Filomat 34:11 (2020), 3553-3560
https://doi.org/10.2298/FIL2011553Y

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

%, Yy A
2
&) 5

2 &

gy as’

5
TIprpor®

Scalar Extensions for Polar Topologies in Locally Convex Cones
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*Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran

Abstract. We extend the scalar multiplications for dual pairs of cones and define the corresponding
modular neighborhoods and linear polar topologies in locally convex cones. Endowed with the polar

topology, every cone may be embedded in a larger cone carrying a linear polar topology over the extended
scalars and the embedding is an isomorphism.

1. Introduction

In duality theory of locally convex cones, the bilinear mappings of dual pairs required only to be
homogenous for positive scalars; however, the polar topologies in this theory may be considered as gen-
eralization of their notions in locally convex spaces [1, Ch II, 3]. Many results of functional analysis have
been developed for locally convex cones so far; for example, the varies topics of the duality theory can be
found in [3-10]. The extension of scalar multiplications over K = R or C have been investigated in the
general case of neighborhoods and topologies for locally convex cones in [12]. In this paper, we introduce
the notions of extended linear dual pairs and the corresponding modular neighborhoods in locally convex
cones which leads to the definition of linear polar topologies over the real or complex scalars. In particular,
we prove every polar topology may be embedded in a linear polar topology with the extended scalars such
that the embedding is an isomorphism.

A cone is a set P endowed with an addition (a,b) — a + b and scalar multiplication («,a) +— aa
for real numbers a > 0. The addition is supposed to be associative and commutative, there is a neutral
element 0 € #. For the scalar multiplication the usual associative and distributive properties hold, that is,
a(Ba) = (aB)a, (a+p)a=aa+pa, a(a+b) =aa+ab, la=a, Oa =0foralla,b € Pand a,f = 0. An ordered cone
P carries a reflexive transitive relation < such thata < bimpliesa+c < b+cand aa < abforalla,b,c € P and
a 2 0. Equality is such an order, hence cones without an explicit order structure are also included. Note that
anti-symmetry is note required for the relation < . For example, the extended scalar field R = R U {+0co} of
real numbers is an ordered cone. We consider the usual order and algebraic operations in RR; in particular,
a+00=+coforall € R, - (+00) = 400 forall a > 0 and 0 - (+c0) = 0.

A full locally convex cone (P, V) is an ordered cone P that contains an abstract neighborhood system V,
i.e., a subset of positive elements that is directed downward, closed for addition and multiplication by
(strictly) positive scalars. The elements v of V define upper (lower) neighborhoods for the elements of by
v(a) = {b € P :b <a+v} (respectively, (a)v = {b € P : a < b + v}), creating the upper, respectively lower
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topologies on P. Their common refinement is called the symmetric topology. We assume all elements of # to
be bounded below, i.e., for every a €  and v € V we have 0 < a + pv for some p > 0. Finally, a locally convex
cone (P,V) is a subcone of a full locally convex cone, not necessarily containing the abstract neighborhood
system V.

For a locally convex cone (P, V) the collection of all sets v C P?, where v = {(a,b) : a < b+v} forallv € V,
defines a convex quasi-uniform structure on P. On the other hand, every convex quasi-uniform structure
leads to a full locally convex cone, including # as a subcone and induces the same convex quasi-uniform
structure. For details see [1, Ch I, 5.2]

For cones  and Q, a mapping t : $ — Q is called a linear operator, if t(a + b) = t(a) + t(b) and t(aa) = at(a)
foralla,b € P and a > 0. If V and ‘W are abstract neighborhood systems on ¥ and Q, a linear operator
t: P — Qis called uniformly continuous (u-continuous), if for every w € ‘W there is v € V such that
t(a) < t(b) + w whenever a < b + v. Uniform continuity implies continuity with respect to the upper, lower
and symmetric topologies on # and Q. Endowed with the neighborhood system V = {¢ € R : ¢ > 0},
R is a full locally convex cone. The set of all u-continuous linear functionals y : # — R is a cone called
the dual cone of P and denoted by #”. In a locally convex cone (P, V) the polar v° of v € V is defined by
v’ ={u€P :a<b+v implies u(a) < u(b) + 1}. Obviously we have P* = Uyeq°.

