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Abstract. In this paper, we investigate the existence of a fixed point for iterative contraction mappings
via Wardowski function in the setting of complete b-metric spaces. Our results improve and extend several
results in this direction in the literature. We consider illustrative examples to support our main results.

1. Introduction and Preliminaries

It is an indispensable fact that fixed point theory becomes the fundament of both (nonlinear) functional
analysis and topology, in this century. The first formal fixed point theorem was announced by Banach in
1922. His result has naturally researchers attention, as the mentioned theorem not only proves the existence
and uniqueness of a fixed point, but also indicates how to reach this point. More precisely, he proved that
under the contraction condition, each Picard iteration, for an arbitrary initial point, converges and this limit
is the unique fixed point of the given mapping.

The first observation concerned the fact that the contraction condition necessarily implies the continuity
of the given mapping. Naturally, researches was wondered whether such a fixed point theorem would be
proved for discontinuous mapping. One of the interesting responses to this question was given by Bryant
[18]. Roughly speaking, suppose T is discontinuous but T? provides the contraction condition, that is, T? is
continuous and has a unique fixed point. Bryant [18] proved that the fixed point of T? forms a fixed point
for T, too. Later, Sehgal [37] proved that if for a given initial value x, there is a natural number n(x) such
that mapping T"® forms a contraction, then it has a fixed point. This trend was followed by Guseman [22],
Matkowski [30], Iseki [23], Ray and Rhoades,[36] Jachymski [24].

In this paper, we shall follow the trend of Sehgal [37] by taking the Wardowski function into account.
For the sake of completeness, we recollect some basic results and definitions.
First we state the results of Sehgal [37].

Theorem 1.1. ([37]) Let (X, &) be a complete metric space and T : X < X a continuous mapping. If there exists a
real number K, 0 < kK < 1 such that, for each v € M there is a positive integer m(c) such that, for each z € X,

(T, T"O2) < £ - d(c, 2) N

then T has a unique fixed point in X.
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Sehgal [37] was improved by Guseman [22] by excluding the continuity condition. After that, it was
generalized and extended by many authors, among them being, Iseki [23], ]. Matkowski [30], Singh [38],
Ray and Rhoades [36]. On the other hand, the result of Kincses and Totik [28] is one of the most interesting
results in this direction. Therefore, we collect it here:

Theorem 1.2. ([28]) Let a metric space (X, &) and T be a self mapping on X such that for some £ € [0, 1) and for all
¢, z € X we can find a positive integer m(c) such that

(T, T"C)z) < k max{d(c, 2), d (3, T")c), d(c, T")z)} 2

Then T has a unique fixed point cx.

In what follows, we recall some auxiliary functions than are used in our consideration, namely the
Wardowski type function [40] and the simulation function [27]. Let & denote the set of all strictly increasing
functions F : (0, 0) — R which satisfy the following conditions

(fa) for every sequence of positive real numbers {,}

(o]
n=1"

lim 1, = 0if and only if lim F(1,) = —oo;
n—o0

n—o0
(fy) there exists p € (0,1) such that 1i1’51+ (a?F (¢)) = 0.

Theorem 1.3. [40] A mapping T : X — X on a complete metric space (X, &) has a unique fixed point c* provided
that there exist T > 0 and F € § such that

d(T¢,Tz) > 0= 1+ F(d(Tc, Tz)) < F(d(c, 2)), €)
forall ¢, z € X. Moreover, for all ¢ € X the sequence {T"c} is convergent to ¢ + .

This result has been continuously improved, either by weakening the conditions imposed on function

F, or by changing the argument or by considering more general metric spaces (we refer here to b-metric

[2,4,5,10,14-16, 21, 29, 31], etc.).

