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Abstract. Let X be a Tychonoff space. We survey some classic and recent results that characterize
the topology or cardinality of X when C, (X) or C; (X) is covered by certain families of sets (sequences,
resolutions, closure-preserving coverings, compact coverings ordered by a second countable space) which
swallow or not some classes of sets (compact sets, functionally bounded sets, pointwise bounded sets) in
C(X).

1. Preliminaries

Unless otherwise stated, X will stand for an infinite Tychonoff space. We denote by C,(X) the linear space
C(X) of real-valued continuous functions on X equipped with the pointwise topology 7,. The topological
dual of C, (X) is denoted by L(X), or by L,(X) when provided with the weak* topology. We denote by Cy(X)
the space C(X) equipped with the compact-open topology 7. A family {4, : @ € NN} of subsets of a set X
is a resolution for X if it covers X and verifies that A, C Ag for @ < . A family of bounded sets in a locally
convex space E that swallows the bounded sets is called a fundamental family of bounded sets. Definitions not
included in this paper can be found in [6, 18, 49].

2. Countable coverings for C, (X)

The following folklore result can be found in [49, Proposition 9.18]. Velichko’s theorem can be found in
[1,1.2.1 Theorem] or in [49, Theorem 9.12].

Theorem 2.1. The space C, (X) admits a fundamental sequence of pointwise bounded sets if and only if X is finite.
Theorem 2.2 (Velichko). The space C, (X) is covered by a sequence of compact sets if and only if X is finite.
Next theorem extends Velichko’s result to relatively countably compact sets.

Theorem 2.3 (Tkachuk-Shakhmatov [75]). C, (X) is covered by a sequence of relatively countably compact sets
if and only if X is finite.
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Theorem 2.5 below extends Tkachuk-Shakhmatov theorem to pointwise bounded relatively sequentially
complete sets. Recall that a sequence {f,}_, of real-valued functions defined on X is pointwise eventually
constant [34] if for each x € X there is a constant f (x) such that f,(x) = f (x) for all but finitely many n € IN.

Theorem 2.4 (Ferrando-Kakol-Saxon [34, Theorem 3.1]). C, (X) is covered by a sequence of relatively sequen-
tially complete sets if and only if X is a P-space.

Proof. Assume that C, (X) = U;2; Q. with Q, relatively sequentially complete for every n € IN and let
{fu}q be a uniformly bounded pointwise eventually constant sequence in C, (X) with limit f in RX. Let
us denote by Ct (X) the Banach space of all continuous and bounded functions on X equipped with the
supremum norm || - [|o.. Fix k > 0 such that sup, ”f””oo <k

Since {Cb X)NnQ,:ne ]N} is a countable covering of Ct (X), according to the Baire category theorem

there is p € N such that the closure B, of C? (X) N Q, in C? (X) has an interior point in the norm topology.
So, if D denotes the closed unit ball of C? (X), there are e > 0 and h € Qp with h + €D C B,. Since f, € kD

for each n € IN, we have {h + ek’lfn ‘neE ]N} C By. As Cct(X)n Qp is norm dense in By, for each n € N
thereis g, € C* (X)N Qp with |g, (x) - (h + ekt fn) (x)| <n~! forall x € X. Since {h +ek™! fn}:;1 is a pointwise
eventually constant sequence that converges to h + ek~ f, clearly g, — h + ek™! f pointwise on X. Using the
fact that Q, is relatively sequentially complete, it turns out that & + k™' f € C(X). Hence f € C(X). But,
as follows from [34, Theorem 1.1], a Tychonoff space X is a P-space if and only if each uniformly bounded
pointwise eventually constant sequence in C, (X) converges in C, (X). So, X is a P-space. For the converse
note that if X is a P-space, then C, (X) is sequentially complete [8]. [

Theorem 2.5 (Ferrando-Kakol-Saxon [34, Corollary 3.2]). C, (X) is covered by a sequence of pointwise bounded
relatively sequentially complete sets if and only if X is finite.

Proof. 1f C, (X) = U, Q. with each Q, pointwise bounded and relatively sequentially complete, Theorem
2.4 ensures that X is a P-space. If {x,},_, is an infinite sequence in X, for each n € N there is @, > 0 with
Sup o, (g (xn)( < a,. But[49, Lemma 9.5] provides f € C (X) with f (x,) = a,, i.e., such that f ¢ Q, for every
n € IN, a contradiction. Thus X must be finite. [J

Theorem 2.6 (Tkachuk, [69, 3.11 Theoreml]). If C, (X) is covered by a sequence of functionally bounded sets, then
X is pseudocompact and each countable subset of X is closed, discrete and C*-embedded in X.

Proof. (Sketch) Let us call o-bounded a space which is covered by countably many functionally bounded sets
and assume that C, (X) is o-bounded. If X is not pseudocompact, it contains a closed homeomorphic copy Y
of IN, hence C-embedded [39, Problem 3L]. Since the restrictionmap T : C, (X) — C, (Y) definedby Tf = f |Y
is continuous and onto, this implies that C, (Y) is 0-bounded. Hence C, (IN) = RN is covered by a sequence
of compact sets and Velichko’s theorem ensures that IN must be finite, a contradiction. On the other hand,
since C, (X,I) = {f € C(X) : =1 £ f < 1} is a retract of C, (X), it turns out that C, (X, I) is o-bounded. If Z is a
non-closed countable subset of X and y € Z \ Z, it is not hard to show that M = { feC,XD: f(y) = O} is
also covered by countably many functionally bounded sets {F, : n € IN}. But one can determine a function
f € M such that f ¢ F, for every n € IN (see [69, 3.7 Lemma] for details). So, such Z does not exist. Finally,
it is well-known that a subspace S of X is C*-embedded if and only if = BS. If each countable set in X is

closed, it can be seen that each countable set A is discrete and C*-embedded if and only if A = BA, [69,3.8
Proposition]. With the help of this result one can show that if C, (X, I) is o-bounded, every countable subset
of X is discrete and C*-bounded [69, 3.9 Theorem]. O
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3. Uncountable coverings for C, (X)