A linear mapping @ :  — Q is called an embedding of (P, V) into (Q, W) if it can be extended to a
mapping @ : PU YV — QU W such that (V) = W and

a<b+v holdsifand onlyif ®(a) < D(b) + D(v)

foralla,b € £ and v € V. This condition implies that ® is u-continuous, and in case that ® is one to one,
the inverse operator @1 : ®(P) — P is also u-continuous. Embeddings are meant to preserve not just the
topological structure, but also the particular neighborhood system of a locally convex cone. An embedding
@ of (P, V) into (Q, W) is an isomorphism if the mapping @ : P UV — QU W is invertible. Then ®~! is an
embedding of (Q, W) into (P,V) [11, Ch L, 2.2].

2. Scalar Extensions and Polar Topologies

A dual pair (P, Q) consists of two cones P and Q with a bilinear mapping (a,x) — (2,x) : Px Q — R,
ie., (aa+ Bb,x) = ala,x) + p(b,x) and {a,ax + By) = ala,x) + pa, y) foralla,b € P, x,y € Qand «, = 0. For
example, if P is a cone and L(P, R) is the cone of all R-valued linear mappings on %, then with evaluation
as the bilinear mapping on P x L(®, R), (P, L(P, R)) forms a dual pair; in particular, for a locally convex
cone (P, V) the pair (P, ") is a dual pair, where £* is the dual cone of P. Suppose (P, Q) is a dual pair and
X a collection of subsets of Q such that:

(po) inf(A,x) > —coforall A € X and x € P.
(p1) AMA e XforallAe Xand A > 0.
(p2) forall A,B € X thereis C € XwithAUB C C.

If, for each A € X, we define
Us={(a,b) e PxXP:{ax)<(bx)+1forall x € A},

then the set of all Uy, A € X forms a convex quasi-uniform structure with property (U5) in [1, Ch I, 5.2].
Forevery A € X, weseta < b+ v, foralla, b € P if and only if (a,b) € Uy and put Vx = {v4 : A € X}. Then,
according to [1, Ch 1, 5.4], there exists a full cone P ® Vx, with abstract neighborhood system Vx = {0} &V,
whose neighborhoods yield the same convex quasi-uniform structure on P. The elements v4 € Vx for all
A € X form a basis for Vy in the following sense: For every A € X, a < b+ v, for a,b € P implies that
a < b@va. The locally convex cone topology on P induced by Vx is called the X-topology or (polar topology)
on .

A cone P is said to be linear over K with respect to the multiplication operation G, if © extends the scalar
multiplication operation of ? over K and to the requirements for a cone satisfiesa © (a +b) =a©a+a 0D,
a0 Boa)=(ap)oaforalla,beP and a,p € K[12]. We say that the dual pair (P, Q) is linear over K, if the
following conditions hold:
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(K;) P and Q are linear cones over K.
(K;) (@ ©a,x)={,a0x)forallae P,x e Qand o € K.
(K3) forallae Pand x € Q,

R(a)a, x) + J(a)(i®a,x) if (a,x)<+o00, a€k,

(a®a,x) =

+00 if (a,x)=+400,0%ack,
where R(a), J(a) denote the real and imaginary parts of a, respectively. We note that a linear dual pair over
K carries a weakened version of bilinear mapping, i.e., the bilinear mapping is not necessarily homogeneous
for all scalars in K, nor does it have the distribution property.

