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A Note on the Potential Function of an Arbitrary Graph H
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Abstract. Given a graph H, a graphic sequence 7 is potentially H-graphic if there is a realization of ©
containing H as a subgraph. In 1991, Erdés et al. introduced the following problem: determine the
minimum even integer o(H, ) such that each n-term graphic sequence with sum at least o(H, ) is poten-
tially H-graphic. This problem can be viewed as a “potential” degree sequence relaxation of the Turdn
problems. Let H be an arbitrary graph of order k. Ferrara et al. [Combinatorica, 36(2016)687-702] estab-
lished an upper bound on ¢(H, n): if w = w(n) is an increasing function that tends to infinity with n, then
there exists an N = N(w, H) such that o(H,n) < 6(H)n + w(n) for any n > N, where 6(H) is a parameter
only depending on the graph H. Recently, Yin [European J. Combin., 85(2020)103061] obtained a new
upper bound on o(H, n): there exists an M = M(k, a(H)) such that o(H,n) < o(H)n + k* — 3k + 4 for any
n > M. In this paper, we investigate the precise behavior of o(H, n) for arbitrary H with G .1 (H) < o(H)
or Vymy1(H) = 2, where V.1 (H) = min{A(F)|F is an induced subgraph of H and |V (F)| = a(H) + 1} and
Tagn+1(H) = 2(k—a(H)—1)+V g1 (H)—1. Moreover, we also show that o(H, n) = (k—a(H)—1)(2n—k+a(H))+2
for those H so that Vym)+1(H) = 1, Ga@+1(H) = 6(H), 0,(H) < 6(H) for a(H) + 2 < p < kand thereisan F < H
with |V(F)| = a(H) + 1 and 7(F) = (1%, 0¢E-1),

1. Introduction

A sequence 1t = (dy, ..., d,) of non-negative integers is said to be a graphic sequence if it is realizable
by a simple graph G on n vertices. In this case, G is referred to as a realization of . The set of all sequences
1 = (dy,...,d,) of non-negative, non-increasing integers with d; < n — 1 is denoted by NS,. The set of all
graphic sequencesin NS, is denoted by GS,,. Forasequencen = (dy,...,d,), wedenote o(n) = dq+- - -+d, and
p(n) = max{ild; > 1}. Given a (simple) graph H, a graphic sequence 7 is said to be potentially (respectively,
forcibly) H-graphic if there exists a realization of © containing H as a subgraph (respectively, each realization
of m contains H as a subgraph).

One of the classical extremal problems is to determine the minimum integer m such that every graph
G on n vertices with edge number e(G) > m contains H as a subgraph. This m is denoted by ex(H, n), and
is called the Turdn number of H. In terms of graphic sequences, the number 2ex(H, ) is the minimum even
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integer such that each sequence 7 € GS,, with o(rt) > 2ex(H, n) is forcibly H-graphic. In 1991, Erdés et al. [2]
introduced the following problem: determine the minimum even integer o(H, n) such that each sequence
n € GS, with o(n) > o(H, n) is potentially H-graphic. We will refer to o(H, n) as the potential number or
potential function of H. As o(m) is twice the number of edges in any realization of 7, this problem can be
viewed as a potential degree sequence relaxation of the Turdn problems.

In [2], Erd6s et al. conjectured that o(K,,n) = (r — 2)(2n — r + 1) + 2, where K, is the complete graph
on r vertices. The cases r = 3, 4 and 5 were proved separately (see respectively [2], and [7,11], and [12]),
and Li et al. [13] proved the conjecture true for r > 6 and n > (';') + 3. In addition to these results for
complete graphs, the value of o(H, 1) has been determined exactly for a number of specific graph classes
(c.f. [3,4,6,7,10,15,16]). For an arbitrarily chosen H, Ferrara and Schmitt [6] gave a construction that yields
the best known lower bound on ¢(H, n).

We assume that H is an arbitrary graph of order k and a(H) is the independent number of H. We let A(F)
denote the maximum degree of a graph F, and let F < H denote that F is an induced subgraph of H. For
eachpe{a(H)+1,...,k}, let

V,(H) = min{A(F)|F < H and |V(F)| = p}.