Recall that X is a Lindeldf L-space if it is a continuous image of a space that can be perfectly mapped
onto a second countable space [1, 57]. Also, X is a Lindel6f X-space if and only if is countably K-determined
[63], i.e., if there is an upper semi-continuous (usc) map T from a subspace £ of NN into the family K (X)
of compact subsets of X such that |J{T («) : @ € £} = X. This is equivalent to saying that (i) {T (a) : @ € X}
covers X and (ii) if a, — a in X and x, € T (a,) for every n € IN the sequence {x,},.; has a cluster point
in T (a). A space X is K-analytic (resp. quasi-Suslin) if there is a map T from NN into K (X) (resp. into the
family of countably compact sets in X) such that (i) {T (a) : @ € NN} covers X and (i) if @y — « in NN
and x, € T (a,) for each n € IN the sequence {x,} has a cluster point contained in T («) (see [76, 1.4.2 and
1.4.3]). Each o-compact (o-countably compact) space is K-analytic (resp. quasi-Suslin). A space X is analytic
if it is a continuous image of NN. Each analytic space is K-analytic, each K-analytic space is quasi-Suslin
and Lindelof X, and each Lindelof Z-space is Lindelof. A family N of subsets of X is a network for X if
for any x € X and any open set U in X with x € U there is some P € N such that x € P C U. The network
weight nw (X) of X is the least cardinality of a network of X, and a space X is called cosmic if nw (X) = 8.
Alternatively, X is a cosmic space if and only if it is a continuous image of a separable metric space [56]. So,
each analytic space is cosmic. Conversely, every K-analytic cosmic space is analytic [49, Proposition 6.4].
Moreover, C, (X) is a cosmic space if and only if X is cosmic [56, Proposition 10.5]. A family N of subsets of
a space X is a network modulo a family A of subsets of X if for each open set V of X and for every A € A with
A C V there exists N € N such that A € N C V. A space is Lindelof L if and only if it admits a countable
network modulo a covering by compact sets [49, Proposition 3.5]. Hence, every cosmic space is a Lindel6f
X-space. A space X is angelic if relatively countably compact sets in X are relatively compact and for every
relatively compact subset A of X each point of Adis the limit of a sequence of A, [36]. A space X is projectively
o-compact if each separable metrizable space Y that is a continuous image of X is o-compact. Clearly, every
o-bounded space (in the sense of Theorem 2.6) is projectively o-compact [3, Proposition 1.1], and every
projectively o-compact cosmic space is o-compact (see [49, Proposition 9.4] or [60]). A space C, (X) is said
to be Lindeldf L-framed (or K-analytic-framed) in R¥ if there is a Lindeldf Z-space (resp. a K-analytic space)
S in R¥ such that C (X) C S. A family N of subsets of a topological space X is called a cs*-network at a point
x € X if for each sequence {x,}”, in X converging to x and for each neighborhood O, of x there is a set
N € N such that x € N C O, and the set {n € IN : x,, € N} is infinite [38]; N is a cs*-network in X if N is a
cs*-network at each point x € X.

Lemma 3.1. If C, (X) is Lindelof T-framed in R, then vX is a Lindelof T-space and C, (X) is angelic.

Proof. First statement after the conditional comes from [59, Theorem 3.5] or [22, Theorem 3]. For the second
use the first and [62, Theorem 3], since C, (X) is angelic whenever C, (vX) is angelic. [

Lemma 3.2 (Ferrando-Kakol, [29, Lemma 1]). Let X be nonempty and Z be a subspace of RX. If Z has a countable

network modulo a cover B of Z by pointwise bounded subsets, then Y = \J{B : B € B}, closures in R, is a Lindelof
Y-space such that Z C Y C RX,

Proof. Let N = {T}, : n € IN} be a countable network modulo a cover 8 of Z consisting of pointwise bounded

sets. Set Ny = {T, : n € N}, B; = (B : B € B}, closures in RX, and Y = UB;. Let us show that N1 is a network
in Y modulo the compact cover B; of Y. In fact, if U is a neighborhood in RX of B, use B compactness to get

a closed neighborhood V of B in RX contained in U. Since N is a network modulo Bin Z there is n € N with
B C T, € VNZ which implies that B C T, C U. According to Nagami’s criterion [1, IV.9.1 Proposition], Y
is a Lindel6f E-space such that Z C Y CRX. 0O

Theorem 3.3 (Ferrando-Kakol, [29, Proposition 11). The following asserts are equivalent

1. Cy(X) admits a resolution of pointwise bounded sets.
2. Cp(X) is K-analytic-framed in RX.
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Proof. Let {A, : a € INN} be a resolution for Cp(X) of bounded sets, denote by B, the closure of A, in RX
and put Z = [ J{B, : a € NN}. Clearly each B, is a compact subset of RX and Z is a quasi-Suslin space [11,
Proposition 1] such that C, (X) € Z C RX. As each quasi-Suslin space Z has a countable network modulo
a resolution B of Z consisting of countably compact sets (see [20, Proof Theorem 8]) and every countable

compact subset of RX is pointwise bounded, Lemma 3.2 assures that Y = (J{B : B € B} is a Lindelof

Y-space, hence Lindelof, such that Z C Y € RX. As each set B with B € Bis compact, and (B:Be B)is
a resolution for Y, again Y is a quasi-Suslin space. Since every Lindelof quasi-Suslin space is K-analytic
and C,(X) C Y C R¥, it turns out that Cp(X) is K-analytic-framed in RX. For the converse, note that each
K-analytic space has a resolution consisting of compact sets [67]. [

Theorem 3.4 (Arkhangel’skii-Calbrix, [4, Theorem 2.3]). If C, (X) is K-analytic-framed in R, then X is pro-
jectively o-compact.

Proof. Assume C, (X) is K-analytic-framed in R*. Let Y be a separable metric space that is a continuous
image of X, say f : X — Y. Consider the pullback f*: RY — RX defined by f*(g) = g o f, which is a linear
homeomorphism onto f* (]RY) with closed range [1, 0.4.6 Proposition]. If S is a K-analytic space such that
C(X) €S C R then f*(C(Y)) C SN f (]RY), which is a K-analytic subspace of RX, since S N f* (]RY) is
closed in S. Hence T := (f*)™" (S) NRY is a K-analytic subspace of R such that C(Y) C T C RY, i.e., Cy(Y)is
K-analytic-framed in RY. So, if R, are the nonnegative real numbers, since there exists a (strictly increasing)

homeomorphism from R onto R*, there exists a K-analytic subspace M of RY such that C* (Y) := C(Y)NRY
is contained in M. Let ¢ : NN — K (M), where K (M) designates the family of compact sets of M, an

usc map such that J{p (a) : « € NN} = M. Define A : NN — RY by A(a) = inf(p({ﬁ eNN:g< a}). As
{8 € NN : B < a}is a compact set in NN, ¢ ({[-3 eNN:pg< a}) is a compact set in M and the infimum is with

respect to the pointwise ordering of RY, hence A (a) (y) = inf{p (8) (y) : B < a} > 0 for each y € Y. Clearly
A(@) < A(B) whenever B < @, and if f € C* (Y) € M there is y € NN such that f € ¢ (), so that A (y) < f.