Proposition 2.1. If (P, Q) is a linear dual pair over K, then
((@a+p)0a,x)<{a0ax)+{fOa,x)
foralla,peK,aeP,xeQ.
Proof. If {a,x) < 4+oco then {((¢ + f) ©a,x) = (¢ ©a,x) + {f O a,x) by (K3). If (4, x) = +00 then from (K3) we

have (¢ ©a,x) = (O a,x) = ((a + ) ©a,x) = +oo. Then for o, f, if @« = —f, then 0 = {((a + f) O a,x) <
(@0a,x)+{fOa,x)=+ccandif a # —f, then{((@ + ) ©a,x) ={(@ Oa,x) +{fOa,x) = +co. [

Let (P, Q) be linear over K, X a collection of subsets of Q satisfying (po), (p1), (p2) with respect to
(P,Q) and T = {y € K : |y| = 1}. The K-modular collection ' © X of X, consisting of the all IK-modular sets
IF'oA={yox:yel,xeA}forall A € X, satisfies (p1), (p2) with respect to (P, Q). If I © X also satisfies in
(po), then the set of all

Urea ={(@,b) ePxP:{a,y0x)<(b,yox)y+1forallxe A,y eI},

for all A € X forms a convex quasi-uniform structure with property (U5) in [1, Ch I, 5.2]. For every A € X,
we seta < b+ vrpys foralla, b € P if and only if (4, b) € Urpa and put Vrex = {vrea : A € X}. Then, according
to [1, Ch I, 5.4], there exists a full cone P ® Vrox, with abstract neighborhood system Vrox = {0} @ Vrox,
whose neighborhoods yield the same convex quasi-uniform structure on P. The elements vroa € Vrox for
all A € X form a basis for Vrex in the following sense: For every A € X, a < b + vrea for a,b € P implies that
a < b®vrea. In this case, we say that (P, Vx) is a linear polar topology over K and call (P, Vrox) the K-modular
topology of (P, Vx).

Lemma 2.2. If P is a cone, then

(1) P? =P X Pand P? + i ©P? with the usual addition and scalar multiplication are cones; where P2LioP?=
la+iob:abeP?,

(b) if for elements a € P2, a = (a1,ay) and negative reals a < 0, we extend the scalar multiplication to R by
a ©a = (—a)d; where d = (ay,a1) then P? is a linear cone over R,

(c) ifforalla € Canda+i®b € P? +i0 P?, we extend the scalar multiplication to C by

a0@+iob)=R(@oa+(-1)I(a)ob+io(R(@)0b+ I(a)Oa),
then P? + i ® P? is a liner cone over C.
Proof. The proof is clear. [J
Lemma 2.3. If (P, Q) is a dual pair, then

(a) with the bilinear mapping (a,x) — (a,X)r : P> X @ — R foralla € P*,x € @, a = (a1,a2), x = (x1,%2)
such that

(a1, x1) + (a2, x2) — (a1, x2) — {az, x1) if {az, x1), (a1, x2) < +o0;
(a,x)r = )
+00 otherwise;

(P2, @) is a linear dual pair over R,
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(b) with the bilinear mapping
@+iobx+i0oy) — {a+iobx+ioyc: (P*+ioPHx (@ +i0Q%) — R, where

@+iobx+ioy)c=@+b,x+ )R
P2 +i0P?, @ +i0 Q) is alinear dual pair over C.

Proof. (a) It is easy to see that (1, x)r = (4, ¥)R for alla € P2, x € Q* and

—{a, X)r if {a,x)r < +oo,

(a,Vr = @, X)1R={

+00 if  {a,x)r = +oo.

The condition (R;) is clear for (P2, Q%). For (Ry), let & < 0. If (a, x)g < +co then
(@oa,x)r = ()i, X)r = (—a){d, x)r = (-a)(a, Hr = (@, a O )R,

and if (@, x)gr = +oo then

(@oa,x)r = {(-a)i, X)r = (—a){@, X)r = +09,

<ala ®x>]R = <[1, (_a)jé>]R = (_a)<al x>]R = +o00.

