T2)| = b, |[E(T3)| = ¢, and |[E(T4)| = d, where 0 < a,b,c,d <n —5and
a+b+c+d=n-5. By using Lemma 2.4 repeatedly, we have

m(G,2) > m(G*4 ) 2), (20)

n+l 7

where Gﬁ'f’d is the graph obtained from Py by attaching a, b, ¢, and d pendent edges to v3, v3, v4, and vs
respectively. By the methods similar to those for Case (ii), we can obtain m(a, 2) > m(GZ’f’f’d, 2) > 2n—3.

Case (iv). dia(G) > 6.

In this case, G can be viewed as a connected tree obtained from P4;1 by attaching trees, say T1, ..., Ty-1,
atvy,..., v, respectively. By using Lemma 2.4 repeatedly and by the proof of Case (iii), we obtain m(a, 2) >
m(GZ’f’f’d, 2)>2n-3.

By combining the proofs of Cases (i)-(iv), we get Lemma 3.4. O

For | = 4, some graphs are introduced as follows.

For n > 6, A, is the graph obtained from C, by attaching one and n — 5 pendent edges to u; and u,
respectively.

For n > 7, B, is the graph obtained from C, by attaching a path P; to u; and n — 6 pendent edges to u3.

For n > 6, C, is the graph obtained from C4 by identifying u; of C4 with a pendent vertex of X,,_3.

For n > 5, Dy, is the graph obtained from C, by attaching a4 and n — a — 4 pendent edges to u; and u3
respectively, where 0 < a < [%‘].

Lemma 3.5. Let G € Uy, and n > 10. If@ e H, and G # DY H,,CS, CL, then m(G,2) > 2n - 3.

Proof. Let G € H, and n > 10, where G € Uy, Suppose that the cycle contained in G is C;. Three cases are
considered as follows.

Case (). [ >5. _ _

If G = Z,, thenm(G,2) = 3n-10 > 2n-3. If G # Z,,, thenby Lemma 2.6, we have m(G, 2) > 3n—-12 > 2n-3.

Case (ii). [ = 4. . _ _

If G # Ay, By, C, Df, then we can choose an edge e on C4 of G such that G — e # O, and dia(G —¢) > 5.
Therefore, by Lemma 2.6, we have m(a, 2) > 3n - 12 > 2n — 3. By direct calculation, we get m(A,,2) =
3n—11 > 2n -3 and m(B,,2) = m(C,,2) = 4n — 16 > 2n — 3. By (8), we have

m(D;,2) =(n—3—a)a+2)+a= fe(a). (21)

Thus, fs(a) is an increasing function of a since f/(a) = -2a+n -4 >0for0 <a < [”2;4]. IfG = DY, then
m(DY,2) = f5(0) =2n—6 <2n-3. If G = D} with1 <a < [”2;4], thenm(D5,2) = fe(a) = fo(1) = 3n—-11 > 2n-3.

n’s

Case (iii). [ = 3.
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IfG ¢ K, then by Lemma 2.6, we have m(G 2) > 3n—12 > 2n — 3. When n > 10, we obtain m(Q,,2) =
m(R,,2) =3n-11 > 2n-3,m(S,,2) =4n—-18 > 2n—-3, m(T,,2) = 4n—16 > 2n—-3, m(W,,,2) = 4n—-17 > 2n-3,

m(Yy,,2)=3n—-12>2n-3,and m(H,,2) =2n—-6 <2n-3. If G= Cy, then by (8), we have
m(Cy,2)=(n—-3—a)a+1)+a= f(a). (22)

Thus, f(a) is an increasing function of a since f;(a) = -2a+n -3 > 0for 0 <a < [”7_3]. IfG = CY, then
m(C%2) = f(0) =n—-3 <2n-3. IfG = Cl, then m(C},2) = f(1) = 2n -7 < 2n—3. If G = C" with
2 <a<[%3] then f7(a) > f(2) =3n - 13> 2n - 3.
By the proofs of Cases (i)-(iii), we obtain that if G+ DY, H,,CY Cl, then m(G,2) > 2n—3forn>10. O
Let the number of the components of G be o(G)

Lemma 3.6. Let G € Uy, and n > 10. Ifo(G) > 3 and each component ofais a tree, then m(a, 2) >2n-3.

Proof. If 0(6) > 4, then we concatenate G together into a graph (denoted by G) in such a way that o(G) =

Obviously, m(a, 2) > m(G,2). We suppose that the numbers of vertices for the three components of G are
a+1,b+1andn—a—-b+ 1. Using Lemma 2.4 repeatedly, we obtain m(G,2) > m(Xpr1 U Xps1 U Xpeaops1, 2).
We suppose 1 <a<banda+b<n-1.

If a = 1, then we suppose 1 < b < ["T_l]. By (8), we have m(Xp U Xpy1 UX,p,2) =bn—-1-b)+n-1=
fa(b) > fg(1) = 2n — 3 since f3(b) is an increasing function of b for 1 < b < [”74]. If a > 2, then by (8), we have

(X1 U Xpr1 U Xy—apr1,2) = m(Xps1 U Xygs1,2) + b(n —a — b)
> m(Xp1 U Xy—g41,2) +1 2 2n - 3. (23)

Therefore, we obtain Lemma 3.6. O

Lemma 3.7. Let G € U»,, with n > 10. Ifais unconnected and G # X, U Cg_l,Xz UX,, X3UX,_1,X, U Eg'”_4,
then m(a, 2) > 2n - 3.

Proof. Let G € U, and n > 10. Two cases are considered according to the types of the capped graph G.

Case (i). G is an unconnected graph whose components are trees and a cycle.

IfGis composed of trees and a cycle, then we might concatenate them together into a connected unicyclic
graph (denoted by Gl) G, ¢ {DY%, H,, C%,CL}, then by Lemma 3.5, m(G 2) > m(Gl, 2) > 2n — 3. Otherwise,
if G1 € {DY, H,, CY,CL}, then four subcases are considered as follows.

Subcase (i.i). 51 =

If o(G) = 2, then G = Xp41 U DY_, with 1 <a <n —4. By (8), we have

mM(Xar1 UDY_,,2) = (a+2)(n—a)— 6 2 foa)
> min{fs(1), fo(n — 4)} = 3n — 9 > 2n — 3. (24)

If o(G) > 3, then we can concatenate Gintoa graph with two components X,,1 UDn _pWhere2 <a<n-4.
Thus, by (24), we get m(G 2) > m(X41 UDS_,,2) >2n 3.