Let (l_f, d) be a metric compactification of Y. For each & € NN set K, = N {1_/ \B(y,A(@)(y)):ye Y}, where
By, Aa)(y) = {z €Y :d(y,z)<Aa) (y)} is the open ball in Y of center y and radius A (a) (y) > 0. Clearly
Ky isacompactsetin Y\ Y, and we claim that {K, : a € NN} isa compact resolution for Y'\ Y that swallows
the compact sets in Y'\ Y. The relation K,, C K comes from A (8) < A (@) whenever a < . In addition, if Q is

a compact setin Y \ Y, the function /1 : Y — R, defined by  (y) = d (v, Q) belongs to C* (Y) when restricted
to Y. So, there is y € NN such that A (y) < hly. Thus d(y,z) > A(y) (y) for every y € Y and z € Q. In other
words, Q N U{B(y, A (@) (y)) : y € Y} = 0, which means that Q C K, . In this circumstances, Christensen’s

theorem [15, Theorem 3.3] shows that Y \ Y is a Polish space, so an absolute G; [51, Chapter 6, Problem K].
Consequently, Y is an F, of the compact space Y, i.e., Y is a o-compact space. [J

Corollary 3.5. If C,(X) admits a resolution consisting of pointwise bounded sets, then X is projectively o-compact.
Proof. This is a straightforward consequence of Theorems 3.3 and 3.4. [

Theorem 3.6 (Ferrando-Kakol, [29, Corollary 1]). Let X be a cosmic space. C, (X) has a resolution of pointwise
bounded sets if and only if X is o-compact.

Proof. The ‘only if’ statement is consequence of Corollary 3.5 and the fact, mentioned earlier, that each
projectively o-compact cosmic space is o-compact. For the ‘if” part note that if X = [J,; K,, with each K,
compact, the family {4, : @ € NN} with

Ay ={f e C(X):sup, |f ()| <a(m), neN]|
is a resolution for C (X) consisting of pointwise bounded sets. [

Theorem 3.7 (Calbrix [9, Theorem 2.3.1]). If C, (X) is analytic, then X is o-compact.
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Proof. 1f C, (X) is analytic, it is cosmic. Hence X is also a cosmic space [56, Proposition 10.5]. Since C, (X) is
K-analytic, it has a resolution of pointwise bounded sets (actually, of compact sets [67]). So, Theorem 3.6
ensures that X is o-compact. [

Corollary 3.8. If X is metrizable, the following are equivalent.

1. C, (X) is analytic.
2. X is o-compact.
3. Cp (X) has a resolution of pointwise bounded sets.

Proof. 1 = 2 follows from Theorem 3.7 and, as mentioned above, 2 = 3 always holds true. On the other
hand, if C,(X) has a resolution of pointwise bounded sets, then C, (X) is K-analytic-framed in R by
Theorem 3.3 and angelic by Lemma 3.1. But if X is metrizable, C, (X) is angelic if and only if X is separable
[49, Corollary 6.10]. Consequently, for metrizable X, the fact that C, (X) has a resolution of pointwise
bounded sets entails that X is a cosmic space. So, Theorem 3.6 yields the implication 3 = 2. Finally, if X is
a metrizable o-compact space then X is separable. Thus C, (X) is analytic by a clasic result of Christensen
[15, Theorem 3.7] (cf. Theorem 4.4 below). Hence2 = 1. O

Corollary 3.9. If C, (Cp (X)) has a resolution consisting of pointwise bounded sets, then X is pseudocompact.

Proof. 1f X is not pseudocompact, then C, (X) contains a complemented (linearly homeomorphic) copy of
R¥. If P is a continuous linear projection from C, (X) onto the linear subspace R the (linear) restriction map
T:Cp (Cp (X)) - Cp (R) givenby Ty = ¢|, is continuous and onto, forif ¢ € C (R®) thenyoP eC (Cp (X))
and T (1 o P) = ¢ due to Pg = g for every g € R”. Hence T carries a resolution from C, (Cp (X)) onto C, (R%)

made up of pointwise bounded sets. Since R” is metrizable, Corollary 3.8 shows that R“ is a o-space, which
isnot true. [

Theorem 3.10 (Tkachuk [71, 2.8 Theoreml]). C, (X) has a resolution consisting of compact sets if and only if it is
K-analytic.

Proof. If C, (X) has a resolution consisting of compact sets, then C,, (X) is a quasi-Suslin space [11, Proposition
1]. But, according to Lemma 3.1, the space C, (X) is angelic, and every quasi-Suslin angelic space is K-analytic
[11]. The converse can be found in [67] or in [49, Theorem 3.2]. O

The following result was stated and proved by Tkachuk, [71, 3.9 Theorem]. However, it can also be
derived as a consequence of Valdivia’s closed graph theorem for K-analytic spaces [76, Chapter I] (as
mentioned in [71]), which is the approach we choose.

Theorem 3.11. Assume C, (X) is a Baire space. C, (X) has a resolution of compact sets if and only if X is countable
and discrete.

Proof. According to Theorem 3.10, if C, (X) has a resolution of compact sets then C,, (X) is K-analytic. Hence
Cp (X) is a locally convex space which is both Baire and K-analytic, so a separable Fréchet space by [76,
1.4.3.(21)]. This forces to C, (X) = RX with X countable. Hence X is countable and discrete. [

Theorem 3.12 (Arkhangel’skii). If C, (X) is both Baire and a Lindeldf X-space, then X is countable.

Proof. Let us prove this result with the additional assumption that X is realcompact. A proof of the general
case can be found in [71, 3.8 Theorem]. If C, (X) is a Baire space, it is barrelled, i. e., each closed absorbing
absolutely convex set is a neighborhood of the null function. Hence, by the Buchwalter-Schmets theorem,
the functionally bounded sets in X are finite [8] (see also[1, I.3.4 Theorem]). If C, (X) is a Lindel6f X-space,
then vX is a Lindeltf X-space by Lemma 3.1 (see also [59, Theorem 3.5]). Since by assumption X = vX,
it turns out that X is a Lindelof Y-space with finite compact sets. Consequently X must be countable [1,
IV.6.15 Proposition]. [J
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Theorem 3.13. Let Cy(X) be a Baire space. If C,(X) has a resolution of pointwise bounded sets, then X is countable.