Theorem 1.4. [41] Let T : X — X be a mapping on a complete metric space (X, &). Suppose that there exist T > 0
and F € § such that

d(T¢, Tz) >0 = @
T+ F(d(Tc, T2)) < Fmax {d(c, 2), d(c, Tc), d(5, Tz), L1,

forall ¢,z € X. Then, T has a unique fixed point c* provided that T or F is continuous.
Inspired from the Wardowski function, we shall use the following set of auxiliary function:
G={G:(0,00) >R | Gisstrictly increasing and satisfies (f;)} .
Let z be the family of all functions C : [0, c0) X [0, c0) — R satisfying the following axioms:
(@) €0,0)=0;
(Co) C(a,b) <b—aforallab>0;

(C3) if {ay}, (by} are sequences in (0, o) such that lim a,, = lim b, > 0, then

lim sup C(ay, by) < 0. )

n—o00
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Such functions are called simulation functions [27]. For more on simulation function, see e.g. [7],[8], [11],
[3], [12], [9], [35], [13]. In our future study we will consider the set

& ={C:[0,00) x [0,0) = R : C satisfies ({»)}.

Definition 1.5. [19] Let X be a nonempty set. A mapping b : X X X — [0, 00) is a b-metric if there exists s > 1,
such that

(b1) b(c, 2) = Oifand only if ¢ = ;

(b2) b(c, 2) = b(z,¢);

(b3) b(c, 2) < s[b(c, y) + b(y, 2)],
forall ¢y, z € X. The triplet (X, b, s) is called a b-metric space.

In what follows we look over some of the notions and results in b-metric space.
Definition 1.6. [17] Let (X, b, s) be a b-metric space. The sequence {c,} is:
(c) convergent if and only if there exists ¢ € X such that b(c,,c) = 0asn — oo.
(C) Cauchy if and only if b(c,, cp) — 0 as p,n — oo,

(cC) The b-metric space (X, b, s) is complete provided that every Cauchy sequence from (X, b, s) is convergent. To
indicate that the considered metric space is complete we will use the notation (X*,b, s).

Let (X, b, s) be a b-metric space and a mapping T : X — X.

1. The mapping T is continuous at a point ¢ € X, if T(¢c,) — T(c) for every sequence {¢c,} in X such that
¢n — ¢. Moreover, if T is continuous at each point ¢ € X, then T is said to be continuous on X.

2. Let i € X. The set O(x) = {T"x0 :1n=0,1,2,...} is called an orbit of xp € X and denote by p(x) =
sup {b(c, z) : ¢, z € O(x)} the diameter of the set O(x).
If for some x € X, every Cauchy sequence from O(x) converges in X we say that the space is orbitally
complete and we will use the notation (X' 0 p, s) for such spaces.

2. Main results

Theorem 2.1. Let T be a self~mapping on the space (X9,0,5), a function C € & and a, @, a3 € [0,1) such that
m + @+ 2sa3 < L. If for every ¢ € X, there is a positive integer m = m(c) such that

LTV, T")z), L(c, 2)) 2 0, (6)
where
L(c, 2) = mb(c, 2) + mb(c, T")¢) + asb(z, T"z)
holds for every ¢, z € X, then T has a fixed point ¢* € X.
Proof. First of all, we remark that since € &', we have
0 < LTV, TV 2), L(c, 2)) < L(c, 2) = BT, T 5)
and the inequality (13) yields

b(Tm(C)g, Tm(C)z) < L(c, 2), ’
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forany ¢,z € X.
For an easier reading, we will structure the demonstration in a few steps.

Step 1. First of all, we shall show that the orbit is bounded for every ¢ € X.
Let ¢ be an arbitrary point in X and r(c) = sup {b(g, T¢):1=1,2,.., m(g)}. For a positive integer m there
exists | > 1 such that Im(c) < m < (I + 1)m(c). Therefore, for 1 < p < m(c) we can write m = Im(c) + p. By (b3),
we have

b(c, ") < s-[b(c, T"Oc) + b(T"c, T"¢)] ®)
= s5-[b(c, T™)¢) + s - B(T"C) g, T™E(T" ) c))].