Subcase (i.ii). G1 Co.

If o(G) 2,then G = X1 UCY_ with1<a<n—3. Fora=1, we have

n—-a
mX,UC? ,2)=2n—-5<2n-3. (25)
For2 <a <n-3,by (8), we get

m(Xg41 U Cn w2)=@+1)(n—-a)-3= fip(a)
> min{ f10(2), fio(n —3)} =3n -9 > 2n - 3. (26)
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If o(G) > 3, then we can concatenate G into a graph with two components X1 UC)_,, where2 < a < n-3.
Therefore, by (26), we get m(G,2) > m(Xa41 U Co_,,2) > 2n — 3.

Subcase (i.iii). G; = Hy.

If o(G) = 2, then G may be one among the four types: X, UCS_l, X3UC2_2, X.:1UH,_,with1 <a <n-6,and
EXTUC | with1 <a <n-5. By (25) and (26), we have m(X, UC?_|,2) < 2n-3and m(X3UC? ) > 2n—3
respectively. By (8), we get

m(Xa+1 UH,_, 2) = (LZ + 2)(71 - a) -6= fll(a)
> min{fn (1), fll(l’l — 5)} =3n-9>2n-3,
mEXTUC) 5, 2)=@+2)(n—a-2)+n-5= fir(a)

> min{fio(1), fia(n — 5)} = 4n — 14 > 2n — 3.

If o(G) > 3, then we concatenate G into a graph with two components such that the graph is not X, UC?_,.
By the proof as above, we get m(G,2) > 2n — 3.

Subcase (i.iv). G; = CL.

If 0(6) = 2, then amay be X, U Cg_l or X,+1 UCL_, with 1 <a < n—4. By (25), we have m(X, U Cg_l, 2) <
2n—3. By (8), for1 <a <n -4, we get

Mm(Xe1 UCh_p,2) = (a+2)(n—a) -7 = fi3(a)
> min{f13(1), f13(11 - 4)} =3n-10>2n-3. (27)

If o(G) > 3, then we concatenate G into a graph with two components such that it is not X, U C?_,.
Therefore, by (27), we get m(a, 2) > 2n - 3.

By combining the proofs of Subcases (i.i)—(i.iv), we have m(G,2) > 2n —3if G # X, U Cg_l.

Case (ii). G is an unconnected graph whose components are trees only.

If o(G) = 3, then by Lemma 3.6, we have m(G, 2) > 2n —3. Next, we always assume o(G) = 2. We concate-
nate G together into a tl;e\ee, denotgii by G,. Obviously, G, € T”Jil\ Gy ¢ {Xa, Eg’:l_ 3 Elqul_ 4 Fgf’l"_4, Fgfl_ 40y
then by Lemma 3.4, m(G, 2) > m(Gy,2) > 2n — 3. Otherwise, if Gy € {X,u1, Evly >, EV4 P00 PO 40} then
five subcases are considered as follows.

Subcgf;e (ii.iLGz = X1

Aso(G) =2, G = X411 U Xyygq1 with 1 < a < [3]. By (8), we have m(X,41 U Xy 411,2) = a(n —a) = fia(a).
Thus, f14(a) is an increasing function of a since f],(a) > 0 for 1 < a < [5]. We have

m(X, U X, 2) = f14(1) =n-1<2n-3, (28)
m(X3 U Xn_1,2) = f14(2) =2n—-4<2n-3, (29)
m(Xae1 U Xi—ar1,2) = fuaa) > 14(8) =3(n-3) > 2n -3, (30)
for3 <a<[5].
Subcase (ii.ii). G, = E)/;°.

As O(E) =2, G may be one among the three types: X, U X, X3 U X,-1 and X4 U Egi’;fl_ % with

1 <a <n-3. By (28) and (29), we only need to consider the last type. By (8), we have m(X,+1 U ng‘;‘: 52)=
am—a)+n—-2-a=@+1)(n—a)—-2= fis(a). Ifa = 1, then we have

m(Xy UEY"™,2) = fi5(1) =2n — 4 < 2n - 3. (31)
If 2 <a < n -3, then we get

m(Xae1 UEY"™"3,2) = fis(a) = min{fi5(2), fis(n — 3)} = 3n — 8 > 2n - 3. (32)

n—-a+1 7/
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..... E] n—4

n+l °
1,n—a—-4

As o(G) 2, G may be one among the four types: X3 U X,,_1, X4 U X;,—», Xo U EO” ~ and X4 U E

with 1 < a < n —4. By (29)-(31), we only need to consider the last type. We get m(X,+1 U E:, "ﬂfl +2) =
(ﬂ+2)(1’l—ﬂ) 6= f16(a)>m1nf16(1 f161’l 4} 3n—-9>2n—-3forl<a<n-4.

Subcase (ii.iv). G, = Fgfln -

As O(G) =2, G may be one among the four types: X3 U X,,—1, Xo U EV" X, ,U Eg’o, and X,.q U FOOna—4

n—a+1

with1 < a < n—4. By (29), (31) and (32), we only need to consider the last type. We get m(X,+1 UFg 0;;” ~42) =
@+2)n—-a)-5= f17(a) > min{fi7(1), ir(n —4)} =3n—-8=22n—-3forl1 <a<n-4.

Subcase (ii.v). G2 = Fgfl 40,

If O(G) 2,G may be one among the four types: X, U E%"% X5 U EST;S, X1 UFO =140 with1 <a <n-4,

—a+1

and Eg o Ty EO" o P withl<a< [%2]. By (31) and (32), we only need to consider the last two types. We get
M(Xas1 U Fg”afl“o 2)=(a+2)(n—a)—5= fig(a) > min{fig(1), is(n —4)} =3n -8 >2n—-3forl <a<n-4
and m(E2f31 u Eg"ﬂ”15,2) =@+2)(n-a-2)+n—-42 fio(a) > fro(1) =4n—13>2n -3 for 1 <a < [%2].