Proof. This follows from a general property of locally convex spaces which assures that each locally convex
Baire space E with a resolution of bounded sets is metrizable (see [50, Corollary 1]). Let us try a direct
approach. Let {A, : a € INN} be a resolution for Cp(X) consisting of absolutely convex pointwise bounded

sets. Define (1) = ny, (i + 1) = a (i) for each i € N, and set By := 11 abx (A,) where abx (A,) stands for the
absolutely convex cover of A, and the closure is in R*. Thus Z := |J{Bs : B € NN} is a linear subspace of
R¥, and each set By is compact with B, C Bg if @ < B. So, Z is a locally convex Baire space with a resolution
of compact sets. By [31, Theorem 1], Z is a separable Fréchet space. Hence C,(X) is metrizable, so X must
be countable. O

Theorem 3.14. Let X be a paracompact locally compact space. C, (X) has a resolution of pointwise bounded sets if
and only if X is o-compact.

Proof. Asfollows from [7,9.10 Theorem 5] the space X is the topologicalsum € __, X, of afamily {X, : a € A}
of locally compact o-compact (pairwise disjoint) subspaces of X. Consequently, C, (X) = [],e4 Cp (Xa)
isomorphically. By the previous equality, C, (X) contains a copy of R, If C,(X) has a resolution of
pointwise bounded sets, the subspace R? of C,, (X) also has a resolution of pointwise bounded sets. Since
R# is a Baire space, Theorem 3.13 shows that A must be countable. So, X is o-compact. The converse also
holds as shown in the ‘if” part of Theorem 3.6. [

The preceding theorem was originally stated as a part of [10, Proposition 2.2] assuming C, (X) is K-
analytic.

Theorem 3.15 (Tkachuk, [71, 3.7 Theorem]). C, (X) has a resolution of compact sets that swallows the compact
sets if and only if X is countable and discrete.

Proof. Assume {A, : @ € NN} is a resolution for C, (X) of compact sets that swallows the compact sets
of C,(X). We claim that compact subsets of X are finite. Otherwise there exists an infinite compact set

Kin X. Since, according to Theorem 3.10, C, (X) is K-analytic, it turns out that C, (C,, (X)) is angelic [24,

Theorem 78]. As K is embedded in C, (Cp (X)), it must be a Fréchet-Urysohn compact, so there is a non
trivial sequence {x,},., that converges to some x € K. Let S = {x,, : n € N} U {x}, so that S is a countable
compact set, hence metrizable. Thus, there is a linear extender map ¢ : C,(S) — C,(X), i.e., such that

Q@ ( f ) s) = f for every f € C(X), which embeds C, (S) into a closed linear subspace of C, (X), [5, Proposition
4.1]. Therefore the metrizable space C, (S) also has a resolution of compact sets that swallows the compact
sets in C, (S). According to Christensen’s theorem [24, Theorem 94] this means that C, (S) is a Polish space.
Hence, [1, 1.3.3 Corollary] ensures that the compact set S is discrete, hence finite. This contradiction ensures
that the compact sets in X are finite.

Since C, (X) is K-analytic, Lemma 3.1 asserts that vX is a Lindelof Z-space. But a Lindelof X-space with
finite compact sets is countable [1, IV.6.15 Proposition], so X is countable. On the other hand, if Q is a
compact set in C, (X) there is y € INN such that Q C A,. Hence, {A, 1 a € INN} is a resolution of compact
sets for the metrizable space C, (X) that swallows the compact sets of C, (X). So, again C, (X) is a Polish
space by Christensen’s theorem, and one more time [1, 1.3.3 Corollary] asserts that X is discrete.

For the converse, note that G (X) coincides with RN whenever X is countable and discrete. Then
{Aq :a e NN} with A, = {x € RN : |x,| < ,} is a resolution for C, (X) = RN consisting of compact sets that
swallows the compact sets in RN. [J

Theorem 3.16 (Ferrando-Gabriyelyan-Kakol [28, Theorem 3.3]). C,(X) has a resolution of pointwise bounded
sets that swallows the pointwise bounded sets if and only if X is countable. In other words, C, (X) has a fundamental
resolution of pointwise bounded sets if and only if X is countable.
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Proof. (Sketch) If C,(X) admits a fundamental resolution of pointwise bounded sets one can fix [28, Theorem
3.3] a countable family of closed sets (some of them may be empty) K = {K,(a) : n € N,a € NN} in X
enjoying the properties:

1. Ky(@) € Kys1(a) for every n € N and each o € NN,

2. Ky(a) 2 K, (p) for every n € IN whenever a < f.

3. Unen Kn(a) = X for each a € NN.

4. For every increasing closed covering {V,, : n € IN} of X there exists y € INN such that K,,(y) € V, for

alln € IN.

Then it turns out that the family N := {N,,(a) : m,n € N, a € NN}, where

Nyw(@) = {f € CX) : If(x)] < % Vx e Kn(a)}

and N (a) := {0} if K, (a) is empty, is a countable cs*-network at the origin in C,(X) (see [28, Proposition
3.2] or [24, Claim 108] for details). So, according to [65, Theorem 2.3], X must be countable. [

Recall that a locally convex space E is a quasi-(LB)-space if E has a resolution consisting of Banach disks,
i.e., of absolutely convex bounded sets D whose linear span Ep is a Banach space when equipped with the
Minkowski functional of D as a norm.

Theorem 3.17 (Valdivia, [77]). If E is a quasi-(LB)-space, there exists a resolution for E consisting of Banach disks
that swallows the Banach disks of E.

Proof. (Sketch) Let {D, : a € INN} be a resolution for E consisting of Banach disks. For (n1,...,n1) € NN
define the absolutely convex set

.....

,,,,,,,,,,

the sequence
{Fa N k_lcaa)/m/a(k) :ke N}

is a base of absolutely convex neighborhoods of the origin in the linear subspace F, of a locally convex
topology 7, stronger than the relative topology of E. In fact, it turns out that {(F,, Ta) : @ € NN}is a family
Fréchet spaces [77, Proposition 21] which covers E. Now, for & € NN set @ (i) = a (2i — 1) for each i € N and
define

(9]

k=1

The family {Q, : @« € NN} is clearly a resolution for E, and consists of Banach disks. It remains to prove
that this family swallows the Banach disks of E. In order to establish this statement, choose a Banach disk
D in E and consider the Banach space Ep. Then consider the canonical inclusion | : Ep — E and put

,,,,, m = J 2 (Cuym)- As Ep = U{Uy, :m € Ny and Uy, n, = U{Uny, o, : Tes1 € N} for each k € N,

,,,,,

.....

that [ (Ep) € Fg. So, by the closed graph theorem ] is a continuous linear map from Ep into Fg. Hence, if we
choose a sequence {my};-; in IN such that

for every k € IN, setting y (2k) = my and y (2k — 1) = B (k) for each k € N, it follows that D € Q,. [
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Theorem 3.18 (Ferrando-Gabriyelyan-Kakol [28, Proposition 3.6]). Let X bea P-space. C,, (X) has a resolution
of pointwise bounded sets if and only if X is countable and discrete.

