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Expressions for the g-Drazin inverse in a Banach algebra
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Abstract. We explore the generalized Drazin inverse in a Banach algebra. Let A be a Banach algebra, and
leta,b € A% If ab = Aa"bab™ for a nonzero complex number A, then a + b € A?. The explicit representation
of (a + b)? is presented. As applications of our results, we present new representations for the generalized
Drazin inverse of a block matrix in a Banach algebra. The main results of Liu and Qin [Representations

for the generalized Drazin inverse of the sum in a Banach algebra and its application for some operator
matrices, Sci. World J., 2015, 156934.8] are extended.

1. Introduction

Throughout the paper, A is a complex Banach algebra with an identity and A is a nonzero complex
number. The commutant of a € A is defined by comm(a) = {x € A|xa = ax}. An elementain A has g-Drazin

inverse (that is, generalized Drazin inverse) provided that there exists b € comm(a) such that b = bab and
a—a?b € A Here, A™! is the set of all quasinilpotents in A, i.e.,

AM = (g € A| 1+ ax € Ais invertible for every x € comm(a)}.

For a Banach algebra A we have

1€A™ & 1+ ua € Ais invertible for any p € C.

We use A to denote the set of all g-Drazin invertible elements in A. As is well known, a € A? if and only
if there exists an idempotent p € comm(a) such that a + p is invertible and ap € A" (see [10, Theorem 4.2]).
The objective of this paper is to further explore the generalized Drazin inverse in a Banach algebra.

The g-Drazin invertibility of the sum of two elements in a Banach algebra is attractive. Many authors
have studied such problems from many different views, e.g., [3, 4, 6, 7, 11, 13, 15, 17]. In Section 2, we
investigate when the sum of two g-Drazin invertible elements in a Banach algebra has g-Drazin inverse.
Let A be a Banach algebra, and let a,b € A?. If ab = Aa™bab™, we prove that a + b € A’ The explicit
representation of (a + b)? is presented. This extends [11, Theorem 4] to more general setting.
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It is a hard problem to find a formula for the g-Drazin inverse of a block matrix. There have been many

A B
C D)eMz(ﬂ),Aand

D have g-Drazin inverses. If a € A has g-Drazin inverse a”, the element a™ = 1 — aa“ is called the spectral
idempotent of a. In Section 3, we concern new conditions on spectral idempotent matrices under which
M has g-Drazin inverse. If BD = A(BC)"ABD™ and CA = A(CB)"DCAT, we prove that M € M,(A)". The
formula for M? is given. This extends [11, Theorem 10] to the wider case.

Finally, in the last section, we present certain simpler representations of the g-Drazin inverse of the block
matrix M. If BC = 0 and BD = AA™AB,DC = A"'D"CAA™, then M € M,(A)? and

papers on this subject under different conditions, e.g., [5, 6,9, 14, 16]. Let M = (

Ad (Ad)2B+ Z A”B(Dd)’”z
Md — oonzg
C(AY)? D+ C(AY)°B+ Y, Y, DF1CA"*B(D*)"+
n=0k=1

2. Additive results

In this section we establish some additive properties of g-Drazin inverse in Banach algebras. Letp € A
be an idempotent, and let x € A. Then we write

x=pxp+px(L—p)+ 1 -pp+(1-p}x(1-p),

and induce a Pierce representation given by the matrix

x:( pxp px(1 = p) )
A=ppp A-pxd-p) ]~

We begin with

Lemma 2.1. Leta,b € A% and ¢ € A, and let
(a0
x=| . 4| o
p

oo a0 ¥z
Tz ] o 4]
p P

2 = O L") + b7( X Be(a’y)(a')? - beat.
i=0 i=0

o &
ESTRE
~———
A

Then
where

Proof. See [3, Lemma 2.1]. O
Lemma 2.2. Let A be a Banach algebra, and let a,b € A™!. If ab = Aba, then a + b € A,
Proof. See [2, Lemma 2.1] and [8, Lemma 2.1]. O
Lemma 2.3. Let A be a Banach algebra, and let a € A™! and b € A, If
ab = Abab™,
then a +b € A% and

(@+by =b' + Z(bd)”+2a(a +b)".
n=0
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Proof. Let p = bb®. Then we have

Hence,

s [bt 0 . (0 0
b ‘( 0 o0 pa“db “lo 1-w )

a1b1 ﬂ2b2 _ _ T 0 Ablﬂz
( Ll3b1 Ll4b2 )p = ab = Abab _( 0 Ab2ﬂ4 )p.