Clearly, 1 < V@1 (H) < -+ < Vi(H) < k- 1. Let
Tp(H,n) = ((n— 17, (k — p + V,(H) — 1))
if (n —k +p)(V,(H) — 1) is even, and
T(Hn) = ((n = 17, (k= p + Vo(H) = 1)" Pk —p + V,(H) - 2)

if (n —k+p)(V,(H) — 1) is odd, where the symbol x¥ in a sequence stands for i consecutive terms, each equal
to x. Then,
o(mp(H, n)) = (2(k = p) + Vp(H) = Dn = (k = p)(k —p + V,(H))

if (n —k + p)(V,(H) — 1) is even, and
o(my(H,n)) = 2(k = p) + Vyp(H) = Dn = (k = p)(k — p + V,(H)) - 1

if (n —k + p)(V,(H) — 1) is odd. Ferrara et al. [5] showed that 71,(H, n) is graphic and is not potentially
H-graphic for all p € {a(H) + 1, ..., k}, thus establishing a lower bound on o(H, n).
Proposition 1.1 o(H,n) > o(m,(H,n)) + 2 for p € {a(H) + 1,...,k}.
Let
o,(H) =2(k—p)+ V,(H) -1,

and let
o(H) = max{Ep(H)lp =a(H)+1,...,k}.

Ferrara et al. [5] established an upper bound on ¢(H, 1) and determined ¢(H, n) asymptotically.
Theorem 1.1 [5] Let H be a graph, and let w = w(n) be an increasing function that tends to infinity with n.
There exists an N = N(w, H) such that for any n > N,

o(H,n) < o(H)n + w(n).

Theorem 1.2 [5] Let H be a graph of order k and let n be a positive integer. Then
o(H,n) = o(H)n + o(n).
Recently, Yin [14] established a new upper bound on ¢(H, 1) as follows.
Theorem 1.3 [14] Let H be a graph of order k. There exists an M = M(k, «(H)) such that for any n > M,
o(H,n) < o(H)n + k* — 3k + 4.
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The focus of this paper is the precise behavior of the potential number for arbitrary H. As such, for
p € {a(H) +1,...,k} and a graph F with |V(F)| = p, we denote nt(F) = (dy,...,d,) to be the degree sequence
of F withdy > --- > d,. We say that (dy,...,dpy) > (d’,...,d;’g) ifdi > d! for1 <i < p. We now choose
pp(H) = (dy,...,dy) € NS, withdy < p—2andd, > V,(H) -1 so that p,(H) # 7(F) for each F < H with
|[V(F)| = p and o(pp(H)) is maximal, and let

T (H,n) = ((n - 1), k—p+dy,....k=p+dy, (k—p+V,(H) - 1)) 1)
P
if ) d; + (V,(H) — 1)(n — k) is even, and
i=1
o (H,n) = (n -1, k—p+dy,....k=p+dy,(k—p+V,(H) - 1) k—p+V,(H) - 2) 2)

i3 d;+ (V,(H) — 1)(n — k) is odd.
i=1

Clearly, 6,(H) is also the leading coefficient of o(m,(H,n)), and V,(H) -1 < p—-2and ((V,(H) - 1)) # n(F)
for each F < H with |[V(F)| = p. Thus o(m,(H,n)) +2 > o(mp(H,n)) + 2 forallp € {a(H) +1,...,k}.

For V,(H) > 2, applying Erd6s-Gallai characterization, we can see that 11, (H, 1) is graphic for  sufficiently
large. Every realization G of m,(H, ) is a complete graph on k — p vertices joined to an (n — k + p)-vertex
graph G, with degree sequence (d, ..., d,, (V,(H) = 1)"™*) or (d1,...,d,, (V,(H) — 1)"*1,V,(H) - 2). Any
k-vertex subgraph of G contains at least p vertices in G,. If G contains H as a subgraph, then G, contains an
F < H with |V(F)| = p as a subgraph. This implies p,(H) > n(F), a contradiction. Thus H is not a subgraph
of G. In other words, 1t;,(H, 1) is not potentially H-graphic. This also establishes a lower bound on o(H, n)
as follows.

Proposition 1.2 o(H,n) > o(m,(H, n)) + 2 for a(H) + 1 < p < kand V,(H) > 2.
For a(H) + 1 <i <k, we can see that V;(H) = 1 implies Vy)+1(H) = 1 and 6;(H) < 0a()+1(H). Therefore,
if Go(my+1(H) < 0(H) or Va1 (H) > 2, then

max{o(m,(H,n)) + 2la(H) + 1 < p < kand V,(H) > 2} > o(m;(H, n)) + 2

for a(H) +1 < i < k and n sufficiently large. In this paper, we determine the precise value of o(H, n) if
a1 (H) < 0(H) or Va1 (H) > 2.