Proof. 1f X is a P-space then C, (X) is locally complete [34, Theorem 1.1], i. e., each pointwise bounded set is
contained in a Banach disk. So, according to Theorem 3.17 there exists a resolution for C, (X) consisting of
Banach disks that swallows the pointwise bounded sets in C, (X). Hence, X is countable by Theorem 3.16.
But every countable P-space is discrete. []

Alternatively, one may use the fact that C, (X) is a Baire space (note that C, (X) is pseudocomplete [72,
Section 1.5, p. 46] whenever X is a P-space and use [72, Problem 464]). Then apply Theorem 3.13 to conclude
that X must be countable, hence discrete.

Recall that a sequence {x,},,, in a locally convex space E is called local null or Mackey convergent to zero
[52, 28.3] if there is a closed disk B in E such that x, — 0 in the normed space Eg. Each local null sequence
in E is a null sequence.

Theorem 3.19 (Ferrando, [25, Theorem 12]). C, (X) admits a resolution of convex compact sets that swallows the
local null sequences in C, (X) if and only if X is countable and discrete.

Proof. We may assume that C, (X) admits a resolution {A, : @ € NN} of absolutely convex compact sets
swallowing the local null sequences in C, (X). If T : C, (vX) — C, (X) denotes the restriction map Tg = g "
we proceed as in [49, Proposition 9.14] to show that the family A = {T71(A,) : @ € NN} is a resolution
for C, (vX) consisting of (absolutely convex) compact sets, with the additional benefit that A swallows the
local null sequences in C, (vX). So, we may assume without loss of generality that X is realcompact or,
equivalently, that C, (X) is bornological [8]. Hence, we denote as above by {A, : a € NN} a resolution
for C, (X), with X realcompact, consisting of absolutely convex compact sets that swallows the local null
sequences in C, (X).

Let M denote the family of all local null sequences in C, (X). Since {A, : a € INN} swallows the members
of M, the Mackey* topology u (L (X), C (X)) of L (X) is stronger than the topology 7., on L (X) of the uniform
convergence on the local null sequences of C, (X). As in addition o (L (X),C (X)) < 7, we conclude that
(L(X),7¢)" = C(X). Moreover, since we are assuming that C, (X) is bornological, its 7.,-dual (L (X), 1,) is
complete by [52, 28.5.(1)].

We claim that every compact set in X is finite. Indeed, if K is a compact set in X, the homeomorphic
copy 6 (K) of Kin L, (X) is compact, i.e., 6 (K) is a 0 (L (X), C (X))-compact set in L (X). So, the completeness
of (L(X), 1), together with Krein’s theorem and the fact that 1, is a locally convex topology of the dual
pair (L (X), C (X)), ensures that the weak* closure Q = abx (6 (K)) in L (X), where abx (0 (K)) stands for the
absolutely convex hull of 6 (K), is a compact set in L, (X), hence a strongly bounded set. Since C, (X) is
quasi-barrelled [47, 11.7.3 Corollary], the strongly bounded sets in L (X) are finite-dimensional. Therefore
the set 6 (K), as a linearly independent system of vectors in L (X), must be finite. Thus K is finite as well.

Since vX = X is a Lindeltf X-space by Lemma 3.1 and as we know each Lindelsf X-space with finite
compact sets is countable [1, IV.6.15 Proposition], X is countable. So C, (X) is a metrizable space. But in a
metrizable locally convex space, the local null sequences and the null sequences are the same [52, 28.3.(1)
c)]. Furthermore, if M is a compact set in the metrizable space C, (X), then M lies in the closed absolutely
convex cover of a null sequence {f,},";, [52, 21.10.(3)]. So, if {f,};_; C A,, thanks to the fact that A, is a
closed absolutely convex set, it turns out that M C A,. Therefore {A, : a € INN} is a compact resolution for
Cp (X) that swallows the compact sets of C, (X). So, C, (X) is a Polish space by Christensen’s theorem [24,
Theorem 94]. But then [1, 1.3.3 Corollary] asserts that X is discrete. The converse is obvious. [

Theorem 3.20 (Ferrando, [25, Theorem 16]). C,(X) has a resolution of absolutely convex pointwise bounded se-
quentially complete sets that swallows the null sequences if and only if X is countable and discrete.

Proof. It can be readily seen that there is no loss of generality if we assume X to be realcompact. If C,(X)
has a resolution {A, : @ € NN} of the stated characteristics and { fn}:’:1 is a null sequence in C,(X), there is
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y € NN such that f, € A, for every n € N. Since I, & f; € A, for every & € ¢4 with [|€]l; < 1and A, is
sequentially complete, it follows that }.;2; &; fi € A, for every & € £1 with [[£]l; < 1. So, the Banach disk

Q:= {Z EfirEel, il < 1}

i=1

is contained in A,. Now, it can be proved as in [52, 20.10.(6)] that Q = {f, : n € N }OO, the absolute bipolar of
the null sequence {f, : n € IN}. Since each local null sequence is a null sequence, the dual of (L (X), t,) is
C(X),s00(L(X),C(X)) <71 < u(L(X),C(X)). As Cp(X) is bornological, the space L (X) is u (L (X), C (X))-
complete. So, proceeding as in the proof of Theorem 3.19, with the help of Krein’s theorem we establish
that each compact set in X is finite. Now, using the fact that the resolution {A, : @ € NN} consists of
pointwise bounded sets, Lemma 3.1 asserts that X is a Lindel6f X-space. Thus X must be countable, [1,
IV.6.15 Proposition], so C, (X) is metrizable.

If M is a compact set in the metrizable space C, (X), as mentioned above M lies in the closed absolutely
convex cover of a null sequence {f,},~. So, if {f,} C A, then M C A,. Thus {A, : « € NN} is a resolution for
C, (X) that swallows the compact sets of C, (X). Since each set A, is precompact in C, (X) and sequentially
complete, the metrizability of C, (X) ensures that A, is compact in C, (X). Hence C, (X) is a Polish space by
Christensen’s theorem. Thus X is discrete. The converse is clear, since each (absolutely convex) compact
set in RN is pointwise bounded and sequentially complete. [J

Another result of this type, which we state without proof is the following.