Replacing z in (7) with T" )¢ we get
b(T™ ¢, T (T ) = b(T"™) g, T™N(TEDMO+P ) < L(g, TEDmE+p ()
= g b(c, TEV™MP ) 4 gob(c, T™O¢) + agb(TEDM+p THE+p )

< ab(c, TD"OPe) + ab(c, T )+
+sa [B(TEDMO e, €) + b(c, TMO)|

= (a1 + sa3)b(c, T 6) + mb(c, T"O)c) + sasb(c, T™c)
Returning in (8) we get,
b(c, T"¢) = s b(c, T"c) + s(a + sa)b(c, TV ) + supb(c, T"Oc) + s*asb(c, T"c)
and hence

b, T"c) < S2p(c, TOc) + Ly, T0-Dmierr )

1-s2a3

< (+m) rc) + s(u1+sa3)b( TU-1)m(e)+p o).

< 1-52a3 1-52a

Let denote by ¢ = @ + @ + 25 and a = sc < 1 (since by hypothesis’s ¢ < 1). Thus,

s(+a) s+1 and s(m + sa3)
1-s23 1-a 1-s2a3 ~
and
b(c, ") < ﬂr(c) +ab(g, TI-Dm©rc)

< #1p(c) + a[ £ 1(c) + ab(c, T )]

= 5370 + arkir() + a?b(e, T 7g)

<@ +a+a®+ ..+ ad () + a'b(c, TPe)

< ghpr(Q) +a'b(c, TPo),

whence, the orbit O(¢) = {T"¢:n =0,1,2,...} is a bounded subset of X.

Step 2. We claim that the sequence {c,;} is Cauchy.
Let ¢y be a fixed point in X and {c,,},, be the sequence defined as follows

c1=T"co,c2=T"c1 =T""™¢Co, ., G = T gy = T 2T,
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where m; = m(c;). Of course, the sequence {¢,}, € O(co).
Let now, ¢i be a fixed term of the sequence {c,},. Then, there exists v = v(¢o) such that ¢, = T?¢ is a
successor terms of ¢x. By Step 1 and by (7) we have

b(ck,cq) = b(T™ gy, TOck) = B(T™ 1 g, T (TP 1¢pq)) < L(Gko1, TO ™ 1Ck1)
< ap - B(Gr-1, T Gp1) + @ - D(Cp—1, T Gh1) + a3 - DT gpq, TCx1)
< ap - b(Ck-1, TV 1C1) + a2 - D(Ch—1, T Gp1)+
+ags - [D(T"™1Ck-1, Ck-1) + B(Ck-1, T Ck-1)]-
Denoting by vy € {my_1,v,v — my_1} such that
b(ck-1, T Ck-1) = max {b(cx-1, T ck-1), b(Ck-1, T Ck-1), B(ck-1, T" ™ Ck-1)},
from the above inequality we have
b(ck, ¢q) < (@ + @ + 2a35) - B(ck—1, T"Cho1) = ¢ - B(Cro1, T™Cx-1). )

In the same way, if we consider vy € {my_, v, Vg — m—,} such that

b(ck-2, T" Ck—2) = max {b(Ck—2, T"2¢x_2), b(Ck—2, Ty Ck-2), D(Ck—o, T "2 Ck—z)} ,
we have

b(cr-1, TCk-1) = B(T™2¢_p, T™2(TP™2¢y_5)) < L(Ck—2, TO™2Ck_2)

@ - B(Cro, TOT"2¢k_2) + ap - B(Cra, T™2Ck2) + a3 - BT ™" 2¢k_p, T Cx_2)
a1 - b(Groo, T ™2k 0) + ap - B(Gr—p, T™2Grn)+

+ags - [D(TO™™2¢y o, Cr-2) + b(Cr_2, T Cr-2)]

(a1 + @ +2a35) - B(Gk-1, T" Gk-1)

¢ b(cr-2, T Gk—2).