Theorem 1.4 Let H be a graph of order k, with 1,(H, n) as given in (1) or (2) for each p € {a(H) + 1,...,k}, and
let n be a sufficiently large integer. If Gony+1(H) < 0(H) or Vagny+1(H) > 2, then

o(H,n) = max{a(n;(H, n)) +2la(H) +1 < p < kand V,(H) > 2}.

Moreover, we also prove the following Theorem 1.5.

Theorem 1.5 Let H be a graph of order k with Vowy(H) = 1, 0a@+1(H) = 0(H) and 6,(H) < o(H) for
a(H) +2 < p <k, and let n be a sufficiently large integer. If there is an F < H with |V(F)| = a(H) + 1 so that
n(F) = (12,0051, then

o(H,n) = (k—a(H)-1)(2n -k + a(H)) + 2.

We can see that Theorem 1.5 covers a number of specific graph families, including complete graphs,
disjoint unions of cliques, matchings, odd cycles, (generalized) friendship graphs, intersecting cliques, etc.
We will adopt the method of the reference [14] to prove Theorem 1.4-1.5.
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2. Proof of Theorem 1.4

The following known results will be useful. For m = (dy,...,d,) € NS,, letd] > --- > d/_, be the
rearrangement in non-increasing order of d, — 1,...,dg+1 — 1,da,42,. .., dy. We say that @’ = (d},...,d/_) is
the residual sequence of .

Theorem 2.1 [8,9] Let = (dy,...,d,) € NS,. Then m is graphic if and only if " is graphic.

h
Theorem 2.2 [1] Let m = (dy,...,d,) € NS, with even o(n). Then T is graphic if and only if Y, d; <
i=1

n
h(h—1)+ Y min{h,d;} for each hwith1 <h <n-1.
j=h+1
Theorem 2.3 [16] Let © = (dy,...,d,) € NS, x = di and o(n) be even. If there is an integer ny with1 <ny < n

2
such that d,, >y > 1and n; > % w , then 7t is graphic.

Theorem 2.4 [17] Letn 2 rand m = (dy,...,d,) € GS, withd, > r = 1. Ifdi > 2r=2—ifori=1,...,r -2,
then Tt is potentially K,-graphic.

In this section, we always assume that H is a graph of order k with 6,.1(H) < 0(H) or V41 (H) > 2, and
n is a sufficiently large integer relative to k and a(H{). We need some lemmas. For convenience, we denote
L = max{o(m,(H, n)) + 2la(H) + 1 <p <k and V,(H) > 2} and & = a(H).

Lemma 2.1 Let w = (dy,...,d,) € GS, with o(n) > L. Then

(a) dy 2 k—«;

(b) Ifthereisan hwith0 < h < k—a —1so thatdy, > k-1 and dy,1 < k — 2, then there is an F < H with
|[V(F)| = k — hso that (dy+1 — h, ..., dx — h) = 7(F).

Proof. (a) If dy <k —a —1, by Theorem 2.2, then

k-1 n
G(TC) = édi+§(di
< (k=D)(k=-2)+ Y minfk—1,d;} + Y. di
i=k i=k
= (k—1)k- 2)+22d
(k= 1)(k—2) + 201 —k + )k —a — 1)

A

2k —a—n + (k- 1)Qa — k).

However, if 6441(H) < 0(H) or Vau1(H) > 2, then o(H) > 2(k — @ — 1). This implies that o(n) > ~ >
2(k —a = 1)n + (k — 1)(2a — k), a contradiction.
(b) Ifdy < h+ Vi (H) — 2, then

m=—Dh+k-2)k=h-1)+ "+ Vin(H)-2)n—k+1)
Rh+Viy(H)-2n—h+(k-=2)k—h-1)—=(h+ Vin(H) - 2)(k-1)
o(Te-n(H,n)) + 2

o(m,_,(H,n)) +2,

o(m)

INA I IA

a contradiction. Hence d; > h + Vi h(H) 1. If dy > h+ Vi_,(H), then there is an F < H with |V(F)| = k—hand
A(F) = Vi_;(H) so that (dj,41 — ., dx —h) = i(F). Assume dy = h + Vy_,(H) — 1. By o(n) > o(;_, (H, 1)) + 2,
we have

k=h
;(dhﬂ'_h) = o(n) - Zd —h(k —h) - %1

o(rt, h(H 1) +2 — (1 — V)l — h(k = h) = (1t + Viea(H) — 1)(1n — k)
G(pk n(H)) + 1.

