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Abstract. For a Banach space X, LΦ (T,X) denotes the metric space of all X-valued Φ-integrable functions
f : T → X , where the measure space (T,

∑
, µ) is a complete positive σ-finite and Φ is an increasing

subadditive continuous function on [0,∞) with Φ (0) = 0. In this paper we discuss the proximinality
problem for the monotonous norm on best simultaneous approximation from the closed subspace Y ⊆ X
to a finite number of elements in X.

1. Introduction

Many authors studied the problem of best simultaneous approximation for functions and operators
in Banach spaces, also in metric linear spaces, e.g. [1], [2], [6]-[12] .

A function Φ : [0,∞) −→ [0,∞) is called a modulus function if it satisfies the following conditions:

1. Φ (x) = 0 iff x = 0;
2. Φ

(
x + y

)
≤ Φ (x) + Φ

(
y
)
;

3. Φ is continuous and increasing.

The functions Φ (x) = xp, 0 < p < 1, and Φ (x) = ln (x + 1) are examples of modulus functions. Further
the composition of two modulus functions is a modulus function.

Let (T,
∑
, µ) be a complete positive σ-finite measure space, X be a Banach space and letY be a closed

subspace of X. If Φ is a modulus function, then LΦ (T,X) denotes the space of all X−valued Φ-integrable
functions f : T→ X on the measure space (T,

∑
, µ) i.e.

LΦ (T,X) =

 f : T→ X :
∫
T

Φ
(∥∥∥ f (t)

∥∥∥) dµ < ∞

 .
Also, the sequence space lΦ (T,X) is defined by:
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Email addresses: m khandakji@asu.edu.jo (Mona Khandaqji), aliaaburqan@zu.edu.jo (Aliaa Burqan)



M. Khandaqji, A. Burqan / Filomat 34:11 (2020), 3777–3787 3778

lΦ (T,X) =

x = (xk)∞k=1 :
∞∑

k=1

Φ (‖xk‖) < ∞, xk ∈ X

 .
For x = (xk)∞k=1 ∈ lΦ (T,X) and f ∈ LΦ (T,X), set

‖x‖Φ =

∞∑
k=1

Φ (‖xk‖) and
∥∥∥ f

∥∥∥
Φ

=

∫
T

Φ
(∥∥∥ f (t)

∥∥∥) dµ.

The spaces (LΦ (T,X) , ‖·‖Φ) and
(
lΦ (T,X) , ‖·‖Φ

)
are complete metric linear spaces. It is well known that

lΦ (T,X) ⊆ l1 (T,X), LΦ (T,X) ⊇ L1 (T,X). For more about these spaces see [4], [5].

We start with the following definitions:

We say that a norm ρ in Rn is monotonous if for every x = (xk)1≤k≤n, y =
(
yk

)
1≤k≤n in Rn such that

|xk| ≤
∣∣∣yk

∣∣∣, for k = 1, . . . ,n , we have

ρ (x) ≤ ρ
(
y
)
.

Note that the usual norms in Rn are monotonous.
Let x1, x2, . . . , xn be n elements in X, we set

dis (x1, x2, . . . , xn,Y) = inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ ,Φ ∥∥∥x2 − y

∥∥∥ , . . . ,Φ ∥∥∥xn − y
∥∥∥)

We say that Y is ρ-simultaneous proximinal in X, if for any n elements x1, x2, . . . , xn in X, there exists y0 ∈ Y

such that

ρ
(
Φ

∥∥∥x1 − y0

∥∥∥ ,Φ ∥∥∥x2 − y0

∥∥∥ , . . . ,Φ ∥∥∥xn − y0

∥∥∥) = dis (x1, x2, . . . , xn,Y) .

In this case we say that y0 is a best ρ-simultaneous approximation from Y of the elements x1, x2, . . . , xn in X.