IN A

I IA

Continuing in the same way, we can find vj,; such that
B(ck-1, T¢k-1) < ¢+ B(Gk-2, TV Gk-2) < ¢ - B(k-3, T C3) < ... < - b(co, T o)
and replacing in (9),
b(ck cq) < ¢ - Bco, T" o) < *p(co)-
Let now, w = w(cp) such that ¢, = T is an another successor term of ¢. We have,
B(cp, Gq) < s[0(cp, ck) + Bk, 69)] < 25" p(Go) — O as k — oo,

so that the sequence {¢,},, € O(cp) is Cauchy on the space (X9,b,s). Thus, there exists ¢* € X such that
lim ¢, =¢".
n—oo
Step 3. We now claim that ¢* is the unique fixed point of T.
Firstly, we prove that lim b(T")¢,, c,) = 0.
n—oo
By letting ¢ = T"()¢,, and z = ¢,, in (7), we have
(= TM(C*)(;”) = B(T"™1 ¢y, T (TM(;*)—m.H Cno1)) < L(Guo1, Tm(c‘)—mmgn_l)

= ;b(cyo1, T Mm1g, 1) + mb(Cuo1, T™1Gym1) + aab(TME) M1, g T g, )

IA

@ b(Gyo, T 16, 1) + ab(Gymq, T Cn—l)*"'
+a3s - [b(Tm(C )=t Cn-1, Cn—]) + b(gn—lr Tm(.; )_mnflgn—l)]-
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Letting so € {m(c*), my_1, m(c*) — my_1} such that

B(C1, T2 Cu1) = max {b(cuy, T, 1), (S, T"cun), B(enar, T i)}
in the above inequality we have
b(cn, T™Vcy) < (a1 + @ + 2a3)0(Cp-1, TVCpo1) = eb(Cp1, TV Cp1)-
Repeating this process, we find that
B(cn, T"Vcn) < eb(Cum1, T Gpo1) < e < €"B(co, T c0) < ¢ p(co) — 0.
Accordingly,
lim b(c,, T")¢y) = 0. (10)
Secondly: T")¢* = ¢*
Supposing that T")¢* # ¢*, by (bs3) and (7) we have
0 <b(c", T™De) < sb(c”, 6n) + 7b(cn, T"ey) + S*B(T" ey, T"C)
< sb(c™, cn) + 52B(cn, T™cy) + Plab(cn, €7) + amb(cn, T")c,) + asb(c”, T)c7)]
and letting n — oo we get
0 <b(c", T") < smb(c”, T")e") < b(c”, T")e),

which is a contradiction. Therefore, T"<)¢c* = ¢*.
If we suppose that there exists another point z* in X such that T")z* = z* # ¢*, then we have

0 <b(c",2%) = BT, T ") < L(c7, 27)
= mb(c", &) + mb(¢", T")C") + ab(s", T 2") = ayb(c”, 27) < B(¢”, 2°).

This is a contradiction. Hence the fixed point of 7" is unique and from here we can conclude that ¢* is a
fixed point of T.
Indeed, we have

T = T(T")¢") = T"E(T¢Y)

which shows that T¢* is a fixed point of 7). Due to uniqueness, T¢* = ¢".
O

Example 2.2. Let the set X = [0,2] endowed with the 2-metric b(c, z) = |c — z|*. Let the mapping T : X — X be
defined as

s, forcel0,1]
Tc=1{ 0, force (%,1]
1, for ¢ € (1,2]
Forc = g and z = %, we have

5.7 2 i
b(Tg,Tg)—IO 11°=1>k 3 forany k € [0,1)
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and
5.7 ) 4 57 5.5 7 7
(T2, TS) =101 =1>a0— + m— + a3 — , b=, T> b, T
( G 6) | | >mgt oot = (6 6)+a2 (6 6)+as (6 6)
forany a1, a, a3 € [0, 1) such that ay + a + 2sa3 < 1.
5, forcel0,1]
On the other hand, T"(¢) = and for example, taking a) = a = a3 = and m=m(c) =

0, force (%,2]

we have:
1. for ¢,z €0, %],

z lc — 2 k—d

1
2323) o 20 700 2) < L(c, 2);

B(T¢, Tz) = b(

2. forc,z€(3,2],

b(Tg, Tz) =0 < L(g, 2);

3. force[0,3]and z € (3,2],

B(Tc,T2) =b(5,0) = 5 < 25 (Ic — o + B2+ 22)
%5 (26(c, 2) +b(c, §) + 0(z, 0))
In conclusion, for any function C € & all the hypothesis of Theorem 2.1 hold, thus T has a fixed point.