It follows from dj41 — h < (k — h) — 2 and the definition of py_,(H) that there is an F < H with |V(F)| = k—h
so that (dy41 —h,...,dy —h) = n(F). O

vV v
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Letw = (dy,...,ds) € GS,, with o(r) > L. By Lemma 2.1(a), dy > k — a. Denote 11y = (d(o), .. .,d,(f))), where
dl(,o) =d; for 1 <i < n. We construct 7, ..., 7 depending on two cases.

Casel. dy_, > k—1.

Fori = 1,...,k in turn, we construct 7; = (dg?l,...,d}f),dl((?rl,.
(dl(,i_l), ... ,dl(j_l), d,((’;ll ), .. .,d,(f_l)), reducing the first dl(,i_l) nonzero remaining terms of m;_; by one, and then
reordering the last # — k terms to be non-increasing.

Case 2. ThereisanhwithO<h<k—-a-1sothatd, >k—1andd,.1 <k-2.
By Lemma 2.1(b), there is an F < H with |V(F)| = k — h so that (dy41 — h, ..., dx — h) > 1e(F) = (dy, ..., d)).
Letdy,j—h = fj+d;for j=1,...,k—h. In this case, we first construct 7;, 1 <i < h as above, and then we

..,dY), by deleting d'™" from mi_y =

construct 7;, h+1 < i < k from ;1 by deleting d;iil), reducing the first f;_, nonzero terms, starting with
d,(:ll ) by one, and then reordering the last # — k terms to be non-increasing.

Thus by Lemmas 2.2 and 2.3 of [14], the following Lemmas 2.2 and 2.3 are obvious and immediately.

Lemma 2.2 [14] Let = (dy,...,d,) € GS,, with o(n) > L, and let dy_, > k — 1. Then

(i) If o1 = (d,(f:l“*l),...,d;kfafl),d](ﬁl”l),...,dg‘*“*l)) satisfies d;{kiail) > dg:l“*l), then Tt is potentially
H-graphic;

(i) If d]((kf‘H) < dg;“il) and Ty is graphic, then T is potentially H-graphic.
Lemma 2.3 [14] Let w = (dy,...,d,) € GS, with o(nt) > L. Assume that thereisan h with0 <h <k-a -1
so that di, > k — 1 and dyq < k — 2. If my. is graphic, then 7t is potentially H-graphic.
Lemma 2.4 Let = (dy,...,d,) € GS, with o(n) > L. If dy_, > k — 1, then 1 is potentially H-graphic.

Proof. By Theorem 2.4, we may assume dj < 2k —4. By Lemma 2.2, we further assume d;{k_a_l) < d](::l“_l),
and only need to check that m is graphic. Let d,(f) < d](ﬁr)l so that £ is minimal. Then1 < ¢{ <k-a -1 and

d,(f_l) > d]((i_ll). Moreover, d,((j) > d,((]zl for 1 < j < ¢ - 1. This implies that 7t;,; is the residual sequence of 7; for

0 < j<t¢-2,where g = m. By Theorem 2.1, 7t is graphic for 1 < j < £ — 1. Moreover, by 04+1(H) < o(H) or
Vart(H) 22, e = @Y, d{ ) satisfies that 47" > - > 4{, dﬁ."‘” =d;—(t-1)forj=¢,...,k

o(re-1) = o(m)—2dy —2(da—1) == 2(de1 — € +2)
> om-2n-1)-2n—-2)—----2mn—-€+1)
= om-2-n+LC€-1)
> 2k—a-1n-2((-1)n
= 2(k-¢t-a)n
> 2n,
and
- (1) 5 o s gD 2 gD (-1 coo> 40D
n-C-1zd, " 2--2d; d(f—1)+d§“’+z > d({_1)+d((,,1)+3 > >d,

The rest proof is the same as the proof of Lemma 2.4 of [14], we omit it here. O

Lemma 2.5 Let w = (dy,...,d,) € GS, with o(rt) > L. If thereisan hwithO <h <k—a—1sothatd, > k-1
and dp1 < k — 2, then Tt is potentially H-graphic.