Also, we say that LΦ (T,Y) is ρ-simultaneous proximinal in LΦ (T,X), if for any n elements f1, f2, . . . , fn in
LΦ (T,X), there exists 10 ∈ LΦ (T,Y) such that:

dis
(

f1, f2, . . . , fn,LΦ (T,Y)
)

= inf
1∈LΦ(T,Y)

ρ
(∥∥∥ f1 − 1

∥∥∥
Φ
,
∥∥∥ f2 − 1

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 1
∥∥∥

Φ

)
= ρ

(∥∥∥ f1 − 10

∥∥∥
Φ
,
∥∥∥ f2 − 10

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 10

∥∥∥
Φ

)
.

In this case we say that 10 is a best ρ-simultaneous approximation from LΦ (T,Y) of the elements f1, f2, . . . , fn
in LΦ (T,X).

We shall denote the set of all such best ρ-simultaneous approximation to x1, x2, . . . , xn by PY (x1, x2, . . . , xn)
i.e.

PY (x1, x2, . . . , xn) =

{
y ∈ Y : dist (x1, x2, . . . , xn,Y) =

ρ
(
Φ

∥∥∥x1 − y
∥∥∥ ,Φ ∥∥∥x2 − y

∥∥∥ , . . . ,Φ ∥∥∥xn − y
∥∥∥)

}
Also

PLΦ(T,Y)
(

f1, f2, . . . , fn
)

=

 1 ∈ LΦ (T,Y) : dis
(

f1, f2, . . . , fn,LΦ (T,G)
)

= ρ
(∥∥∥ f1 − 1

∥∥∥
Φ
,
∥∥∥ f2 − 1

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 10

∥∥∥
Φ

)  .
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It is clear that Y is ρ-simultaneous proximinal in X if and only if PY (x1, x2, . . . , xn) is nonempty for every n
elements x1, x2, . . . , xn in X.

Let x1, x2, . . . , xn be n elements in X, we say that the sequence
(
yk

)∞
k=1 ⊆ Y is ρ-simultaneously approxi-

mating for x1, x2, . . . , xn in Y, if

Lim
k−→∞

ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ ,Φ ∥∥∥x2 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥) = dis (x1, x2, . . . , xn,Y) .

The set Y ⊆ X is said to be approximatively compact, if for every n elements x1, x2, . . . , xn in X, and
each ρ-simultaneously approximating sequence

(
yk

)∞
k=1 ⊆ Y, there exists a subsequence of

(
yk

)∞
k=1 ⊆ Y that

converges to an element in Y.

2. Main results

Theorem 2.1. Y is ρ-simultaneous proximinal in X, if Y is a compact subspace of X.

Proof. For any x1, x2, . . . , xn ∈ X, define the function 1 : Y −→ R by

1
(
y
)

= ρ
(
Φ

∥∥∥x1 − y
∥∥∥ ,Φ ∥∥∥x2 − y

∥∥∥ , . . . ,Φ ∥∥∥xn − y
∥∥∥) .

It is clear that the function 1 is continuous, since Φ, ρ, ‖·‖ are continuous functions of Y and thus, the infimum
is attained. i.e., there exists y0 ∈ Y such that

1
(
y0

)
= inf

y∈Y
1
(
y
)

= inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ ,Φ ∥∥∥x2 − y

∥∥∥ , . . . ,Φ ∥∥∥xn − y
∥∥∥) .

Thus Y is ρ-simultaneous proximinal in X.

The following Lemma deals with the boundedness and the closeness of the set PY (x1, x2, . . . , xn) .

Lemma 2.2. The set PY (x1, x2, . . . , xn) is bounded and closed if Y is a closed subspace.

Proof. Let x1, x2, . . . , xn ∈ X and suppose that y1, y2, . . . , yn ∈ PY (x1, x2, . . . , xn). Using the fact that Φ is an
increasing function and 0 ∈ Y, then for each i = 1, 2, . . . ,n, we have

ρ (1, 1, . . . , 1) Φ
∥∥∥yi

∥∥∥ = ρ
(
Φ

∥∥∥yi

∥∥∥ , . . . ,Φ ∥∥∥yi

∥∥∥)
≤ ρ

(
Φ

∥∥∥x1 − yi

∥∥∥ + Φ ‖x1‖ , . . . ,Φ
∥∥∥xn − yi

∥∥∥ + Φ ‖xn‖
)

≤ ρ
(
Φ

∥∥∥x1 − yi

∥∥∥ , . . . ,Φ ∥∥∥xn − yi

∥∥∥) + ρ (Φ ‖x1‖ , . . . ,Φ ‖xn‖)

= dis (x1, x2, . . . , xn,Y) + ρ (Φ ‖x1‖ , . . . ,Φ ‖xn‖) .