By the proofs of Subcases (ii.i)—(ii,v), if G+ X, UX,, X3UX,_1, XU E0 "4 then we have m(a, 2) > 2n-3.
In conclusion, by the proofs of Cases (i) and (ii), we obtain Lemma 3.7. O

Let H, ¥ and T be the sets of the special graphs in Lemmas 3.4, 3.5 and 3.7 respectively. Namely

H = X, BV BV O T, @)
F ={D° H,,C°,Cl, (34)
T={XU C% X2 U Xy, X3 U X1, X2 UEY™. (35)

Let A=HUF UT. By Lemmas 3.4-3.7, we have Lemma 3.8 as follows.
Lemma 3.8. Let G € Uy, withn > 10. Ifa ¢ f?\(, then m(a, 2) >2n - 3.

For each capped graph in F,H and T, we can construct its original graph. Let 7, H and I be the sets
of the original graphs of the capped graphs in ¥, H and I respectively. By construction, we get

7'( = {AZn,lr BZn,i (1 <i< 4)/ CZn,i (1 <i< 5)/ DZn,i (1 <i< 7)/ EZn,z’ (1 <i< 7)}/
F = {Fou1, Gona, Honp, Ionah,
T ={]oni(1<i<4),Kpi(1<i<3), L0, (1 <i<10),Mp;(1<i<19)).

In H, we have Az,; = Xps1, Bay; = EX'7 (1<i<d), Coni = EM" 4 (1 <i<5), Dy = X" * (1 <i<7),and

n+1

Eoni = F" 0 (1 <i<7). InF, we get Fop1 = D% Goyy = C, Hpyy = Hy, and I,1 = CL. In T, we obtain

n+1
Toni = Xa UXy (1 <7 <4), Koy = Xo UCY_ (1 < <3), Ty = X3 U X,y (1< <10),and Ma,; = Xp UEY"™
(1<i<19).

Let A = HUF UI. Itis noted that there are 64 graphs in A. All the graphs in A are shown in
Appendix A. For each graph in Appendix A, the dashed line with a label represents the number of P3
attached at the vertex of the graph. There exist a balanced graph and an unbalanced one corresponding to
each unicyclic graph in A. Let A* and A~ be the sets of all the corresponding balanced and unbalanced
graphs, respectively. For the unbalanced graphs in Appendix A, we denote the positive edge by a plain
line and the negative edge by a dotted line.

Lemma 3.9. Let G € Uy, withn > 10 and S its signed graph. Let | be the girth of G and r, j be integers withr, j > 1.
(i) For 1 =2r+1,if G ¢ A, then S(an,l) < &(G) = E(GY) = &(G);
(ii) For | = 4j + 2, if S is balanced and S ¢ A*, then 8(1-";”/1) < &(S);
(iii) For | = 4j, if S is unbalanced and S ¢ A~, then 8(1—"2‘”,1) < &(9).
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Proof. Obviously, fy, 1 = DY. Tt is noted that m(D?,2) = 2n — 6. Since each 2-matching of DY is adjacent to
four edges of M(F;, 1) and m(DY,i) = 0 for 3 < i < n, we have

m(Fz_nll,k) p+Q@2n— 6)(k ;1) (36)

From Lemma 3.1 and the fact that F; ;| — C; is composed of n — 4 independent edges and four isolated
vertices, we obtain

bZk(FEnJ) = m(Fz_n,yk) + Zm(an 1—-Cik-2)
_ n—4 4
= m(an,l,k) + Z(k ) p+(@2n— 4)(k 2) (37)

() /=2r+1.
By Lemma 3.1, we have

ba(S) = m(S,k) = p +m(S, 2>(Z__ é) + ) mG, i)(z _ f)
i=3

>pen@2(, ) 38)

If G ¢ A, thenby Lemma 3.8, we have m(S,2) > 2n—3forn > 10, where S is the signed graph of G. Therefore,
it follows from (37) and (38) that bgk(an 1) < bx(S), where the equality does not hold for 0 < k < [n/2].
For example, b4(F2n1) < by(S). Furthermore, from Lemma 3.1, we have by.1(F 2n1) = 0 < by41(S) for
0 <k <[n/2]. Thus, by (4) and Theorem 3.2, we get Lemma 3.9(i).

By the methods similar to those for I = 2r + 1, we have Lemma 3.9(ii) and (iii). O

3.4. Comparing the energies of two signed graphs among A" U A~

To obtain our final results, we need to compare their energies for the signed graphs in A* U A~. The
method of coefficient comparison in (4) will be used as the first choice. For two unicyclic signed graphs in
A U A, if their coefficients of the corresponding characteristic polynomials are incomparable, then their
energies are directly performed on the basis of (2) by using the theorem of zero points, the integral formula
in (14), and analytical techniques for the integral formula. In this section, the characteristic polynomial
¢Ps(x) of S is rewritten by ¢(S, x).

Lemma 3.10 obtained by Li and Li [15] and Lemmas 3.11 and 3.12 derived by Wang [20] are simply
quoted here.

Lemma 3.10. [15] If n > 5, then M;n,Z — A1

Lemma 3.11. [20] Ap,1 — B;n,l forn > 7 while B;n,l — Ay for3<n<e.
Lemma 3.12. [20] B;n,l — Goy1 — Boyp forn > 4.

Lemma 3.13. Gy, — Bopa forn > 4.

Proof. By (7), we get

P(Gan, 1,x) = -D)" B -+ 4)x® =2 + 3+ Dt + 223 — (n+ 4 + 1], (39)
O(Bana, x) = (6 = 1) a8 — (n + 4)x® — 20° + (B + 4)x* + 6x° — (n + 4)x* — 2x + 1]. (40)

By (39), (40) and (4), we have Gy,1 — Boys forn > 4. O
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Lemma 3.14. By, 4 — Boup forn > 4.

Proof. By (7), we obtain
O(Bana, x) = (2 = 1) *[a® — (n + 4)x® = 26 + Bn + 4)x* + 6x° — (n + 4)x* — 2x + 1],
O(Bana, x) = (2 = 1) [a® — (n + 4)x® — 26 + (B + 4)x* + 4x° — (n + 5)x% — 2x + 1].