Corollary 2.3. Let T be a self-mapping on the space (X9,b,5)and G, b, 5 € [0,1) such that { + b + 25 < % If for
each ¢ € X, there is a positive integer m = m(c) such that

B(T"C)c, T"O) 2) < hb(c, 2) + bb(c, T"C)c) + hb(z, T")z) (11)
for every z € X then T has a fixed point ¢* € X.
Proof. Letting C(a,b) = kb —a, with k € (0,1) and 4 = k - 4;, the proof follows by Theorem 2.1. O

Of course, by choosing s = 1 we have similar results in metric spaces.

Corollary 2.4. Let T be a self-mapping on an orbitally complete metric space (X,d), a function C € & and
a1, @, 3 € [0,1) such that ; + ay + 2a3 < 1. If for every ¢ € X, there is a positive integer m = m(c) such that

UL (T, T™O)z), L(c, 2)) 2 0, (12)
where

L(c,2) = md(c,2) + d(c, T"¢) + a3 (5, T"O) z)
holds for every z € X, then T has a fixed point ¢* € X.

Corollary 2.5. Let (X, &) be an orbitally complete metric space and 4, b, 5 € [0,1) such that § + L + 25 < 1. If for
every ¢ € X, there is a positive integer m = m(c) such that

d(Tm(g)gl Tm(g)z) < Gd(c,2) + bd(c, Tm(c)g) + bd(z, Tm(@)z) (13)

then T has a fixed point ¢* € X.
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In the next Theorem, we investigate the existence and the uniqueness of a fixed point for iterative
contraction mappings via Wardowski function.

Theorem 2.6. Let T be a self-mapping on the space (X', b, s) and assume that there exists co € X such that the orbit
O(co) ={T"¢o:n =0,1,2,...} is a bounded subset of X. Let the functions C € &', G € G and suppose that for every
¢ € X, there is a positive integer m = m(c) such that

B(T"Oc, T z) > 0 = {(t + GB(T"c, T"Oz)), G(R(c, 2))) > 0, (14)
where
R(c, z) = max {b(c, 2), b(c, T")c), b(c, T")2)}

holds for every z € X. Then there exists ¢* € X such that lim,_,. T"¢o = ¢".
If ONE of the following holds

(A) T is continuous,
(B) the orbit O(¢*) is bounded,
(C) G and b are continuous
then ¢* € X is the unique fixed point of T.
Proof. As in a previous demonstration, since C € &, we have
B(T"Oc, T"O2) > 0 = Ut + GOT"Oc, T"O2)), GR(S, 2))) < GIR(c, 2)) ~ [T+ GOT"Oc, T")2))]
and the inequality (14) yields
B(T"Oc, T z) > 0 = T+ G(T™ ¢, T 2)) < G(R(c, 2)), (15)
forany ¢,z € X.

Let 0 € X. We prove that if there is f(0) such that T**)g = T*O)g for every a(o) then TP is a fixed
point of T%©).
Indeed, because

T (THO) 5) = T 5 = THO) g,

we get that 0 = TP is a fixed point of T*©). If there is another point, ¢’ € X, such that T*®)g* = ¢* # ¢’ =
T¥9)g’, because b(T*?)¢*, T*®)¢") > 0 we have from (7)

G(b(c*,0")) = G(b(T 9", T*9g")) < G(R(¢*,0") — T
= G(max {b(o*, a’),b(c*, T*9)g*), b(0", T“(“)o'))} -1
= G(b(c*, 0"),b(0,0),b(c*,0")) — 7
= G(b(o*, 0’)) — 7 < G(b(0™, ")),

which is a contradiction. Thus, ¢* is the unique fixed point of T4 On the other hand, we have
To" = T(T*96*) = T*)(Tc")

which shows that To" is also a fixed point of T*?). Therefore, taking into account the uniqueness of the
fixed point, we have To* = 0".
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Let ¢y be a point in X such that the orbit O(cp) = {T"¢o : n =0, 1,2, ...} is a bounded subset of X; we have
that p(cp) < o0. On the other hand, from the above considerations, we have that b(T¢y, TP¢¢) > 0 for every
p,q € N U {0} or, equivalent p(co) > 0.