Thus, for each i = 1, 2, . . . ,n,

ρ (1, 1, . . . , 1) Φ
∥∥∥yi

∥∥∥ ≤ dis (x1, x2, . . . , xn,Y) + ρ (Φ ‖x1‖ , . . . ,Φ ‖xn‖) .

Hence, PY (x1, x2, . . . , xn) is bounded. Suppose Y is a closed subspace and let
(
yk

)∞
k=1 be a sequence in

PY (x1, x2, . . . , xn) such that Lim
k−→∞

yk = y0. Since
(
yk

)∞
k=1 ⊆ PY (x1, x2, . . . , xn), we have

ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥) = inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ , , . . . ,Φ ∥∥∥xn − y

∥∥∥) ,
for all k ≥ 1.
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Therefore,

inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ , . . . ,Φ ∥∥∥xn − y

∥∥∥)
= Lim

k−→∞
ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥)
= ρ

(
Φ

∥∥∥∥∥x1 − Lim
k−→∞

yk

∥∥∥∥∥ , . . . ,Φ ∥∥∥∥∥xn − Lim
k−→∞

yk

∥∥∥∥∥)
= ρ

(
Φ

∥∥∥x1 − y0

∥∥∥ , . . . ,Φ ∥∥∥xn − y0

∥∥∥) .
Hence, y0 ∈ PY (x1, x2, . . . , xn), which gives the required result.

The following lemmas and theorems introduce some classes ofρ-simultaneous proximinal subspaces:

Lemma 2.3. Let x1, x2, . . . , xn be n elements in X and let the sequence
(
yk

)∞
k=1 ⊆ Y be an ρ-simultaneously approx-

imating sequence to x1, x2, . . . , xn in Y. If
(
yk

)∞
k=1is weakly convergent to y0 ∈ Y, then y0 is a best ρ-simultaneous

approximation from Y of the elements x1, x2, . . . , xn.

Proof. Since ‖·‖ is weakly lower semicontinuous (see [3]), then for each i = 1, 2, . . . ,n, we have∥∥∥xi − y0

∥∥∥ ≤ Lim
k

inf
∥∥∥xi − yk

∥∥∥ .
Since Φ is continuous and increasing function, then for each i = 1, 2, . . . ,n, we have

Φ
∥∥∥xi − y0

∥∥∥ ≤ Lim
k

inf Φ
∥∥∥xi − yk

∥∥∥ .
Using the monotonicity and the continuity of the norm ρ, we get

ρ
(
Φ

∥∥∥x1 − y0

∥∥∥ , . . . ,Φ ∥∥∥xn − y0

∥∥∥)
≤ ρ(Limk−→∞ inf Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Limk−→∞ inf Φ
∥∥∥xn − yk

∥∥∥
= Limk−→∞ infρ

(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥)
= Limk−→∞ρ

(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥)
= dis (x1, x2, . . . , xn,Y) .

Which means that y0 is a best ρ-simultaneous approximation from Y of the elements x1, x2, . . . , xn in X.

Theorem 2.4. Y is ρ-simultaneous proximinal in X, if Y is approximatively compact subspace of X.

Proof. Let x1, x2, . . . , xn be elements in X. Then by the definition of

dis (x1, x2, . . . , xn,Y) = inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ , . . . ,Φ ∥∥∥xn − y

∥∥∥) ,
we can find

(
yk

)∞
k=1 ⊆ Y such that

Lim
k−→∞

ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥) = dis (x1, x2, . . . , xn,Y) .