In (14), let S1 = Byp4 and Sy = By, p. Therefore, by (14), we obtain

1 f*""l PA(x) + 43(x)

E(Bana) — EBanp) = o . og P%(x) n qg(x) dx, 41)

where p1(x) = B+ (n+Hx® + G+ Dx* + M+ 42 + 1, 1(x) = 2x° + 6x° + 2x, pa(x) = x® + (n + 4)x° +
Bn+4)x* + (n+5)x* + 1, and go(x) = 2x° + 4x° + 2x. For n > 4, we get [p2(x) + g3(x)] — [p3(x) + g3(x)] =
—x2[2x8 + 2nx® + (61 — 12)x* + (2n + 1)x? + 2] < 0. Therefore, it follows from (41) that By, 4 — By, for n > 4.
o

Lemma 3.15. By,p — Jou3 forn > 4.
Proof. By (7), we deduce
G(Bana, x) = (6 = 1)"*[a® — (n + 4)x® — 20° + Bn + 4)x* +4x% — (n + 5)x> — 2x + 1], (42)
G(anz, x) = (6 = 1)" a8 — (n + 4)x® — 2 + (Bn + 5)x* + 6x° — (n + 5)x® — 2x + 1]. (43)
By (42), (43) and (4), we get Boyp — Jopz forn >4. O
Lemma 3.16. J5,3 — B;n/l forn > 4.
Proof. It follows from (7) that
O(anz, x) = (6 = 1) a8 — (n + 4)x® = 26° + B + 5)x* + 6x° — (n + 5)x* — 2x + 1], (44)
P(Byy1,0) = (% = 1) [x® — (n +4)x° + Bn + 6)x* — (n + 7)x* + 1. (45)
In (14), let S1 = Jayz and Sp = Bgﬂ/l. Therefore, by (14), we obtain

dx, (46)

1 f“’" . pr(x) + q3(x)
21

lTan) = 8Ba) = 50 | 108750

where p1(x) = x® + (n +4)x® + Gn+5)xt + (n+5)x2 + 1, g1(x) = 2x° + 6x° + 2x and pa(x) = x® + (n +4)x® + 3n +
6)x* + (n+7)x* + 1. Since [p3(x) + 7 (x)] — p3(x) = —x*[2x5 + 21+ 8)x° + (101 + 3)x* + (14n = 10)x* +4n +2] < 0
for n > 4, it follows from (46) that [,3 — By forn>4. O

Lemmas 3.17 and 3.18 are simply quoted, which are derived by Wang [20] and Zhu [25] respectively.

Lemma 3.17. [20] B3 — F | for n > 45 while F3 | — By, 3 for 4 <n < 44.
Lemma 3.18. [25] If?’l >4, then an,z — ]2,,/1.

Lemma 3.19. B

o1 = I3y for n > 43 while 3 , — By | for4 <n <42,

Proof. By (7), we have
P(Byy1,0) = (% = 1) [x® — (n + 4)x° + Bn + 6)x* — (n + 7)x* + 1]
2 (=1 1), (47)
x?(2 = 1)"3[x* = (n + 3)x + 2n]

(2 = 1)"3gp(x). (43)

(P(];n,Z’ X)

>
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Obviously, we get

1 1—8n+22n% — 44n° + 8n*
g1(y[7=) = 1 >0
2n 16n

1 1—4n +5n% — 4n®
gl(\/;)_ n4 <0

71(V0.38) = —0.992237 — 0.0016721 < 0
71(V0.385) = —1.01195 + 0.002608371 > 0
71(V2:61) = —1.11102 + 0.0467191 > 0
71(V2.62) = —0.972525 — 0.0115281 < 0
gl(\/ﬁ) =1-7n+5n*-n*<0
p(Vn+1)==3-2n+22>0

According to the theorem of zero points, we obtain
8
E(B,,) =2(n - 4)+ ) Ixi
i=1

<2(n—4) +2( \/g + V0385 + V2.62 + Vi + 1),

(n > 388). (49)

Since g»(Vv1.99) = -2.0099 + 0.01n > 0 for n > 201, gz(\/i) =-2<0, gp(Vr+1) = -2 < 0, and

g2(Vn+2) = -2+4+n > 0forn > 3, we have

2(n=3) +2(V1.99 + Vn +1) < &(J3,,),

(n > 201). (50)

It follows from 2(n — 4) + 2( \/; + V0.385 + v2.62+ Vn+1) < 2(n —3) + 2(V1.99 + Vn + 1) that the
right-handed side of (49) is less than the left-handed side of (50) for n > 388. Therefore, By. — ];n,z for
n > 388. The calculation yields B, | — J;, , for43 <n <387 while J; , = B, for4d<n<42. O

Lemma 3.20. ];n,Z — By 3 forn > 3.
Proof. By (7), we have

(3,0, %) = 22> = 1)"[x* = (n + 3)x + 211),

H(Banz, x) = (2 = 1)"3[x® — (n + 3)a* — 203 + 2n + 1)a? + 2x - 1].
It follows from (51), (52) and (4) that ];mz — Bysforn>3. O
Lemma 3.21. By,3 — Joua forn > 3.
Proof. By (7), we get

O(Bans, x) = (2 = 1)"2[x® — (n + 3)x* — 20 + (2n + 1)a? + 2x — 1],
O(ana, x) = (6 = 1)"3[x® = (n + 3t = 20 + (2n + 2)a% + 4x - 1].

It follows from (53), (54) and (4) that By, 3 — Joya forn > 3. O

Lemma 3.22. [5,4 — ]2_11,2 forn > 3.

(51)
(52)

(53)
(54)
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Proof. By (7), we obtain
Oana, x) = (6 = 1)"3[x® — (n + 3t — 20 + (21 + 2)a% + 4x — 1], (55)
P00 %) = (% = 1)"2[x° = (n + 3)x* + (2n + 4)x* — 4]. (56)
In (14), let S1 = Jaya and S; = ]2_71,2' Therefore, by (14), we obtain

—+00 2 2
1 f log pi(x) +g7(x) dx, (57)

EJ214) = EJ2) = 5~ pA(x)
2

where p1(x) = 20 + (n + 3)x* + 21 + 2)x% + 1, g1(x) = 2x° + 4x and pa(x) = 2 + (n + 3)x* + (21 + 4)x> + 4. For
n > 3, we have [p(x) + ¢7(x)] — p3(x) = —4x® — (4n + 14)x°® — (14n + 14)x* — (121 + 12)x* — 15 < 0. Therefore,
by (57), we get Jopa — Jonz forn>3. O

Lemma3.23. [, , — C;, | forn>721 while C; | — ], , for4 <n <720.