Proof. By Lemma 2.3, it is enough to check that 7y is graphic. If V,1(H) > 2, then Vi_,(H) > 2, and
hence
o(n)=2dy —2(dp—1)—---=2(d, —h+1)
o(n)—2mn-1)-2n-2)—---=2(n—h)
o(n) —2hn+h(h+ 1)
o(Hyn —2hn -4
Ek_h(H)Tl —2hn — %
(nd-h(H) -Dn—-3

5-

o(1h)

(A2 | AV VAR | B VAR |
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If 6,+1(H) < (H), then similarly

om)-2m-1)-2n—-2)—---—2(n—h)
o(n) —2hm+h(h +1)

o(Hn —2hn - %

a1 (H)n —2hn + §

2k—a-1-hn+7%

5.

o(mtn)

VIVIVV I IV

Thus by (p(m,) — h)(k — 2) > o(n,), we can see that p(rt,) — h is sufficiently large. This implies that p(r;) — k
izs 3allso sufficiently large as f; < k — 2 for 1 < j < k — h. Therefore, 7, is graphic by df{’?l <k -2 and Theorem
D, O
Proof of Theorem 1.4. Letw = (d;, ...,d,) € GS, with o(r) > . It is enough to show that 7t is potentially
H-graphic. It is trivial for k = 1,2. If a = k, then H = K}, and so 7 is clearly potentially H-graphic. Assume
k>3and o < k-1. If di_y > k-1, by Lemma 2.4, then 7 is potentially H-graphic. If there is an i with
0<h<k-a-1sothatd, >k—-1anddy <k—2,by Lemma 2.5, then 7 is potentially H-graphic. O

3. Proof of Theorem 1.5

In this section, we always assume that H is a graph of order k with Vay1(H) = 1, 04+ (H) = 0(H)
and ¢,(H) < 6(H) for a(H) + 2 < p <k, n is a sufficiently large integer relative to k and a(H) and there is an
F < H with |V(F)| = a(H) + 1 so that 7e(F) = (12,0951, Clearly, Gag+1(H) = 2(k — a — 1). We also need some
lemmas. For convenience, we denote a = a(H).

Lemma 3.1 Let w = (dy,...,d,) € GS, witho(n) > (k—a—1)2n —k + a) + 2. Then

(a) dy 2k—a-1;

(b) dkfaJrl >k- a;

(c) If thereis an h with 0 < h < k —a — 2 so that dj, > k — 1 and dy41 < k — 2, then there is an F < H with
|V(F)| = k — hand A(F) = Vi_y(H) so that (dy41 — h, ..., dx — h) = 7(F).

Proof. (a) If dx <k —a —2,by Theorem 2.2, then

k-1 n
o(n) = ; di + ;{di
< (k=1)(k=2)+ Y minfk—1,d} + Y d;
i=k i=k
= (k-Dk-2)+2Yd
< (=T)k=2)+20n—k+)(k—a—2)
= k—a—2n+(k-1)Qa—k+2)
< o(n),

a contradiction.
(b) If dy—y+1 < k—a—1,by Theorem 2.2, then

k—a n
on) = Ydi+ Y d;
i=1

i=k—a+1
< (k—a)k-a-1)+ ¥ minfk—adl+ Y d
i:k—a;l—l i=k—a+1
= k-a)k-a-1)+2 Y d;
i=k—a+1
< k-a)k-a-1)+2n-k+a)k—a—-1)
= (k—a-1)2n-k+a)
< o(n),
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a contradiction.
() Ifdy <h+Vi_,(H) -1, by Oa+1(H) = 6(H) > ox_p(H), then

o(m) < m=Dh+(k-2)k—-h-1)+ 0+ Vip(H) - D)(n —k + 1)
= Q@+ ViyH) - Dn—h+k=2)k=h—1) = (h+ Viy(H) — D)k - 1)
= Gen(Hn—h+ (k=2)(k—h—1)— (h + Vi(H) — 1)(k - 1)
< O_(ﬁoﬁl(H/ Tl))

k—a-1)2n-k+a),

a contradiction. Hence dy > h + Vi_,(H). This implies that there is an F < H with |V(F)| = k — h and
A(F) = Vi_i(H) so that (dj.1 = h,...,dy — h) = (F). O

Letmt = (dy,...,ds) € GS, witho(n) > (k—a —1)(2n —k + a) + 2. By Lemma 3.1(a), dx > k —a — 1. Denote
Ty = (dg()), ... ,d,<10)), where dz(.o) =d; for 1 <i < n. We construct my, ..., 1y depending on two cases.

Casel. d_, 1 > k—-1.

Fori = 1,...,k in turn, we construct 7; = (d(i) d" q®

i+17 0 Tk T k1
(dl(.l_l), ... ,d](;_l),dg: ). .,d,(j_l)), reducing the first dgl_l) nonzero remaining terms of 7;_; by one, and then
reordering the last n — k terms to be non-increasing.

Case 2. ThereisanhwithO<h<k—-a—-2sothatd, >k—1andd,;1 <k-2.