We build the sequence {c,}, defined as follows

c1=T"co,co=T"c1 =T""¢y, ..., Cp = T gyq = T M2t=H0g,,

where m; = m(c;). Of course, it is easy to see that the sequence {c,}, € O(co).

We claim that the sequence {¢,} is Cauchy.

Let ¢x a fixed term of the sequence {¢,},. Then, there exists v = v(co) such that ¢, = T“¢y is a successor terms
of ¢x. Again, as proved above, b(T"¢x_1, T"™1(T°™1¢k_1)) > 0 and by (15) we have

G(b(ck,cq) = GOO(T™1cpoq, T"r) = GO(T™ Gy, T™1(T"™1Cx1)))
< GR(Gk—1, T ™ 1Gkq)) — T
< G(max {b(cx—1, T*™Gx_1), b(Cr—1, T™ " ¢x-1), B(Gh—1, T?Cr—1)}) — 7.

Denoting by vy € {1, v,v — my_1} such that
b(Ck-1, T ck-1) = max {b(cx-1, T"" Gx-1), B(Ck-1, T Ck-1), B(Ck-1, T* "' k1),
from the above inequality we have
G(b(ck, ¢q)) < G(b(ck-1, T Ck-1)) — 7. (16)

In the same way, if we consider vy € {my_, v, Vg — m—} such that

b(cx-2, T" ¢k-2) = max {b(Ck—z, T™2¢k-2), b(ck-2, Tock-2), b(Cr—2, T 7" Ck—z)} ,
we have

G(b(ck-1, T ck-1)) = G(O(T™2g_p, T™2(TP™™2¢y_»)))
< G(L(Cg—p, T Mgk p)) — T
< G(max {b(cr—2, T ™2¢x_2), b(Ck—2, T"2Ck-2), b(Ck—2, T™Ck-2)})
< GO(cr2, T G2)) — T

Continuing, we can find vy_; such that
G(b(ck-1, T"¢r-1)) < G(b(Gr-2, T""Gk2)) = T < ... < G(b(co, T o)) — (k — 1)t < G(p(co)) — (k— 1)t
and replacing in (16),

G(b(ck cq)) < G(b(ck-1, T"Ck-1)) — T
< G(p(co)) — kt.

Taking in the inequality above k — oo we get il_r& G(b(ck, ¢4)) = —oo and then from (f;), we have
lim b(ck, ¢q) = 0. 17)
Let now, w = w(cp) such that x, = Tl ¢, is another successor term of ¢x. We have,
b(cp, cq) < s[b(cp, ck) +b(ck, cq)] = O ask — oo,
so that the sequence {¢,}, C O(c) is Cauchy on the space (X9',b, 5). Thus, there exists ¢* € X such that
lim ¢, = ¢". (18)

We shall show that T"()¢* = ¢*, under the assumptions (A) or (B) or (C).
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(A) If T is continuous, then T"") is continuous and

"¢ = T")(lim Tgp) = lim T" gy = ¢,
n—oo n—oo

Hence, ¢* is a fixed point of T™().