Proof. By (7), we deduce

O X) = (2 = 1)"3[x® — (n + 3)x* + 2n + 4)x* — 4], (58)
P(C3,1,%) = (= 1" x® — (n + 4)x° + (4n - 2)x* — (n +3)x* +1]. (59)
By (14), we obtain
1 —+00 2 +00
EJ ) — 8(C2+n,1) == f log fi(n, x)dx = - f log f1(n, x)dx, (60)
—00 0
where
2+ DA+ (m+3)xt+ 2n+4)x% + 4
il x) = g )i 6( ) 4( ) ' 1 (61)
B+n+4)x0+@An-2)xr+(n+3x2+1
Then
dfi(n,x) —x%(x% +2)(x% + 1)(9(6 +9x* +6x% +1)
= <0. 2
on [x8+(n+4)x0 +(dn—-2)x*+ (n+3)x2 + 112 0 (62)
Thus fi(n, x) is a decreasing function of n. When n > 721, it follows from (60) and (62) that
2 +00 2 +00
E(J3,0) = E(C3,1) = . f log fi(n, x)dx < - f log f1(721, x)dx
0 0
= 2 X (=0.0000107) < 0. (63)

e
It follows from (63) that Jonp = G5, for n > 721 while the calculation yields C; | — oz for 4 < n < 720.
O

Lemma3.24. C . —~ Ft —~ D¢

21,1 2,1 onp — lona forn > 4.

Proof. By (7), we get

P(C3,1,%) = (=12 — (n + 4)x° + (4n - 2)x* — (n +3)x* +1], (64)
P(Fy,1,0) = (F = 1) — (n+4)x° + (dn - 2x* — (n + 4)x° + 1], (65)
(D35, %) = =18 -+ + @dn— Dt —(m+4)x? +1], (66)
P(Ion,x) = (x2 — 1)”_4[x8 -(n+ 4)3(6 220 + (4n - 1)x4 +2x% — (n+ 4)3(2 +1]. (67)

By (64)—(67) and (4), we get Lemma 3.24. O
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Lemma 3.25. Ip,; — F,, , forn > 4.
Proof. By (7), we have

P(l2n,x) = (=D - (n+ Hx® =207 + (dn — Dt + 23 — (n + 4)x% +1], (68)
P(F3,1,%) = (= 1) 2 = (n + 4)x® + (dn + 2)x* — (n + 4)x° + 1]. (69)

In (14),let S1 = Ir,1 and S, = F2_n,1' By (14), we get

o i) +4i(x)

. g 7 20 dx, (70)

_ 1
&lt) - 85,0 = 5 [

where pl(x) =28+ (n+4)x® + (4n—1)x* +(n+4)x +1, ql(x) 2x° +2x% and pa(x) = 28 + (n + 4)x® + (dn + 2)x* +
(n+4)x*>+ 1. For n > 4, since [p (x) +q1(x)] P> 2(x) = —x*[6x® + (61 +20)x® + (24n — 5)x* + (61 +20)x*> + 6] < 0,
it follows from (70) that I,,; — 1 Jforn>4. O

Lemma3.26. F) =L, ,forn=>4.

Proof. By (7), we obtain gb(Fz” ”

= (2 = 1) = (n 4+ 4 + (dn + 2t = (n + 4% + 1] = (L, ;%)
Obviously, we get Lemma 3.26. O

Lemma3.27. F) | — Ej ,forn>35whileE] , —F, ,for6<n<34

Proof. By (7), we get

P(F31,%) = (2 = 1) — (n + 4)x® + (dn +2)x* — (n + 4)x* + 1], (71)
P(Ed, 5 %) = (¢ = 1)"°[x'2 = (n + 6)x'% + (61 + 8)x® — (11n — 1)x®
+ (61 +5)x* — (n +5)x* +1]. (72)
By (14), we obtain
EFy1) = E(E2,5) = % I _ log f(n,x)dx = % j; log fa(n, x)dx, (73)
where
ol x) = (2 + 1)2[x8 + (n + 4x® + (4n + 2)x* + (n + 4)x* + 1]

P2
with ¢ = x2 + (1 + 6)x + (61 + 8)x® + (111 — 1)x® + (61 + 5)x* + (n + 5)x% + 1. Then

8f2(n,x) 4(4x + (% 4+ 322 + D(x* + 4x% + 1)(x% + 1)?
on (¢2)?

Thus f>(n, x) is a decreasing function of n. When n > 35, we get

<0. (74)

2 [ 2 [
E(Fy,1) ~ E(Ez,5) = = fo log fo(n, x)dx < — fo log f2(35, x)dx
= % X (~0.0011112) < 0. 7)

Therefore, by (75), we obtain F,i— E;n,S for n > 35 while the calculation yields E;M —F, for6<n<234.
O
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Lemma3.28. E} ., —~E

+ +
2,3 ma — D3, 53 forn>6.

Proof. By (7), we have
,X)=(x*=-1)"lx —(n+6)x" + (6n+8)x” — n—1)x
(E3,5 %) = (¢ = 1) °[x2 = (n + 6)x™ + (61 + 8)2® — (11n — 1x°
+ (61 + 5)x* — (n +5)x% + 1],
,X)=(x*=1)""|x“=—n+6)x" +(61n+8)x" — n+2)x
(B30 %) = (¢ = 1)"°[x"? = (n + 6)x™" + (61 + 8)x° — (111 + 2)x°
+(Tn+4)x* — (n+6)x* +1],
X)) = =1)""lx"=—n+6)x" +(6n+8)x° — n+2)x
D;n/g, 2 17! 6[ 12 6 10 6 8 3 11 2 6
+8nx* — 2n +2)x% +1].
It follows from (76)—(78) and (4) that Lemma 3.28 holds. O
Lemma 3.29. E;”,S — Hy, 1 forn > 6.
Proof. By (7), we get
(EX ., x) = (% = 1)"°[x!2 — (n + 6)x + (61 + 8)x® — (111 — 1)x®
2n,3

+ (61 +5)x* — (n +5)x% +1],

G(Hop, x) = (¢ = 1) 0[x"? — (n + 6)x' — 227 + (61 + 9)x® + 8x” — (111 + 3)x®

—8x° + (61 + 9)x* + 22 — (n + 6)x* +1].
It follows from (79), (80) and (4) that E} , — Hy,; forn > 6. O

Lemma 3.30. Ej ; — M , forn>6.