Theorem 3.21 (Ferrando, [25, Theorem 33]). Let X befirst countable. C,(X) has a resolution of pointwise bounded
sets that swallows the Cauchy sequences if and only if X is countable.

4. Uncountable coverings for Ci (X)

Theorem 4.1 (Ferrando-Moll, [35, Corollary 51). The space Cy (X) has a resolution consisting of compact sets if
and only if it is K-analytic.

Proof. 1f Cy (X) has a resolution consisting of compact sets, so does C, (X). So, Lemma 3.1 and Theorem
3.3 ensure that vX is a Lindel6f Z-space and C, (X) is angelic. Therefore C (X) is angelic as well [36, 3.3
Theorem]. Since Ci (X) is a quasi-Suslin space, necessarily Cy (X) must be K-analytic [11]. O

Theorem 4.2 (Gabriyelyan-Kakol [37, Corollary 2.10]). Let X be metrizable. Ci (X) has a resolution of compact
sets that swallows the compact sets if and only if X is o-compact.

Proof. 1f Ci (X) has a resolution of compact sets, C, (X) has a resolution of pointwise bounded sets. So,
Corollary 3.8 assures that X is o-compact. Conversely, if {K,, : m € IN} is an increasing sequence of compact
sets in X covering X then A, = {(x, x) : x € K,,} is compact in the metric space (X X X, d). Hence, the sequence
{Uy,n : n € N} where

U = {(x,y) € XXX 1 d ((x,), Am) <"}

is a basis of the system of neighborhoods of A,. Let us encode in each @ € NN a whole sequence
{an}re, of elements of NN by considering a bidimensional array whose it! file is formed by coordinates
(ai(1),ai(2),...,ai(n),...) of a; and defining a by setting a (1) = a1 (1), a(2) = a1 (2), a(3) = a2 (1),
a@)=a1(3),a®) =ma(?2),a6) =as;(1),a(?) =a1(4),... and so on. Conversely, given a € NN we may

extract a sequence {a,},—; € NN from « as indicated above. Then let A, be the absolutely convex set

feC(X): sup |f(x)—f(y)|§%,sup|f(x))§am(1)Vm,nelN.

(x’y)eumram(”) xeKy,
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Let x € X and € > 0 be given. Take m € IN such that x € K,, and 1/n < e. Setting Uy, (x) =
{y € X: (x,y) € Uy}, each f € A, satisfies

sup |[fW-fW)|< swp  [f@-fW|<n <e

yE um,am (n)(x) (Z,]/)EU,,,/am (n)

As Uy g, (x) is a neighborhood of x, this means that A, is equicontinuous at x. So all sets A, are
equicontinuous. In addition, since sup fed, ( f (z)| < ay (1) if z € K, we see that A, is pointwise bounded
and closed. Hence A, is a compact set in Cj (X).

On the other hand, if K is a compact set in Ci (X), the fact that X is a kr-space guarantees that K is
equicontinuous (Ascoli’s theorem). Since K is equicontinuous at each x € K,,, for each n € IN there is
€ (m,n,x) > 0 such that

sup  |f() - f(y)] < % (1)

yeB(x,e(m,n,x))

for all f € K, where B (x, €) stands for the open ball of center at x and radius € > 0.

Setting U = ek, B(z,€(m,n,2)) X B(z,e(m,n,z2)), if (x,y) € U there is z € K,, such that x,y €
B(z,e(m,n,z), s0 |[f(x)= f(y)| < |[fQ) - f@|+|f@—f(y)| <n! forall f e K. As A, C U there is
r(m,n) € N with A,, € Uy, rmny € U. Thus

sup  |f(0) - f(y)| < %

(X/y) € um,r(m,rz)

On the other hand, the fact that K is a compact set for the compact-open topology ensures that for each
m € N there is k,, € IN such that sup fesc SUPxek,, f (x)| < k. Hence, setting a such that a,, (n) = r (m,n), we
may assume that @, (1) > k;,. All this says that K C A,. As A, C Agif a < B, the family {A, : a € NN} is as
stated. [

Corollary 4.3 (Ferrando [23, Proposition 3]). Let X be a metrizable space. Ci(X) has a fundamental bounded
resolution if and only if X is o-compact.

Proof. If X is o-compact, Theorem 4.2 ensures that Ci (X) has a resolution consisting of compact sets that
swallows the compact sets. So, Cy (X) has abounded resolution {A, : @ € NN} consisting of closed absolutely
convex bounded sets. As X is a kr-space, Ci (X) is complete and consequently each A, is a Banach disk. So,
Theorem 3.17 provides a resolution {A, : a € NN for Cr (X) consisting of Banach disks that swallows the
Banach disks, hence the bounded sets in Ci (X). Thus, Ci (X) has a fundamental bounded resolution. The
converse comes from Corollary 3.8. O

Theorem 4.4 (Christensen [15, Theorem 3.7]). Let X be a separable metric space. Cy (X) is analytic if and only if
X is o-compact.

Proof. 1f Ci (X) is analytic then C, (X) is analytic as well, so Calbrix’s theorem ensures that X is o-compact.
If X is o-compact then Cy (X) has a resolution of compact sets by Theorem 4.2. Hence Ci (X) is K-analytic
by Theorem 4.1. As X is a separable metric space, it is a cosmic space, and so is C, (X). So, C,(X)
being K-analytic and cosmic is analytic. Hence C, (X) must be submetrizable by the second statement of
[24, Theorem 85] (see [66, Proposition 6.3]). Consequently, Ci (X) is K-analytic and submetrizable, hence
analytic by the first statement of [24, Theorem 85]. O

If N is a uniformity for a (nonempty) set X, we denote by 7 the uniform topology defined by N. A
base {U, : @ € NN} of N is called a ®-base if Ug € U, whenever a < B. There is no loss of generality
by assuming that each U, is a symmetric vicinity. On the other hand, if {1/, : A € A} is the family of all
admissible uniformities for a completely regular space (X, 7), the smallest uniformity U,, that makes all
T-continuous functions f : X — R uniformly continuous, is called the Nachbin uniform structure of X, [61].
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Theorem 4.5 (Ferrando, [21, Theorem 1]). Ci (X) has a resolution consisting of equicontinuous sets if and only if
there exists an admissible uniformity for X, larger than or equal to the Nachbin uniformity, with a ®-base.