Since ab = Abab™,, we get

Thus a1b; = 0 and azb; = 0, and then a; = 0 and a3 = 0. Obviously, b, = b — b?b? € ((1 — p)A(1 — p))™i.
Since ab = Abab™, we have abl? = Abab™b" = 0. Hence a(1 — bt¥) = a € A™!. In view of Cline’s formula
(see [12, Theorem 2.1]), we prove that ay = b™ab™ € AT As asby = Aboay, by Lemma 2.2, we show that
as+by € (1= p)AQ1 - p)™, ie., (as + by)? = 0.

Since
[ ] ap
a+b_( 0 a4+b2 )p,

it follows by Lemma 2.1 that

o

d
b a btz
i_[ 2 _
(a+b) _( 0 ﬂ4+b2) _( O)p,

where z = (bd)z( Y (b a(ay + bz)i). Since abb® = 0, we derive
i=0

@+b)?=b"+ Z(bd)"”a(a +b)",
n=0

the result follows. O

Now we state one of our main results.
Theorem 2.4. Let A be a Banach algebra, and let a,b € Al If
ab = Aa"bab™,

thena +b € A and

@+by = bl +blam+ Y () 2a(a + byl
n=0
LY (a4 byb(adyr
n=0

_ E“ f (bd)k”a(a + b)"+kb(ad)"+2
n=0k=0

— Y (")"2a(a + b)"bat.
n=0

a 0 ) ( bii b )
a= ( ,b= .
0 ap . bl bz 9

Proof. Letp = aa®. Then we have
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Since ab = Aa"bab™, we get aa’b = Aa‘a™bab™ = 0; hence, by; = by = 0. Thus,
a0 ) ( 0 0 )
a= ( b= ,
0 an p bl bz P

R I
0 0) " T\ 1)

0 O p o)
at = b= < |-
[0 1—p)p [ :

Clearly, a; = (1 — p)a(l — p) = a — a?a® € A" Since (1 — aa®)b = b € A%, it follows by Cline’s formula that
by, = a™ba™ € (1 — p)A(1 - p))*. Asab = Aa"bab™, we infer that

0 0 o
( mby by ) =ab = Aa"bab

So we get

Hence,

4 0 0

N blal - bzﬂzbgbl bzﬂzbg !
and then

{Ilzbz = /\bzagl’]g.

In view of Lemma 2.3,
(a2 + o) = b3 + )" (09)"*2ax(az + bo)".
n=0

By virtue of Lemma 2.1, we have

a7t 0 at 0
(“””d:( : (ﬂz+bz)d):( 2 (@ + by )

where

[ee]

2= (a2 + bo)"( ) (a2 + b)'bla"Y )(@)? = (a2 + o) ba.

i=0

We easily see that a;b = (Abaazb})(b9)* = 0; hence,

@+b)" = (1-aa®)— b — 3 (B ay(ay + by)"
n=0

by = L ()" ax(az + b2)".

n=0

Moreover, we have

N
Il

b3 (a2 + by)'b(a”)+2

L
2.
Y, X (03" ay(az + bo)"ib(ad) +?
n=0i=0

biba? — Zo(bg)”"zaz(az + by)"bat.
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Clearly, ab = ab? = (a%)?(Aa™bab™) = (Aa"bab™)(b")? = 0, one easily verifies that

a 0 nd
(—@hﬂ 0)‘b‘Z

0 0 , ,
( b (as + bz)ib(ad)i+2 0 ) =b"(a+ b)zb(ad)1+2,
2
0 0
(bg)"“az(az + bz)"bad 0 = (bd)”+za(a + b)"bad,
0 0 .
(bg)"*laz(az + bz)"”b(gd)iﬂ 0= (bd)”+1a(a + b)"ﬂb(ad)l”,

Also we have
0 0\ ;.
[0 u)=re

0 0 — (hd\n+2 n LT
( 0 (bg)n+2ﬂ2(ﬂ2 + bz)" ) - (b ) lZ(lZ + b) a
hence the result. O

Example 2.5. Let A = M3(C) and let

Then ab = %a”bab”, while ab # a™bab™.