Proof. By (7), we obtain

P(E3, 5, %) = (2 =1)"°[x'2 — (n + 6)x'* + (61 + 8)x® — (11n — 1)x®
+ (61 +5)x* — (n + 5)x% + 1],

PM, 7,%) = (* = 1)"°[x'? = (n + 6)x'0 + (61 + 9)x® — (11n + 3)x®
+ (61 +9)x* — (n + 6)x* +1].

Thus, Ej ; — M, , for n > 6 follows from (81), (82) and (4). O

Lemma3.31. M; , — M ,— M; , forn>6.

3
Proof. By (7), we get
(M3, 7,%) = (¢ = 1)"[x"? = (n + 6)x' + (6n + 9)2° — (111 + 3)x°
+ (61 +9)x* — (n+ 6)x* +1],
P(M, 5,%) = (¥* = 1)"°[x"* = (n + 6)x™" + (61 + 9)x® — (11n + 4)x°
+(7n+5)x* — (n+ 6)x* +1],
P(M;, 4, %) = (2 =1)"°[x'2 — (n + 6)x™* + (61 + 9)x® — 12nx®

+(9n = 3)x* — 2n +2)x* +1].
Thus, Lemma 3.31 directly follows from (83)—(85) and (4). O

Lemma3.32. F) | — Mj . forn > 31 while M 5 — F; | for5<n <30.
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L. Yuan, W. H. Wang / Filomat 34:11 (2020), 3721-3745 3737

Proof. By (7), we have
P(F3,1,%) = (2 = 1)"Hx® = (n + 4 + (dn + 2x* — (n + 4)x* +1]

2 (¢ = 1)"*g5(x), (86)
d(M3, 5,x) = X2 = 1) — (n + 5 + (5n + 4)x* — (7n — 6)x* + 2n — 2]
£ 22 - 1) ). (87)

By calculation, we have g3( \/g) > 0forn > 4, g5( \/%) < 0forn =8, g3(V0.26) < Oforn > 5, g3(V0.27) > 0

forn > 4, g3(V3.73) > 0 for n > 4, g3(V3.74) < 0 forn > 5, g3(Vn —1) < 0 for n > 5, and g3(v/n) > 0 for
n > 4. According to the theorem of zero points, we have

8
E(Fy,,) =20 =4+ ) Ixi

=1
<2(n—4)+2( \/% + V0.27 + V3.74 + \n), (n>8). (88)

Since g4(V0.38) > 0 for n > 5, g4( v0.39) < 0 for n > 24, g4(V1.99) < 0 for n > 204, ga( \/5) >(0forn >5,
g1(V2.6) > 0 for n > 65, ga( V2.62) < 0 for n > 5, ga(/n) <0 forn > 5, and ga( Vn + 1) > 0 for n > 5, we have

2(n-5) +2(V038 + V1.9 + V2.6 + Vi) < EM3,5),  (n>204). (89)

It follows from 2(n — 4) + 2( \/g + V0.27 + V3.74 + Vn) < 2(n = 5) + 2(V0.38 + V1.99 + V2.6 + /n) that
the right-handed side of (88) is less than the left-handed side of (89) for n > 204. Therefore, F, , — M; -
for n > 204. The calculation yields F, ; — M7 ; for31 <n <204 whileM; . —F,  for5<n<30. O

Lemma3.33. M . —~M; .=1L; ,forn=>5.

21,5 2n6 - 2n

Proof. By (7), we obtain

PMy,5x) = X =18 = (n+5)x° + (Gn +4)x* — (7Tn - 6)x* +2n - 2], (90)
Qb(M;n,()rx) = xX*(?=1)"[x® = (n+5)x® + Gn + 4x* — (7n = 3)x* + 3n - 3]
= QL) (91)

Therefore, Lemma 3.33 directly follows from (90), (91) and (4). O
Lemma 3.34. FZ_n,l — Cops forn > 4.
Proof. It follows from (7) that
H(Cans, x) = (¥ = 1) Hx® — (n + 4)x® — 2x° + dnx* + (21 = 2)x° — (n + 4)x* — 2x + 1]
£ (2 = 1) gs(x). 92)
By calculation, we have g5(— Vin+1) > 0forn > 4, gs(—vn) < 0 forn > 4, g5(-1.49) < 0 for n > 4,
g5(=1.48) > 0 for n > 382, g5(-1) = 0, g5(— \/g) <0forn>5, gs(— \/g) > (0 forn >4, gs( %) >0forn>7,

gs( \/;) <0forn >4, g5(0.31) < 0 for n > 4, g5(0.32) > 0 for n > 32, g5(2.17) > 0 for n > 7399, g5(2.18) < 0 for
n>4,gs5(yn) <0forn >4, and gs(Vn + 1) > 0 for n > 7, we have

2 —4)+ Vn+148+1+ \/g + ,/% +0.31+217 + Vn < ECaup), (n=7399). (93)
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Tt follows from 2(11—4)+2( \/§+ NO27+ V37A+ Vi) < 2(n—4)+ Vi+148+1+ \/}L \/;+o.31 12174 v

that the right-handed side of (88) is less than the left-handed side of (93) for n > 7399. The calculation yields
F,,; — Coys for 4 <n <7398. Therefore, F, | — Cyy5forn>4. O

Lemma 3.35. C2n/5 — D2n,6f07’ n>4.
Proof. By (7), we get

H(Cans, x) = (% = )" — (n + 4)2® — 22 + dnx* + 2n — 2)%°

—(n+4)x* —2x +1], (94)
P(Dayg, x) = (2 =18 — (n+4)x® —2x° + (dn + Dt + 2n = 2)x°
—(n+5x*-2x+1]. (95)

Thus, Cz,5 — Do for n > 4 directly follows from (94), (95) and (4). O

3.5. The preceding 18 signed graphs in the increasing order by their minimal energies in U withn > 721

By Lemmas 3.10-3.25, we get the first 18 signed graphs in the increasing order according to their
minimal energies among U3 with n > 721, which are showed in Theorem 3.36. In the proof of Theorem
3.36, we need to compare &(F;, ;) with the energies of some signed graphs among A* U A~ by using the
method of coefficient comparison. Due to the tedious calculations for the coefficients of their characteristic
polynomials, we directly list their coefficients in (A1)—-(A37) in Appendix B, which are derived by using
Lemma 3.1.