Then
(
yk

)∞
k=1is a ρ-simultaneously approximating sequence to x1, x2, . . . , xn in Y. Since Y is approximately

compact, then there exists a subsequence
(
ykn

)
of

(
yk

)∞
k=1that converges to y0 ∈ Y

(
i.e Lim

kn−→∞
ykn = y0

)
. Thus

ρ
(
Φ

∥∥∥x1 − y0

∥∥∥ , . . . ,Φ ∥∥∥xn − y0

∥∥∥) = ρ

(
Φ

∥∥∥∥∥x1 − Lim
kn−→∞

ykn

∥∥∥∥∥ , . . . ,Φ ∥∥∥∥∥xn − Lim
kn−→∞

ykn

∥∥∥∥∥)
= Lim

kn−→∞
ρ
(
Φ

∥∥∥x1 − ykn

∥∥∥ , . . . ,Φ ∥∥∥xn − ykn

∥∥∥)
= dis (x1, x2, . . . , xn,Y) .

Which gives the required result.
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For x ∈ X and r > 0, let B (x, r) denotes the closed ball with center x and radius r. Recall that Y ⊆ X
is locally weakly compact

(
resp. boundedly weakly compact

)
if for each y ∈ Y

(
resp. for each r > 0

)
, there

exists δ > 0 such that B
(
y, δ

)
∩ Y

(
resp.B (0, r) ∩ Y

)
is locally weakly compact.

Now, we introduce the following Lemma which gives the relation between locally weakly compact and
boundedly weakly compact, [9].

Lemma 2.5. For a closed subspace Y of X, the following statements are equivalent:
(i) Y is locally weakly compact.
(ii) Y is boundedly weakly compact.
(iii) There exists a point y ∈ Y and δ > 0 such that B

(
y, δ

)
∩ Y is locally weakly compact.

Theorem 2.6. Y is ρ-simultaneously proximinal in X if Y is a locally weakly compact closed subspace of X.

Proof. Let x1, x2, . . . , xn be elements in X. By the definition of

dis (x1, x2, . . . , xn,Y) = inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ ,Φ ∥∥∥x2 − y

∥∥∥ , . . . ,Φ ∥∥∥xn − y
∥∥∥) ,

we can find
(
yk

)∞
k=1 ⊆ Y, such that

Lim
k−→∞

ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥) = dis (x1, x2, . . . , xn,Y) .

Then
(
yk

)∞
k=1 is a ρ-simultaneously approximating sequence to x1, x2, . . . , xn in Y. Thus, there exists a positive

number α, such that

ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥) ≤ α,
for all k. Using the fact that Φ is a modulus function and the norm ρ is monotonous, we have for each k ≥ 1:

ρ (1, 1, . . . , 1) Φ
∥∥∥yk

∥∥∥ = ρ
(
Φ

∥∥∥yk

∥∥∥ , . . . ,Φ ∥∥∥yk

∥∥∥)
≤ ρ

(
Φ

(∥∥∥x1 − yk

∥∥∥ + ‖x1‖
)
, . . . ,Φ

(∥∥∥xn − yk

∥∥∥ + ‖xn‖
))

≤ ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ + Φ ‖x1‖ , . . . ,Φ
∥∥∥xn − yk

∥∥∥ + Φ ‖xn‖
)

≤ ρ
(
Φ

∥∥∥x1 − yk

∥∥∥ , . . . ,Φ ∥∥∥xn − yk

∥∥∥) + ρ (Φ ‖x1‖ , . . . ,Φ ‖xn‖)

≤ α + ρ (Φ ‖x1‖ , . . . ,Φ ‖xn‖) .

This shows that
(
yk

)∞
k=1 ⊆ Y is a bounded sequence. Since Y is locally weakly compact, it follows from

Lemma (2.5) that
(
yk

)∞
k=1 has a weakly convergent subsequence with weak limit y0. Since Y is a closed

subspace of X, then y0 ∈ Y, it follows from Lemma (2.3) that y0 is a best ρ-simultaneous approximation
from Y of x1, x2, . . . , xn.

Lemma 2.7. Let f1, . . . , fn ∈ LΦ (T,X) and define H : T → R by H (t) = dis
(

f1 (t) , . . . , fn (t) ,Y
)
. Then H is a

measurable function.