Proof. 1tis clear thata® = b* = 0, then a? = b? = 0 which implies that a™ = b™ = I3. Obviously,

0 00 1
ab=1] 0 0 |==a"bab™,
1 2

0

0 00
whilea™ab™ =] 0 0 0 [#ab. O
2 00

3. Block operator matrices

3849

In this section, we turn to study the g-Drazin inverse of the block matrix M by applying Theorem 2.4.

We now derive

A

Theorem 3.1. Let M = ( c g ) € My(A), A and D have g-Drazin inverses. If BD = A(BC)"ABD™ and

CA = A(CB)"DCAT, then M € My(A)* and

M = Ad(BC)n AnB(CB)d ) 0 (Ad)sz

DC(BCY* D*CB)® +,§0( (DAy2C 0 )
A BOT 0 AT (A 0
M( 0 (CB)“)+Z(O D")M(O D)

BCB' \7_ s 0 (@B
(amﬁ 0 ) ‘%é(@ww 0 )Mk

A 0 0 BEB "7 = 0 (A?y+2B
( 0 D )( CBO?* 0 ) _EO( (DY)yr+2C 0 )
v ( 0 AB(CB)? )

DC(BC)* 0 )
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Proof. Clearly, we have M = P + Q, where

Then

AT 0 A™ 0
d T .
p‘( o o )= 0 D)

BC 0 BCY 0
sz( 0 CB )'(Qz)dz( 0 (CB)d)'

By using Cline’s formula, we get

=00 = ey ")
Hence,
oo ( wor 8 )

Clearly,

PQ =( DOC I%B )

e 5 )
and so

QrPQP” =( (CB)”?DCA” (BC)HSBDH )
By hypothesis, we have
QP = AQ"PQP".

According to Theorem 2.4, M has g-Drain inverse. The representation of M is easily obtained by Theorem
24. O

Ié g ) € My(A), A and D have g-Drazin inverses. If BD = AABD™,CA = ADCA™

and BC = 0, then M € My(A)? and

Ad 0 ) 0 Ad n+2B
Md = ( O Dd )+ _0( (Dd)”+2C ( )0 Mn.

Corollary 3.2. Let M = (

Proof. Since BC = 0, we have (BC)™ = I = (CB)™. Moreover, (BC)? = 0, B(CB)* = B(CB)((BC)#)> = 0. Construct
Q as in the proof of Theorem 3.1, we have Q¢ = 0, and so Q™ = I. This completes the proof by Theorem
31. O

In a similar way as it was done in Theorem 3.1, using the another splitting, we have

A B

Theorem 3.3. Let M = ( cC D

) € My(A), A and D have g-Drazin inverses. If AB = AATBD(CB)™ and
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DC = AD™CA(BC)", then M € My(A)" and

- G G ) £ ey "]
(5 o) o J B[ oy )

( C(Ag)m (Dd)n+z ) gﬂé ( ey B(COB)d )k+1

(5 o )M( cars "0 )

"g( C(E(B)C)d e )”+ ( 13 D )M( x5 )

Proof. Construct P and Q as in the proof of Theorem 3.1, we have

0 AB

PR={pc o )
b 0 A"BD(CB)"
PrQrQ ‘( D"CABC)* 0 )

By hypothesis, we see that PQ = AP"QPQ™. The theorem is therefore established by Theorem 2.4. [

As a consequence of the above, we now derive

Ié ]1_‘3) ) € My(A), A and D have g-Drazin inverses. If AB = AA™BD,DC = AD™"CA

and BC = 0, then M € My(A)? and

Al 0 0 0 B(Dd)n+2
d n
M = ( 0 D¢ ) + n§OM ( C(Ad)n+2 0

Corollary 3.4. Let M = (

4. Certain simpler expressions

Let M = ( é g € M,(A). The aim of this section is to present certain simpler representations of the

g-Drazin inverse of the block matrix M in the case BC = 0 or CB = 0. We now come to the main result of
this section.