Theorem 3.36. Let S € U3 and G # Jou1, Con2, Don1, Dang, Doz, Cons, where G is the underlying graph of S. Let
I be the girth of S and r, j be integers with 1, j > 1. If one of the following three conditions holds: (i) I = 2r + 1; (ii)
I'=4j+2and S is balanced; (iii) | = 4j and S is unbalanced, then for n > 721, we have

M+

+ - +
ona  — A2n1 = By, p = Gont = Bona — Bona = Jonz — By, ;= J30 — Baug

N - + + + N -
Jona = Joup = Gy = F31 = D3y = Iong = Fy )y = Ly, — S (96)

Proof. Let n > 721. By Lemmas 3.10-3.16 and 3.19-3.25, we have the first to the sixteenth inequalities in
(96). By Lemma 3.26, we have an,l = L;nrl in (96). Next, we prove the last inequality an,l — Sin (96),
where S does not contain the preceding terms in (96).

Let B be the set of J241, Canz, Cons, Doni, Doana, Dony, and all the 18 graphs listed in (96) before S.
Let C = (A* UA™) \ B. We divide C into three subsets according to the girth of the graph. Namely
C =C1 U(C, UC3, where

C1 = {Cona, Cons, Dons, Dong, Eon1, Eoni(4 < i < 7)) U {Hyp 1)
U (Ko i(1 <i<3),L0,i(3 <i<10),My,;(8 <i<19)},
C2 =1{Cy,1, D30, D ;n,S’ D330 E;n,Z’ Ednor E;n,sf E3 3l
ULy, 0/ Loyo M, (3<i<7),M;,,(2<i<7)},
Cs = {L;n,l’M;n,l’MEn,l}‘

It is noted that all the graphs in C; have odd girth 3 or 5. All the graphs in C, and in C3 have even girths 4
and 6, respectively. Three cases are considered according to the girth [ of the signed graph.

Case (). [ =2r+1.

Since I = 2r + 1, by Theorem 3.2, for a fixed graph G € A, we have §(G™) = &(G*) = &(G). Therefore, we
only need to prove F | — G in (96), where G has girth 2r + 1 and G does not contain the preceding terms
in (96).

If G ¢ A, then by Lemma 3.9(i), we have an/l — G. If Ge A\ B, then G € C; since G has girth | = 2r +1.
Next, we prove FZ_n,l — Gfor G e (.
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By Lemmas 3.34 and 3.35, we have F, ;| = Cy,5 = Dau6. By Lemmas 3.27 and 3.29, we have an 1

E;n 5 — Hay1. Furthermore, by using the method of coefficient comparison and comparing (A2) with (A9),
(A10) and (A11), we obtain F; | — E;n,?) — G, where G € {Eyu1, Ezn4, Eon5). By comparing (A3) with (A4),

(A5), (A12), (A13), (A6), (A7), and (A8), we getF,, | — Hauy — G, where G € {Caua, Dans, Eone, Eanz, Kon,i (1 <
i < 3)}. By comparing (A1) with (A14)-(A33), we obtain F; , — G, where G € {L,,; (3 < i < 10), M, (8 <
i <19)}. '

Case (ii). / = 4j and S is unbalanced.

If S ¢ A, then by Lemma 3.9(iii), we have E(Pgnll) < E(S). If S € A™\ B, since S has girth [ = 4j and Sis

unbalanced, then we only need to prove F; | — S, where S € {C2n » D;n Y D;” y E;n 2 g,y 5tU {L;n oMy, 2<
i<7)). ' ’
By comparing (A1) with (A36), (A37) and (A35), we get F; | — C2n 1 D;n M, forn > 6. We have the

following inequalities: F2n1 - D2n 3 = Dys (by Lemmas 3. 27 3 28 and Theorem 3.2(ii)), 1:2”1 E.» (by
Lemmas 3.27, 3.28 and Theorem 3.2(ii)), F;, i E; 3 (by Lemma 3.27 and Theorem 3.2(ii)), an = L 02 (by
Lemmas 3.32, 3.33 and Theorem 3.2(ii)), Fy, = M, 5 and Fy, =M, (by Lemmas 3.27, 3.30, 3.31, and
Theorem 3.2(ii)), in1 1 En,5 (by Lemma 3.32 and Theorem 3.2(ii)), F,, i 2n/6 (by Lemmas 3.32, 3.33,
and Theorem 3.2(ii)), and Fyy— M, (by Lemmas 3.27, 3.30 and Theorem 3.2(ii)).

Case (iii). / = 4j + 2 and S is balanced.

If S ¢ A*, then by Lemma 3.9(ii), we have F; | — S. If S € A" \ B, since S has girth [ = 4j+2and S is
balanced, then S € {LG M3, 5, 1]~ By Lemma 3. 26 and Theorem 3.2(iii), we get I, LZ_n 1 L;n,l' By (Al)
and (A34) and by Theorem 3. 2(iii), we obtain F;, M M;n 1

By the proofs of Cases (i)—(iii), we get Theorem 3.36. O

It should be pointed out that when 6 < n < 721, for the graphs among U , the increasing order
according to their minimal energies are complicated and irregular. Bearing S(F;m) = &(F2y,1) in mind, we
can, by Theorems 3.2 and 3.36, directly obtain Theorem 3.37 as follows. Namely, among U, with n > 721,
the first 12 graphs in the increasing order according to their minimal energies are obtained. In 2011, Wang
[20] obtained the first 7 graphs, which are shown in Theorem 1 in [20]. Therefore, Theorem 3.37 extends
the results of Theorem 1 in [20] and updates the proof of Theorem 1 in [20].