Proof. Assume N is a uniformity for X which contains the Nachbin uniform structure and let {U, : @ € NN}
be a ®-base of N. If {a,};; is a sequence in N, encode {a,},., in a as indicated in the proof of Theorem
4.2 and define

P, = fEC(X)Z(SI)Jp |f(x)—f(y)|£%\/n€]N.
x,y)€Uy,

We claim that {P, : @ € NN} is a resolution for Cy (X) consisting of equicontinuous sets. In fact, sinceif @ < f
then a,, < f, for every n € N, clearly P, C Pg. On the other hand, if f € C(X), since N is larger than the
Nachbin uniformity, f is N-uniformly continuous on X. Bearing in mind that {U, : a € NN} is a G-base of
N, for each n € N there exists a, € NN such that ( fx)—f (y)) < 1/n whenever (x, y) € U,,, which shows
that f € P, for a defined as above. Finally, let us see that each set P, is equicontinuous. Indeed, given e > 0
take n € IN such that 1/n < e. According to the definition of P, there is a,, € NN, which we extract from
a as explained earlier, such that | fx)—f (y)| < € whenever (x, y) € U,, and this happens for every f € P,,
which shows that P, is uniformly equicontinuous, hence equicontinuous.

For the converse, suppose that {P, : @ € N} is a resolution of C; (X) consisting of equicontinuous sets.
For each « € NN define

Va={(x,y) € XXX :sup,p |f(x)— f(y)| <a()™).
If « < Bthen P, C Pg, which implies that Vi C V,,. Letussee that{V, :a € NN} is a base of some uniformity
N for X. First observe that the diagonal A (X) = {(x, x) : x € X} is contained in each V,,, sono V, is empty. On
the other hand, clearly {V,, : @ € NN} is a filter-base with V;! = V,,. In addition, if 8 € INN satisfies that > «
with (1) > 2a (1) we claim that Vg o Vg C V,,. Indeed, if (x, y) € Vg o Vs thereis z € X with (x,2), (z,y) € V.
Hence |f (x) - f (2)] < p(1) " and |f (2) - f ()| < B(1) " forevery f € P. So, |f (x) = f(y)| <26() " <a (@)™
for all f € P, C Py, which shows that (x, y) € V.

Let us check that AV is an admissible uniformity for X, i. e., that 7 coincides with the original topology of
X. Since X is completely regular, it suffices to show that X and (X, ty) have the same continuous functions.
Take f € C(X), pick an arbitrary point xy € X and choose € > 0. Then select « € NN such that f € P, and
a(1)! <e. Clearly

Vi (x0) ={y € X : (x0,y) € Va}

is a Ty-neighborhood of xy, and since | fx)—f (y)| <a(1)™! < eforevery (x,y) € V,, we have in particular
that ( fxo)—f (y)| < eforall y € V, (x¢). This shows that f is continuous at xo under 5. Assume conversely
that f € C (X, tx) and fix xy € X and € > 0. Then there is a € NN with 'f (x0) — f(y)| < eforevery y € V, (xg).
But, since P, is equicontinuous at x, there exists a neighborhood V of x of the original topology of X such
that sup;,p_ (h (y) - h(x0)| < a(1)™! for every y € V. Hence if x € V then sup,p [l (x) —h (xo)| < a7
which according to the definition of V,, means that x € V, (xp). This shows that V C V, (x9) and thus
( fxo)—f (y)| <eforall y € V. So f is continuous at xy under the original topology of X and f € C(X).

Let us finally check that the uniformity N generated by the base {V,, : @ € NN} is larger than the Nachbin

uniformity. We have to prove that every real-valued continuous function on X is N-uniformly continuous.
Now, given f € C(X) and € > 0, taking advantage of the fact that {P, : a € INN} is a resolution of C(X),

we can choose y € NN such that y (1) < eand f € P,. Consequently, for each (x,y) € V, it happens that
( fx)—f (y)} <y ()™ <, which shows that f is N-uniformly continuous, as stated. [J

Corollary 4.6. Let X be a kr-space. If Ci (X) is K-analytic then there exists an admissible uniformity for X, larger
than or equal to the Nachbin uniformity, with a ®-base.
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Theorem 4.7 (Ferrando-Gabriyelyan-Kakol, [27, Theorem 1.8]). Ci (X) has a resolution consisting of weakly
compact sets that swallows the weakly compact sets if and only if X is countable and discrete.

Proof. First we claim that if C; (X) has a resolution {A, : @ € NN} consisting of weakly compact sets that
swallows the weakly compact sets in C (X), each compact set in X is finite. As C,(X) admits a resolution of

compact sets, it is K-analytic by Theorem 3.10, so C, (C,, (X)) is angelic by Lemma 3.1. Hence, each compact

set of X — C, (Cp (X)) is Fréchet-Urysohn. If there exists an infinite compact set K in X, then K contains an
infinite convergent sequence that, together with its limit, is homeomorphic to a metrizable compact subset
Q of BX. Thus, there is a continuous linear extender map ¢ : C, (Q) — C, (8X), [5]. If S : C, (BX) — C, (X)
is the restriction map Sg = g|,, the mapping ¢ = S o ¢ is a continuous linear extender, i.e., ¢ ( f)( 0= f for

every f € C(Q). This ensures that the linear map ¢ : C(Q) — Ci (X) (weak), where Ci (X) (weak) stands
for the space Ci (X) equipped with its weak topology, has closed graph. Since C(Q) is a Banach space
and Ci (X) (weak) has a resolution of compact sets, the closed graph theorem [31, Theorem 1] ensures that
P : C(Q) — Cr (X) (weak) is continuous, so weakly continuous.

A routine procedure shows that the family {¢/™! (A,) : @ € NN} is a resolution for the Banach space C(Q)
consisting of weakly compact sets. If P is a compact set under the weak topology of Cx (Q), then 1 (P) is
a compact set in Ci (X) (weak). Hence, there is a y € NN such that ¢ (P) C Ay, so that P C Yt (A},). This
means that {1 (A,) : @ € NN} swallows the compact sets of C(Q) (weak). But it is shown in [55] that for
compact Q, if the Banach space C(Q) has a resolution of weakly compact sets that swallows the weakly
compact sets, then Q is finite. Thus Q must be a finite set, a contradiction

Finally, since each compact set in X is finite, one has Cy (X) = Ci (X) (weak) = C,(X). So X must be
countable and discrete by Theorem 3.15. [

A Fréchet space E is called a Strongly Weakly Countably Generated (briefly a SWCG) space if every bounded
setin (E’, u (E’, E)) is metrizable. Equivalently, E is a SWCG space if given a base of closed absolutely convex
neighborhoods of zero {U,, : n € IN} with 2U,,+1 € U, for eachn € IN there exists an absolutely convex weakly
compact set K C E such that for every weakly compact (absolutely convex) set L C E and every n € IN there
is a(n) € N with L € a(n) K + U, [30, Theorem 9]. A Fréchet space E is called Strongly Weakly K-Analytic
(briefly SWKA) space if (E, 0 (E, E’)) admits a compact resolution that swallows the ¢ (E, E’)-compact sets.