Proof. Let f1, . . . , fn ∈ LΦ (T,X), then there exist sequences of simple functions
(

f i
m

)
, (i = 1, 2 . . . ,n) in LΦ (T,X)

which converges to fi ,(i = 1, 2 . . . ,n) for almost all t ∈ T i.e:

Lim
m−→∞

∥∥∥ f 1
m (t) − fi (t)

∥∥∥ = 0, i = 1, 2 . . . ,n,
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for almost all t ∈ T .
The continuity of the distance function dis (x1, x2, . . . , xn,Y) implies that:

Lim
m−→∞

∣∣∣∣dis
(

f 1
m (t) , . . . , f n

m (t) ,Y
)
− dis

(
f1 (t) , . . . , fn (t) ,Y

)∣∣∣∣ = 0,

for almost all t ∈ T.
Furthermore, for each m ∈ N the function:t −→ dis

(
f 1
m (t) , . . . , f n

m (t) ,Y
)

is a simple function, therefore
H is a measurable function.

Lemma 2.8. Let f1, . . . , fn ∈ LΦ (T,X) be n elements of simple functions. Then

dist
(

f1, . . . , fn,LΦ (T,Y)
)
≤

∫
T

dist
(

f1 (t) , . . . , fn (t) ,Y
)

dµ (t) .

Proof. Assume that fi =
m∑

k=1
xi

kχAk , (i = 1, 2 . . . ,n), where the Ak’s are pairwise disjoint measurable sets of T

with
m⋃

k=1
Ak = T, and the set

{
xi

k

}m

k=1
⊆ X, (i = 1, 2 . . . ,n), µ (Ak) < ∞whenever xi

k , 0 because

∥∥∥ fi
∥∥∥

Φ
=

m∑
k=1

Φ
∥∥∥xi

k

∥∥∥ µ (Ak) < ∞.

Thus, we may assume 0 < µ (Ak) < ∞, for each k = 1, 2, ...,m. Since

dis (x1, x2, . . . , xn,Y) = inf
y∈Y
ρ
(
Φ

∥∥∥x1 − y
∥∥∥ ,Φ ∥∥∥x2 − y

∥∥∥ , . . . ,Φ ∥∥∥xn − y
∥∥∥) ,

then, we can select yk ∈ Y such that:

ρ
(
Φ

∥∥∥x1
k − yk

∥∥∥ , . . . ,Φ ∥∥∥xn
k − yk

∥∥∥) < dis
(
x1

k , . . . , x
n
k ,Y

)
+

ε
m µ (Ak)

,

for each k = 1, 2, . . . ,m.

Set 10 =
m∑

k=1
yk χAk , clearly 10 ∈ LΦ (T,Y). Then

dis
(

f1, . . . , fn,LΦ (T,Y)
)

≤ ρ
(∥∥∥ f1 − 10

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 10

∥∥∥
Φ

)
= ρ

(∫
T

Φ
∥∥∥ f1 (t) − 10 (t)

∥∥∥ dµ (t) , . . . ,
∫

T
Φ

∥∥∥ fn (t) − 10 (t)
∥∥∥ dµ (t)

)
= ρ

 m∑
k=1

µ (Ak) Φ
∥∥∥x1

k − yk

∥∥∥ , . . . , m∑
k=1

µ (Ak) Φ
∥∥∥xn

k − yk

∥∥∥
≤

m∑
k=1

µ (Ak)ρ
(
Φ

∥∥∥x1
k − yk

∥∥∥ , . . . ,Φ ∥∥∥xn
k − yk

∥∥∥)
<

m∑
k=1

µ (Ak)
(
dis

(
x1

k , . . . , x
n
k ,Y

)
+

ε
m µ (Ak)

)

=

m∑
k=1

µ (Ak) dis
(
x1

k , . . . , x
n
k ,Y

)
+ ε

=

∫
T

dis
(

f1 (t) , . . . , fn (t) ,Y
)

dµ (t) + ε.
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Therefore,

dis
(

f1, . . . , fn,LΦ (T,Y)
)
<

∫
T

dist
(

f1 (t) , . . . , fn (t) ,Y
)

dµ (t) + ε

Since ε is arbitrary, let ε→ 0, then

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤

∫
T

dist
(

f1 (t) , . . . , fn (t) ,Y
)

dµ (t) .