Theorem 4.1. Let A and D have g-Drazin inverses. If BD = AATAB,DC = A"'D™CAA™ and BC = 0, then
M € My (A and

Ad (Ad)2B+ Z AnB(Dd)n+2
Md = oon=2
CAY? DY+ CAY)B+ Y Y. D*'CA™+B(DA)"?
n=0k=1

Proof. Write M = P + Q, where
AA™ 0 A?2A1 B
P=( 4" 5 )e=( " 7))

0 0 10
d _ T
=[5 o )=o)

Then
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As BC = 0, we have
' Al (A)?B [ AT ~-AB
Q = C(A%)? C(A%°B Q= —CA? I-C(A%?B |°
Since BD = AA™AB and BC = 0, we get BDC = (AA™AB)C = 0. As DC = A"!D"CAAT, we have

(0 AAB\_ (0 BD\_ e
PQ_(DC 0 )‘A (D”CAA” 0 )‘A PrQPQr.

In view of Theorem 2.4, we obtain
M = and + den + Z (Qd)n+2pMnPn
n=0
+ Qn Z MnQ(Pd)n+2
n=0
_ i f (Qd)kJrlPMnJer(Pd)mZ
n=0k=0
_ Z (Qd)n+2PMnQPd_
n=0
Since BD = AA™AB, we infer that A’BD = A*(AA™AB) = 0, and then

(A (A%B \[ AAT 0\
Q' ‘( C(AY?  C(AYB )( 0 D )‘0'

Therefore -
Md — Pd + Qd + Qn ZMHQ(Pd)n+2~
n=0
Moreover, we have BDC = (AA™AB)C = 0. By induction, BD"C = 0 for any n € IN. Accordingly,

Qn Z MnQ(Pd)n+2

n=0

A" —-A"B A B
( ~CAY 1-C(A%?B )( C D

AT —AB A B
—-CA? I-C(A"?B )( C D
B(Dd)n+2 )

I
s

=
I}
fe=}

I
o O Omg
—_—

0

AT —AB
—CA? T-C(A%)?B

B(Dd)n+2
0
Z AnB(Dd)n+2

— n=1
- co n

Z Z Dk—1CAn—kB(Dd)n+2
n=0k=1

—

ar 0
Y. D-ICA™* 0
k=1

I

—_— =
8

o OOOM
—_

o

as desired. O

Corollary 4.2. Let A and D have g-Drazin inverses. If CA = AD"DC,AB = AA™BDD™ and CB = 0, then
M € My (A and
A?+B(DYPC+ ¥ Y. AFIBD"*C(AY)™+2 B(DY)?
M = n=0k=1
(Dd)2C+ Z DnC(Ad)n+2 Dd
n=0
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Proof. Obviously,

A BY) (0 I D C 0 I
C D) \I 0 B A I 0)
. D C . ..
Applying Theorem 4.1 to B A ) Wwesee that it has g-Drazin inverse and
D c\
B A
Dd (Dd)2C+ Z DnC(Ad)n+2

n=0

B(DY? A+ B(DPC+ Y, Y. AF1BD™kC(A%)H2
n=0k=1

-1
Since(? (I)) :((I) é),wederive
d
M = 0 I D C 0 I
I 0 B A I 0

Now we are ready to prove the other main theorem in this section.

as desired. [
Theorem 4.3. Let A and D have g-Drazin inverses. If AB = AA™BD, DC = AD*CA and BC = 0, then M € My(A)*
and
Al 0 b 0 B(Dd)n+2
d _ n
M _( 0 Dd)+zéM (C(Ad)n+2 0 :
Proof. Write M = P + Q, where
A 0 0 B
=(3 5)e-(e o)

Al 0 AT 0
d _ T
P05 )T )

As BC = 0, we see that Q% = 0, and so Q¥ = 0, Q™ = I. One easily checks that

Then

0 AB 0 ABD\_ .
PQ‘(DC 0 )_A(D”CA 0 )‘APQPQ'

Since Q = 0, it follows by Theorem 2.4 that
M= P4 iMnQ(Pd)nJrZ.
n=0
Moreover, we have N o
,;; MOy = ; Mn( C(A(d))"+2 B(Dg)mz ,
as required. [

The following example illustrates that Theorem 4.3 is a nontrivial generalization of [11, Theorem 10].
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A B
cC D ) € Mg(C), where

€ M4(C)

OO OO
S O O
[N e
O R OO
OO OO
[e> el e e}
S O O
S O Wo

Then

AB =3A"BD,DC = 3D™CA and BC = 0.

Proof. Since A, B, C, D are nilpotent, we have A™ = B™ = C™ = D™ = I4. It is clear by computing that

AB =3A"BD,DC = 3D"CA and BC = 0.

In this case, AB # A"BD. 0O
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