For (IR3), if {a, x)r < +o0 then
(@ 0a,x)r = {(—a)d, x)r = (—a){d, )R = ala, VR

and if (g, X)r = +co then (@ ®a, x)r = ((—a)d, X)r = (—a){d, x)r = +oo. Thus (P?, Q%) is a linear dual pair over
R.
(b) The condition (C;) is clear. For (C,),ifa+i0beP>+ioP?,x+i0y e @ +i0Q*and a € C, then
(a0 @+i0b), x+i0Y))c
= (R@)oa+(-1)I(@)0b+io(R@)ob+I(@)0a), x +iy)c
= (R@)oa+(-1)I(@)ob+R(@)0b+ I(a)Oa, x + y)r
= (@a+bR@ox+(-1)I(@)oy+R(a)oy+ I(a) Ox)r
= @+iobR@ox+(-DI(@oy+io(R@)oy+ I(a)ox))c
= (@+iob),a0x+i0Y))c
For (C3),if (a+i0b,x+i0y)c < 0o, then (g + b, x + y)r < +090, s0
(a0 @+iob), x+i0Y)c
R(@)0a+ (-1)I(@)ob+R(@)ob+ J(a)Oa, x + y)r
R@)a+b,x+yr+ @)@+ (-1)0bx+y)r
= R@@+iobx+ioy)c+I(@)io@+iob),x+i0y)c

andif (a+i0b,x +i0 y)c = +oo then, either
R(@)ob+I(@)oa,x+i0oy)c =@+i0bR(@)0y+ I(a) Ox)c =+

or
(R(@)0a+ (-1)F(a)ob,x+i0Oy)c =@+i0b R(a)ox+ (-1)I (@) @ y)¢c = +o0.

So{(a®@(@+i0b), x+i®y)c = +oo. Thus (P? +i 0 P?, @ +i© Q) is a linear dual pair over C. [J

Theorem 2.4. If (P, Q) is a dual pair and P has an X-topology with respect to (P, Q), then
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(a) X and X +i© X satisfy (po), (p1), (p2) with respect to the dual pairs (P*, @) and (P> +i 0 P2, Q@ +i0 Q);
respectively, where X = {A: A€ X}, A= Ax {0} forall A€ X,
(b) (P*,Vz) and (P? +i0P?, Vg, ,.3) are linear polar topologies over R and C, respectively,

(c) (P, V) may be embedded in both the (P?, Vs)and (P2 +i0P?, Vs, . <) and the embeddings are isomorphism.

X+ioX

Proof. (a)Ifa € P?,a = (a1,ay) and A € X, A = A x {0}, then
1nf<alAA>]R > inf((al,ﬂQ),Au X {0}>]R = inf(”llA[l> - il’lf<a2/ Aa> > —00,

where A, = AN (a;'(R) Ua; ' (R)), i.e., (po) holds for X.Ifa+iobeP2+i0P? a=(1,a),b= (b, by) then

infa+iobA+ioAe = inf{(a+iob,Ax{0}+i0(Ax{0}))c
2inf(a, A x {0})r + 2inf{(b, A X {0})r

> =00

ie., X +i0 X also satisfies in (po)- The properties (p1), (p2) are clear for Xand X+i0X.
(b)Ifa € P* and A € X, then
inf(a, TOA)R = inf(a,{x1} @ A
min {infa, (~1) © A)g, inf(a, A)
> min {inf{d, A, X {0}), inf(a, A, X {0})} > —oo,

andifa+iobeP?+i0P? then

infa+iobTO(A+i0A)c
= infla+iob RO)OA+(DIM)0A+RMioA+IM)ioA)
= infa+b, RC)0A+(-D)IT)0A+RIT)0A+IM)o0A)R
= 2inf(a, R(T) @ A) + inf(d, I(T) © A) + inf(a, J() 0 A) +
2inf(b, R() © A) + inf(b, I(T) © A) + inf(h, I(I) © A)
= 2inf(|R(D)|(a, (1} © A)) + inf (I (D)|<d, (1} © A)) + inf (|F(D)| (g, {£1} © A)) +

2inf(|‘R(F)| (b, {£1} © A)) + inf (|R(D)| (b, (£1) © AY) + inf ((RD)I D, (£1} © A))