Theorem 2.9. Let (T,
∑
, µ) be a complete positive finite measure space and f1, . . . , fn any n elements in LΦ (T,X),

then

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤

∫
T

dist
(

f1 (t) , . . . , fn (t) ,Y
)

dµ (t) .

Proof. Since µ (T) is finite, let µ (T) = α. Using the fact that simple functions are dense in LΦ (T,X), then for
any ε > 0 there are n simple functions f ∗1 , . . . , f ∗n in LΦ (T,X) such that for each i = 1, 2 . . . ,n, and for almost
all t ∈ T, we have

Φ
∥∥∥ f ∗i (t) − fi (t)

∥∥∥ < ε
α
. (1)

Threrefore,∥∥∥ f ∗i − fi
∥∥∥

Φ
=

∫
T

Φ
∥∥∥ f ∗i (t) − fi (t)

∥∥∥ dµ (t) (2)

<

∫
T

ε
α

dµ (t) = ε.

Assume that

f ∗i =

m∑
k=1

xi
k χAk , (i = 1, 2 . . . ,n)

where the Ak’s are pairwise disjoint measurable sets of T with
m⋃

k=1
Ak = T, and

(
xi

k

)m

k=1
⊆ X, (i = 1, 2 . . . ,n).

To complete the proof we need the following steps:
Step 1: We show that∫

T
dis

(
f ∗1 (t) , . . . , f ∗n (t) ,Y

)
dµ (t) ≤

∫
T

dis
(

f1 (t) , . . . , fn (t) ,Y
)

dµ (t) .

To show this, let t ∈ T, then for any y ∈ Y, we have

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)
≤ ρ

(
Φ

∥∥∥ f ∗1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ f ∗n (t) − y

∥∥∥) .
Since Φ is a modulus function, we have

Φ
∥∥∥ f ∗i (t) − y

∥∥∥ ≤ Φ
∥∥∥ f ∗i (t) − f1 (t)

∥∥∥ + Φ
∥∥∥ fi (t) − y

∥∥∥ ,
for t ∈ T and for each i = 1, 2 . . . ,n.
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Using the fact that the norm ρ is monotonous, we get

ρ
(
Φ

∥∥∥ f ∗1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ f ∗n (t) − y

∥∥∥)
≤ ρ

(
Φ

∥∥∥ f ∗1 (t) − f1 (t)
∥∥∥ + Φ

∥∥∥ f1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ f ∗n (t) − fn (t)

∥∥∥ + Φ
∥∥∥ fn (t) − y

∥∥∥)
≤ ρ

(
Φ

∥∥∥ f ∗1 (t) − f1 (t)
∥∥∥ , . . . ,Φ ∥∥∥ f ∗n (t) − fn (t)

∥∥∥)
+ ρ

(
Φ

∥∥∥ f1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ fn (t) − y

∥∥∥)
< ρ

(
ε
α
, . . . ,

ε
α

)
+ ρ

(
Φ

∥∥∥ f1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ fn (t) − y

∥∥∥)
<
ε
α
ρ (1, 1, . . . , 1) + ρ

(
Φ

∥∥∥ f1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ fn (t) − y

∥∥∥) , for each t ∈ T.

Therefore,

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)
<
ε
α
ρ (1, 1, . . . , 1) + ρ

(
Φ

∥∥∥ f1 (t) − y
∥∥∥ , . . . ,Φ ∥∥∥ fn (t) − y

∥∥∥) , t ∈ T

Taking the infimum over all such y ∈ Y, we have

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)
≤
ε
α
ρ (1, 1, . . . , 1) + dis

(
f1 (t) , . . . , f2 (t) ,Y

)
, t ∈ T

Using Lemma (2.8), we can take the integral∫
T

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)

dµ (t) ≤
∫

T

(
ε
α
ρ (1, 1, . . . , 1) + dis

(
f1 (t) , . . . , f2 (t) ,Y

))
dµ (t)

= ε ρ (1, 1, . . . , 1) +

∫
T

dis
(

f1 (t) , . . . , f2 (t) ,Y
)

dµ (t) .