By Lemma 3.1(c), there is an F < H with |V(F)| = k — h and A(F) = Vi—,(H) so that (dp41 —h, ..., dx — h) >
n(F) = (dv,...,dp). Letdyyj—h = fj+djfor j=1,...,k —h. In this case, we first construct 77;, 1 <i < h as

above, and then we construct wi;, h + 1 < i < k from 7;_; by deleting dfi_l), reducing the first f;_; nonzero

..,di,i)), by deleting dl(f;l) from ;1 =

terms, starting with d](:ll ) by one, and then reordering the last n — k terms to be non-increasing.

Thus by Lemmas 2.2 and 2.3 of [14], and Lemma 3.1(b), the following Lemmas 3.2 and 3.3 are also
obvious and immediately.

Lemma 3.2 [14] Let © = (dy,...,d,) € GS, witho(n) > (k—a—-1)2n—k+a) + 2, and let dy_,1 > k — 1.
Then

(i) If Mgy = (@070, d% D, d% 0™, ) satisfies dX 7V > d*2*Y, then mt is potentially
H-graphic;

(i) If d]((k_“_l) < d}((’i_la_l) and Ty is graphic, then T is potentially H-graphic.

Lemma 3.3 [14] Let © = (dy,...,d,) € GS,, with o(nt) > (k — a — 1)(2n — k + «) + 2. Assume that there isan h
withO <h <k—a—2sothatdy, > k—1and dy.1 <k — 2. If ri is graphic, then Tt is potentially H-graphic.

Lemma 3.4 Let m = (dy,...,d,) € GS, witho(n) 2 (k—a-1)2n—k+a) + 2. Ifdi_g-1 2 k-1, then T is
potentially H-graphic.
)
and only need to check that m; is graphic. Let dl(f) < d;{?l so that ¢ is minimal. Then1 < { <k-a -1 and

Proof. By Theorem 2.4, we may assume dj < 2k —4. By Lemma 3.2, we further assume d]((k_a_l) <d

d,(f_l) > df{i_ll). Moreover, d,(j) > dfﬁl for 1 < j < ¢ - 1. This implies that 7t;,; is the residual sequence of 7t; for

0 <j < {-2,whereny = n. By Theorem 2.1, 7t; is graphic for 1 < j < {-1. Moreover, 711 = (df_l), ... ,d,(f_l))
satisfies that di,f_l) > > dﬁ,f_l), d;f_l) =di—({-1)forj=¢...k

o(re-1)) =2 o(m)-2m-1)-2n—-2)—---=2(n—-£€+1)
= o(m)-2(-1)n+£(C€-1)
> (k—a-1D2un-k+a)+2-2(-1n+£(L-1)
> n,
and -1 -1 -1 -1 -1
n—f—lZdi,_)Z"'Zd,((_):"':d(_) >d(_) 2~-2dfq_).

(E-1+d P42 T T (e-1+d V43

The rest proof is the same as the proof of Lemma 2.4 of [14], we omit it here. O
Lemma 3.5 Let m = (dy,...,d,) € GS, with o(rmt) > (k—a —1)2n —k + a) + 2. If there is an h with
0<h<k-a-2sothatd, >k—1and dy.1 <k -2, then 7 is potentially H-graphic.
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Proof. By Lemma 3.3, it is enough to check that 7y is graphic. Clearly,

o(n)—-2n-1)-2n-2)—---=2(n—h)
o(n) —2hn+ h(h + 1)
k—a-1)2n-k+a)+2—-2hn+hh+1)
n.

o(m)

VIV I IV

Thus by (p(m,) — h)(k — 2) > o(n,), we can see that p(rt,) — h is sufficiently large. This implies that p(rti) — k
is also sufficiently large as f; < k — 2 for 1 < j < k — h. Therefore, 1 is graphic by d®. <k -2 and Theorem

2.3.

k+1 —
m}

Proof of Theorem 1.5. Let © = (dy,...,d,) € GS, with o(n) > (k—a —1)(2n — k + a) + 2. It is enough

to show that 7t is potentially H-graphic. It is trivial for k = 1,2. If a = k, then H = K}, and so 7 is clearly
potentially H-graphic. Assume k > 3 and a < k—-1. If di_,1 > k-1, by Lemma 3.4, then 7 is potentially
H-graphic. If there is an h with 0 < h <k —a — 2 so thatd, > k—1 and dj,;; <k —2, by Lemma 3.5, then 7 is
potentially H-graphic. O
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