> —oo,

where R(T) = {R(y) : y € T} and |R(T)| = |R()| : y € T}. Thatis, T® X and T © (X + i © X) satisfy in (p).
(c) The mappings @r and ¢¢ such that

@, V)5 Px{0, V) 5 P2 +ioP, Vs, 0

P3P0 (p,0) +io(p,0)
are linear, one-to-one and for all p,p’ €  and A € X, we have p < p’ + v, if and only if (p,0) < (p’,0) + vz if

and only if (p,0) +i© (p,0) < (p",0) +i © (p’,0) + v5, . 7 thatis, pr, pc and @ o PR are isomorphism. []

Example 2.5. The usual algebraic operations of C may be extended on C = C U {oo} by a ©@ 0o = oo for all
0# a € Cand 00 = 0and clearly C is linear over K. Likewise, R is a linear cone over R with the following

extended operation: @ © (+00) = +oo forall 0 # o € Rand 0 © (+o0) = +oco. Now, if we set P = Kand Q=R
then with the bilinear mapping

R (ab) if aeK beR,
(a,b) =

+00 if a=o0o0rb=+oo,
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(P, Q) is a linear dual pair over R. The collection X = {A1: A > 0} where 1 := {1} induces a polar topology
on® and we havea < b+ Avy fora, b € P and A > 0if and only if R(a) < R(b) + A or b = +o0. Evidently, (po)
holds for the modular collectionTO© X = {A(T ®1): A > 0}, whereI' ©1 = {+1}. Fora,b € £ and A > 0, the
modular neighborhoods defined by a <g b + Avre if and only if

IR@) - R <A or b=oo.

Example 2.6. The set of all sequences in K with the usual addition and extended scalar multiplication
defined by a © (zy)new = (@ © zy)nen for all a € K is a linear cone over K. For a sequence z = (2;),en in K,
we define the {;-norm of z by

Yoozl if zcK,
llzllh =
+00 if AneNN, z, = oco.
Let ¢; be the cone of all sequences (z)zeN in K such that 1(z)nenlli < oo and let £+ be the cone of all (tn)neN

in K such that 1zt )nenllt < oo for all (z,)uen € Zl ; in fact, £« consists of all sequences ¢ = (t,)en in K such
that [|f|l < 0o, where [|t||co, denotes the {-norm of t and defined by

sup, . |tnl if tck,
lItlleo =

+00 if IneN,t, = oco.

With the bilinear mapping (z,t) — (z,t) : Z’l sz — Rforallz € zl,t € Z,o, Z = (Zn)neN, t = (tn)nen defined by

Yoe1 Ri(zutn) if ztcK,
(z,t) =
+00 if AneNN, z,=0c0ort, = oo,
(21,200) is a linear dual pair over K. If we set X = {Ae : A > 0}, where e = {(1,1, ...)}, then X is a collection of

subsets in le satisfying (po), (p1), (p2) with respect to (El,Zm), SO (Zl,(V x) is a polar topology. For elements
2,7 € 01,2 = (Zn)neN, 2’ = (z))nenw and A > 0 we have z < 2’ + Av, if and only if

Z‘R(zn) < Z%(Z;) +A or dneN,z, = .

nelN nelN

We note that the dual cone of ¢; under Vy is fo (cf.[2,2.10-6]). The modular collectionT X = {T®Ae : A > 0}
satisfies in (pp), whereI' © e = {(-1,-1,..),(1,1,..)} for K=Rand I'©e = {(y,y,..) : y € '} for K = C and
the corresponding C-modular neighborhoods defined by z <¢ z’ + A vre, if and only if

1Y RE)- Y REI<A and ) I@)- ), IEI<A

nelN nelN nelN nelN

or z,, = oo for some n € IN. Thus (21,(VX) is a linear polar topology over K with respect to the dual pair
(fll foo)