Since ε arbitrary let ε→ 0, then∫
T

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)

dµ (t) ≤
∫

T
dis

(
f1 (t) , . . . , f2 (t) ,Y

)
dµ (t) . (3)

Step 2: We show that

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤

∫
T

dis
(

f1 (t) , . . . , f2 (t) ,Y
)

dµ (t) .

Using inequality (2), we have

dis
(

f1, . . . , fn,LΦ (T,Y)
)

≤ ρ
(∥∥∥ f1 − 1

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 1
∥∥∥

Φ

)
≤ ρ

(∥∥∥ f1 − f ∗1
∥∥∥

Φ
+

∥∥∥ f ∗1 − 1
∥∥∥

Φ
, . . . ,

∥∥∥ fn − f ∗n
∥∥∥

Φ
+

∥∥∥ f ∗n − 1
∥∥∥

Φ

)
≤ ρ

(∥∥∥ f1 − f ∗1
∥∥∥

Φ
,
∥∥∥ f2 − f ∗2

∥∥∥
Φ

)
+ . . . + ρ

(∥∥∥ f ∗n − 1
∥∥∥

Φ
,
∥∥∥ f ∗n − 1

∥∥∥
Φ

)
≤ ρ (ε, . . . , ε) + ρ

(∥∥∥ f ∗1 − 1
∥∥∥

Φ
, . . . ,

∥∥∥ f ∗n − 1
∥∥∥

Φ

)
≤ ε ρ (1, 1, . . . , 1) + ρ

(∥∥∥ f ∗1 − 1
∥∥∥

Φ
, . . . ,

∥∥∥ f ∗n − 1
∥∥∥

Φ

)
,

for any 1 ∈ LΦ (T,Y).Thus

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤ ε ρ (1, 1, . . . , 1) + ρ

(∥∥∥ f ∗1 − 1
∥∥∥

Φ
, . . . ,

∥∥∥ f ∗n − 1
∥∥∥

Φ

)
.
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Taking the infimum over all such 1 in LΦ (T,Y), we get

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤ ε ρ (1, 1, . . . , 1) + dist

(
f ∗1 , . . . , fn,LΦ (T,Y)

)
(4)

Lemma (2.8) and inequality (4) imply that

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤ ε ρ (1, 1, . . . , 1) + dist

(
f ∗1 , . . . , fn,LΦ (T,Y)

)
≤ ε ρ (1, 1, . . . , 1) +

∫
T

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)

dµ (t) .

Since ε arbitrary, let ε→ 0, we have

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤

∫
T

dis
(

f ∗1 (t) , . . . , f ∗n (t) ,Y
)

dµ (t) .

Using inequality(3), we get

dis
(

f1, . . . , fn,LΦ (T,Y)
)
≤

∫
T

dis
(

f1 (t) , . . . , f2 (t) ,Y
)

dµ (t) .

Thus we get the result.

Theorem 2.10. Let 1 ∈ LΦ (T,Y) be the bestρ-simultaneous approximation from LΦ (T,Y) of the elements f1, . . . , fn ∈
LΦ (T,X), then for any measurable subset A of T , and for every h ∈ LΦ (T,Y), we have∫

A
Φ

∥∥∥ fi (t) − 1 (t)
∥∥∥ dµ (t) ≤

∫
A

Φ
∥∥∥ fi (t) − h (t)

∥∥∥ dµ (t) , (5)

for some i ∈ {1, 2 . . . ,n}.

Proof. Assume that µ (A) > 0, for some A ⊆ T. Suppose that there is h0 ∈ LΦ (T,Y) that doesn’t satisfy
inequality (5), then we can define 10 ∈ LΦ (T,Y) such that

10 (t) =

{
h0 (t) , t ∈ A
1 (t) , t ∈ T − A

}
Thus, for i = 1, 2 . . . ,n, we have∫

T
Φ

∥∥∥ fi (t) − 10 (t)
∥∥∥ dµ (t) =

∫
A

Φ
∥∥∥ fi (t) − h0 (t)

∥∥∥ dµ (t) +

∫
T−A

Φ
∥∥∥ fi (t) − 1 (t)

∥∥∥ dµ (t)

<

∫
T

Φ
∥∥∥ fi (t) − 1 (t)

∥∥∥ dµ (t) .