21‘_

Theorem 3.37. Let G € Uy, withn > 721 and G # Jon1, Conz, Dont, Doana, Dony, Cons. Let I be the girth of G and
1,j be integers with v, j > 1. If | = 2r + 1 or | = 4j + 2, then we have

Msun  — Ag — Boyi — Gont — Bowa — Bonp = Jonz — Jon2 — Bong
= Jona — Cong — Foup — G. 97)
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Appendix A : Figures for signed graphs among A* U A~

n—2 n—3 n-—2
E}n—3 E}n—S

Ao B3, 1 Bonp Bon3
n-4 n-5 n-—4 n-3

« o e c " « o e

}n—4
Bona Coun Conp Cong Cona
n—-4
E}n—3
}n—3 }n—4

Cons Dy, 1 D3, D35
n—4 n-—3 n->5




L. Yuan, W. H. Wang / Filomat 34:11 (2020), 3721-3745 3741

n—4 n->5 _
“ . . ﬁ% fl_/i
% S . }n -4 \
Eznn E5.» Es.; Epna
n—4 n->5 n—=6
L L -
AN VAN
Eons Eone Eonz F.
n—4
n-3 n->5 —— n—3
* o e o o o ' ) '
}n -2
Gann Hy,uq Dy Jona Jonn
n—4 n—3 n—4 n—4
U U o o o o o o
Jon3 Jona Kann Koup
n—4 n-3
— —
: }7’1 -3
Koz Lys Ly Loy 3 Lona
n—4 n->5 n—4 n—>5
U U o o o o o o
Long Loyy Long



L. Yuan, W. H. Wang / Filomat 34:11 (2020), 3721-3745 3742
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Appendix B: Expressions for coefficients of characteristic polynomials of some signed graphs among
AU A

bZi(Fz_ 1) =p+(2n-— 4)(’7_‘;1 }
n, 1 Al
{ bain(F5,,) =0. (A1)

bu(EL ) =p+@n=7)(12) + (n =513 - (=D - (1),
{ b2i+1(2E§n/3) = 0. ’ ’ ’ ’ (A2)
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byi(Han1) = p + 20— 6)(1) + (1 = 5)(13),
0, 2i+1<3
baiet(B2n1) =1 913y 4 2(15), 2i41> 3,

b2i(Cana) =p + 2n - 6)(i5) + (n = 3)(1),
0, 2i+1<3
bais1(Cana) = 20" +2("), 2i+123.

b2i(Days) = p + (2n = 5)(15) + 2n = 5)(173),
0, 2i+1<3
baintD2ns) =1 913y 4 2(73), 2041323,

bai(Kan1) = p + 20 = 5)(5) +2(70) + (n — 4)(172),
0, 2i+1<3
bain(Ken1) =9 003 4214, 2iv 133,

bai(Kanz) = p + 2n = 5)(i) + (1= 2)(173) + (n = 4)(13),
0 2i+1<3

baiv1 (Kenz) = 2000 +2(05), 2i+1>3.

bai(Kang) = p+ @n =5)(17) + (i75) + (13) + (n = 5)(1=3),
by (Ko a) = 0, 2i+1<3
2i+1(Kan 3) = 20072y +2(12), 2i+123.

byi(Eant) =p+ @n=5)(") + (i) + (n = (1),

0, 2i+1<5
bais1(E2n1) = 2(111_—;1), 2i+13>5.

bai(Eana) =p+ 2n=5)(1) +3(1) + (n — 4)(1)),

0, 2i+1<3
baiv1(Ena) = 2(73), 2i+13>3

bai(Eans) = p+ 2n =5)(1)) + (n = 3)(15) + (n — 4)(17),
b (En) =4 O 2i+1<3
ARSI 200 +2(1), 2i+123.

bai(Eang) = p + 2n = 5)(1-)) + (7:;1) +(1)+m=5)(12),
b by {0 2i+1<3
2in1(E216) =\ p2) Loty 2ig1> 3,

boi(Eany) = p+ 2n =5)(1)) + (n - 4)(12),

bys(Enr ) = 0, 2i+1<3
2i+1(E2n7) = 2(111_—12) + 4(’1’__;) + 2(2’__;), 2i+12>3.
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(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(A11)
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(A13)
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n—4 n—4
bzi(LG,3)—p+(2n—4) i_o +3(Z—3)

n—4 n—4
balLang) = p+ @n =4} +(”‘1)(i_3)'

n—4 n—4
bz,‘(LGr5) =p+ (21’1 —4) i_o + (l’l —2)(1_3)

i-2) \i-3)
Mﬂ%ﬂ=P+Q”_®?:§+Qn_®C:Q'
%@mQ=P+Qn_®?:;+2C:3
bﬂ%ﬁ=P+Q”_®?:§+Qn_®C:Q'
%ﬂwmﬂ=P+Q”_®C:;)+4?:§)
b2i(Mayg) = p + (21 — 4)(7__;) + 3(’:—_; o= 4)(;;—_35)'

bzl‘(Mzn/g) =p + (21’1 — 4)(1:__;) + n( .
boi(May10) =p + (2n — 4)
b2i(Man,11) = p + (2n — 4)

boi(May12) =p+ 2n—4)| .

b2i(May,13) = p + (2n — 4)

3744

(Al4)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)
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b2i(Man14) = p + (21 —4)(’17__;1) + ('Z__;L) + (’f:;) +(n —4>(’Z__36)-

boi(May15) =p + (2n — 4) __; + 4( __3) +(n—- 4)(711:;)
- B - -6
b2i(Man,16) = p + (2n — 4) 7;_ ;1 + 2(7:_ ;L) 2(’;_ ;) ( 5)(711_ 3)

byi(Ma,18) = p + (2n — 4)

N

bai(May,17) = p + (2n — 4)( -

+m—n6:3+m—®c:3-

bai(My,,) =p +(2n —4)(7:__21) + (’:__;) +(n —4)(1:__;).

b2i(Man,19) = p + (2n — 4)

- - -4
bai(My,,) =p + (2n — 2)(?_ ;) + 3(1:_ ;) +(n+ 3)(?_ 3).
b2i(Cs,,) = p + (21 — 4)(:1__;) + 3(1:__;)

b2i(D£n,z) =p+@2n- 3)(1:__;) + 4(:1__;)

3745

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)

(A37)