(B) By (b3), we have
B(", T < s [b(c", ) + blek, T")c)] (19)
Supposing that b(¢*, T")¢*) > 0, we have
b(ck, T"c") = BT gy, T (T ¢7)) > 0,
and by (15),

Go(cr, T™Vc*)) = G(O(T™1 gy, T (T M1 6%)) < G(R(Gper, TV M167)) = T
= G(max {b(gk—l/ T =m16%), b(Ggoq, T Gho1), B(Ck-1, Tm(‘;*)C*)}) -7
< G(b(ck-1, T™¢")) — 7,

where v € {m(c*) — my_1, m(c"), my_1} is choosing such that

B(ck1, T¢) = max {b(cer, T 1€, b(cor, T Gioa), bcr1, TE)).
Thus, continuing in this way, we have

G(o(cr, T"c") = Go(cr-1, TC") = T < ... < G(b(co, T"¢")) ~ ke,

for all k € IN.
On the other hand, we remark that, under the assumption (B), there is a constant £ > 0 such that

b(¢*, T"1¢*) < 2—2 and b(¢p, ¢*) < Z—E Thus,

b(co, T"¢") < s[b(co, ") +b(c™, T ¢")] < K. (20)

Taking the limit as k — oo and keeping in mind (20), we get lim G(b(c, T"™)¢*)) = —co, which together
n—o00
with (f,), gives

lim b(cg, T")c*) = 0. (21)
n—oo

b(c", T™)e") < s[b(c”, cr) + bler, T"c")]

and taking into account (18) and (21 ) we have b(c*, T")¢*) = 0.

(C) If G and b are continuous, we have
GO, T"(T"q))) < G (max {b(c”, T"o), b(c", T")c%), b(c", T" (T o)) - .
Letting n — oo and taking into account (18)

GO(T™c, ) < GI(T™ ", ) — T < GIO(T™E) e, ),
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which is a contradiction. Therefore, G(b(T")c*, c*)) = 0, that is T")¢* = ¢*.
Let ¢*, z* be two distinct fixed points of T""). Then, b(T"™)¢*, T")z*) = b(¢*, z*) > 0 implies that

GO, T 2) < G (max fb(c, ), b(e, T, b(e", T 2))) - 7
< G (max {b(c", %), b(c", ¢*), b(c", 2)}) — T
<G, ) - T
< Glo(e, ).

This is a contradiction.

Hence, T") has a unique fixed point, and follow the lines from Theorem 2.1 we conclude that T¢* = ¢*. [

Example 2.7. Let the set X = [0,0) endowed with the b-metric b = |¢ — z|*, for every ¢,z € X. Let the map
. s, forcel0,3)U(3,1]
T:X — Xbegiven by Tc =
1, forc = %
Since

b(T0,T3) =00, 1) =1, ©(0,3) =1,
b(0,T0) =0, ©(3,T3) =0z, 1) =4,
b0, T =0(0,1) =1, b}, T0)=1

we get that T satisfies neither the assumption of Theorem 1.3, nor that of Theorem 1.4.

,  force[0, U3, 1]

Omn the other hand, since T%¢ = { we have

W= ON

, forg:%

2 2

0(T%, T23) = b(5, 3) = |

7

9
2
b(e, %) = (5, b, T =b(c, }) =] - 4f .

and choosing G(t) = Int, T = 2In3k the inequality (15) becomes

21, L1 1
(55) T2 125) < Ree, )

where

R( D) = max[olc, 1), b6, T2), e, b)) = max{l - 3, (577,

-3}

If ¢ > 1, we have

21 3-¢c\? 8g)2 1
(20 9 )<(9 <R 3)

and if ¢ < % we get
21 3—c\? 1\2 1
- ——) < =).
(20 9 ) <(g 2) =R 3)

Therefore, because G and b are continuous, by Theorem 2.6, it follows that T has a fixed point.
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Corollary 2.8. Let T be a self-mapping on the complete orbitally metric space (X9, &) and assume that there exists
co € X such that the orbit O(co) = {T"¢co : n =0,1,2,...} is a bounded subset of X. Let the functions L€ &, G e G
and suppose that for every ¢ € X, there is a positive integer m = m(c) such that

d(T"9¢, T"92) > 0 = {(z + G(d (T, T")2)), G(R(c, 2))) 2 0, (22)

where

R(c, z) = max {tf(c, 2),d(c, T"¢), 4(c, T’”(C)z)}

holds for every z € X. If either T or G is continuous, then T has a unique fixed point of ¢* € X. Moreover,
limn—>oo T"CO = C*'
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