Which implies that∥∥∥ fi − 10

∥∥∥
Φ
<

∥∥∥ fi − 1
∥∥∥

Φ
,

for i = 1, 2, . . . ,n. Using the fact that the norm ρ is monotonous, we have

ρ
(∥∥∥ f1 − 10

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 10

∥∥∥
Φ

)
< ρ

(∥∥∥ fn − 1
∥∥∥

Φ
, . . . ,

∥∥∥ fn − 1
∥∥∥

Φ

)
.

This contradicts the fact that 1 is the best ρ-simultaneous approximation from LΦ (T,Y) of the elements
f1, . . . , fn ∈ LΦ (T,X) .
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The following result concerns the ρ-simultaneous approximation of lΦ (T,Y) in lΦ (T,X) .

Theorem 2.11. lΦ (T,Y) is ρ-simultaneous proximinal in lΦ (T,X) if Y is ρ-simultaneous proximinal in X.

Proof. Let f1, . . . , fn ∈ lΦ (T,X) , where fi =
(

fi (n)
)∞

n=1. Since Y is ρ-simultaneous proximinal in X, then for
each k ∈N there exists 1 (k) ∈ Y such that

ρ
(
Φ

∥∥∥ f1 (k) − 1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k) − 1 (k)

∥∥∥) ≤ ρ (
Φ

∥∥∥ f1 (k) − y
∥∥∥ , . . . ,Φ ∥∥∥ fn (k) − y

∥∥∥) ,
for every y ∈ Y. Since 0 ∈ Y, we have

ρ
(
Φ

∥∥∥ f1 (k) − 1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k) − 1 (k)

∥∥∥) ≤ ρ (
Φ

∥∥∥ f1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k)

∥∥∥) . (6)

Using inequality (6) and the fact that Φ is subadditive and increasing, we have

ρ (1, 1, . . . , 1) Φ
∥∥∥1 (k)

∥∥∥
= ρ

(
Φ

∥∥∥1 (k)
∥∥∥ , . . . ,Φ ∥∥∥1 (k)

∥∥∥)
≤ ρ

(
Φ

∥∥∥ f1 (k) − 1 (k)
∥∥∥ + Φ

∥∥∥ f1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k) − 1 (k)

∥∥∥ + Φ
∥∥∥ fn (k)

∥∥∥)
≤ ρ

(
Φ

∥∥∥ f1 (k) − 1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k) − 1 (k)

∥∥∥)
+ ρ

(
Φ

∥∥∥ f1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k)

∥∥∥)
≤ n ρ

(
Φ

∥∥∥ f1 (k)
∥∥∥ , . . . ,Φ ∥∥∥ fn (k)

∥∥∥) .
Therefore, 10 =

(
1 (k)

)∞
k=1 ∈ lΦ (T,Y) .To show that 10 is the best ρ-simultaneous approximation from lΦ (T,Y)

of f1, . . . , fn in lΦ (T,X), let h = (h (k))∞n=1 ∈ lΦ (T,Y). Then for each i = 1, 2, . . . ,n, we have

∥∥∥ fi − h
∥∥∥

Φ
=

∞∑
k=1

Φ
∥∥∥ fi (k) − h (k)

∥∥∥
≥

∞∑
k=1

Φ
∥∥∥ fi (k) − 1 (k)

∥∥∥
≥

∥∥∥ fi − 10

∥∥∥
Φ
.

Using the monotonicity of the norm ρ, we have

ρ
(∥∥∥ f1 − h

∥∥∥
Φ
, . . . ,

∥∥∥ fn − h
∥∥∥

Φ

)
≥ ρ

(∥∥∥ f1 − 10

∥∥∥
Φ
, . . . ,

∥∥∥ fn − 10

∥∥∥
Φ

)
.

Hence, we get the result.

Conclusion 2.12. We have established the ρ-simultaneous proximinality of the closed subspace Y in the Banach
space X and give some results in the distance formula of the space LΦ (T,X). It is not hard to extend our results to the
case where ρ is any monotone norm of Rnwith n a finite positive integer.
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