Proposition 2.7. If (P, Q) is a linear dual pair over K, P = Conv(P) and Q = Conv(Q) then with the bilinear
mapping (p,q) = «p, ) :PxQ — ﬁ, where

inf(p, q) + sup(p, q) if inf(p,q) > —oo,

«p, ) = { o
+00 if inf(p,q) = —co,

(P, Q) is a linear dual pair over K, where {p,q) = {{x,y) : x € p,y € q}.
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Proof. The condition (IR;) is clear. For (IRy), let @ < 0. If inf(a © p,q) = —co then inf(p,a © q) = —o0 s0
(aop,q)={p,a0q) =+ and if inf(a © p, q) > —co then

(aop,q) = mf (a@x y)+ sup (@« Ox,y)
XEp yEq

= inf (x,a@y)+ sup (x,aQy)={p,a®q)),
YEp,yeq xep,yeq

since inf(p, & © q) > —o0. For (R3), if {({p, q)) < +oo then inf(p,q) > —oo and sup(p, q) < +o0, whence
{aop,q)=inKaOp,q) +sup{a ©p,q) = asup{p,q) + ainf(p,q) = a{{p, Q).

If ({p, q@)) = +oo then inf{ap, q) = asup(p,q) = —oo or sup{ap, q) = ainf(p,q) = +00, 50 a O Pp,q)) = +o0.
That is, (P, Q) is a linear dual pair over R. For (C3), let @ € C, R(a) < 0 and J(a) > 0. If {{p, q)) < +oo, then

{aop,q)

inf (¢ ®x,y)+ sup (¢ Ox,
xep, V€q< y> XEP, Y jl:;q< y>

= inf (‘R(a)@x ]/>+ lnf (S(a)z@x v+

YEp,yEq
sup (R(a) Ox, y) + sup (3(&)1 ox,y)
XEP yEq XEP ]/Eq
= R(a) sup (v, y)+ S(a) mf (z®x v+
xep jeq
‘R(oz) mf (x v+ J(a) sup (ioxy)
XEP yEq
= ‘R(Of)«p, )+ I(@iop,q)-

In the similar way, we can veryfy the three othere cases on R(a) and J(a). The conditions (C;) and (C,) are
clear. (O

Example 2.8. (i) If we set P = Conv(K) and Q = Conv(ﬁ) then X = {AA : A > 0}, where A := {{1}} satisfies
(po), (p1), (p2) with respect to (P, Q) and (P, Vx) is a polar topology. The collection © X = {A(T'©A) : A > 0}
also satisfies in (pg) with respect to (P, Q); where I' © A = {{—1}, {1}}, so (P, V) is linear over R. For p,p’ € P
and A > 0, we have p < p’ + Av, if and only if

mf?%(x) +sup R(x) < 1nf K@) +supR(x')+ A or inf R(x") = —co or co € p’

xep x'ep’ x'ep’
and p <r p’ + Avrea if and only if

|1nf R(x) +sup R(x) — 1nf Rx)—supR) <A or 1I€1f R(x')=—-c0 or coep’.
x'ep

X€p x'ep’

(ii) For P = Cono(¢;) and Q = Conv(fs), (P,Q) is a linear dual pair over K by Proposition 2.7. If we set
={Ae: A >0}, wheree = {{(1,1,...)}}, then for p,p’ € P we have p < p’ + Av, if and only if

ian R(zy) + sup Z R(z,) < 1nf Z R(z;,) + sup Z R(z)) + A,
PN Z€P neN PN Z'€p’" eN

orinfycy Yen R(z,) = —coor Az’ € p’, 2" = (2))nen s-t., 2, = 00 for some n € N, and p <¢ p’ + Avre. if and
only if

|1an R(zy) + sup Z Rz,) — 1nf Z R(z;,) — sup Z Rzl < A,

P ieN Z€P neN PN Z€p’ jeN
|infz I(zn) +supZ I(zn) - mf Z 3(z, )—supZ Iz <A
P nelN Z€P neN ne]N Z€p’ eN

orinfycy Y,en R(z),) = —c0or Iz' € p’, 2" = (2))nen s.t., 2z, = 00 for some n € N.
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