If E is a Fréchet space with a base of closed absolutely convex neighborhoods of zero {U,, : n € N} such
that 2U,,41 C U, for each n € IN, a resolution {4, : @ € NN} for E is called weakly compactly generated if there
exists an absolutely convex weakly compact set K such that

AQ=Q(a(n>I<+un>

for every « € NN. Clearly A, C Ag whenever a < B, and the condition imposed to the base implies that
each A, is closed. Hence {A, : a € NN} is a weakly compact resolution for E, as follows from [30, Claim 6].

Theorem 4.8. A Fréchet space E is SWCG if and only if E has a weakly compactly generated resolution that swallows
the weakly compact sets.

Proof. Assume that E is a SWCG space, and let {U,, : n € IN} be a base of closed absolutely convex neighbor-
hoods of the origin such that 2U,,; € U, for every n € IN. For every a € NN set A, := ooy (a (n) K + U,),
where K is the absolute convex weakly compact set mentioned after the definition of SWCG space. Clearly
{Ay : @ € NN} is a weakly compactly generated resolution for E. If L C E is a weakly compact set in E, for
each n € IN there exists y (1) € N such that L C y (n) K+ Uy, so that L C A,. Hence {A, : a € NN} swallows
the weakly compact sets of E.

Assume conversely that E contains a weakly compactly generated resolution {A, : @ € NN} that
swallows the weakly compact sets. Then there exists a weakly compact absolutely convex set Q such that
An = Moy (@ (n) Q + U,) for every a € NN, If L is any weakly compact set in E there is y € NN such that
L C A,, hence for eachn € N one gets L C y (1) Q + U,. So E is a SWCG space. [
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Theorem 4.9 (Ferrando-Kakol, [30, Theorem 22]). If Cx(X) is a Fréchet space, the following statements are equiv-
alent

1. Ck(X) is a SWCG space.
2. Ci(X) is a SWKA space.
3. X is countable and discrete.

Proof. Clearly 1 = 2. Equivalence 2 & 3 is consequence of Theorem 4.7. If X is countable and discrete then
Cr(X) = R¥ is reflexive,so 3 = 1. O

5. Closure-preserving coverings for C, (X)

A closure-preserving covering of C,(X) is a generalization of a locally finite covering. A covering ¥ of
a space X is called closure-preserving if

| JiF:Fegi=| J{F:Feg)
forany G C F.

Theorem 5.1 (Guerrero, [40, Corollary 2.7]). C,(X) admits a closure-preserving covering by closed o-countably
compact sets if and only if X is finite.

Proof. First let us suppose that ¥ is a closure-preserving covering of C, (X) by closed o-compact subspaces.
Note that X must be pseudocompact. Otherwise C,(X) has a closed homeomorphic copy of RN and
hence C, (IN) has a closure-preserving covering G by closed o-compact subspaces. As the space C, (IN) is

separable, there exists a countable subfamily Gy C G such that | JGo = U Go = C, (IN), which means that
Cp (N) is covered by a countable family of compact sets. Thus IN should be finite by Velichko’s theorem, a
contradiction.

If f € C(X) we claim that f (X) is finite. Indeed, if Y := f (X) since Y is a separable metric space the space
C, (Y) is separable. On the other hand, as X is pseudocompact and Y is second countable f is an R-quotient
map [72, S.154, Fact 3], so the pullback f* : C, (Y) — C, (X) defined by f*(g) = g o f embeds C, (Y) in C, (X)
as a closed subspace [1, 0.4.10 Proposition]. Therefore, C, (Y) is covered by a closure-preserving family M of
closed o-compact subspaces and there exists a countable subfamily N of M such that UN = [JN = C, (Y).
Again Velichko’s theorem implies that Y must be finite.

Since f (X) is finite for every f € C(X), the space X must be finite. If not there is a countable discrete
subspace D = {x,, : n € N} in X and a countable family of open sets {U,, : n € IN} such that U, "D = {x,} and
EOU]: 0ifi # j. So, for each n € N there is f, € C(X) with 0 < f, < 1 such that f, (x,) =1 and f, (x) =0
if x € X\ U,. Then clearly f = }.;", f, € C(X) but f (X) 2 D, which is infinite, a contradiction.

If the closure-preserving covering consists of closed o-countably compact sets instead of closed o-
compact sets, we get the same conclusion by using the Tkachuk-Shakhmatov theorem instead of Velichko’s
theorem.

Conversely, R" can always be covered by a countable family of compact balls. [

Theorem 5.2 (Guerrero, [40, Corollary 2.8]). If C,(X) admits a closure-preserving covering by countably compact
sets then X is finite.

Proof. Let ¥ be a closure-preserving cover of C, (X) by countably compact sets. If X is not pseudocompact,
there is a sequence {F, : n € N} in F with [, F, N RN = RN, So, RN is covered by a countable family
of pseudocompact sets. In this case Theorem 2.6 forces IN to be pseudocompact, a contradiction. So, X is
pseudocompact.

Then [1, 3.4.23 Theorem] shows that each member of ¥ is a compact set. Hence, ¥ is a closure-preserving
cover of C, (X) by compact sets, and the conclusion follows from the preceding theorem. [J
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Lemma 5.3 (Guerrero, [40, Lemma 2.10]). Let X be an infinite compact space. If C,(X) admits a closure-
preserving covering by subspaces of density less than or equal to an infinite cardinal x then w (X) < «.

Proof. We shall restrict ourselves to the case x = 8y, what will be used later. So, assume C, (X) admits
a closure-preserving covering ¥ by closed separable subspaces. Proceed by contradiction by supposing
w (X) > Ny. It suffices to consider the case w (X) = N;.

Since d(C, (X)) = iw (X) = w (X) = 8y [58], there is Fy C F such that [Fo| < Ny and C, (X) = U Fo. This
covering can be rewritten as {F, : 0 < & < w1}, and if we define G, = J {F,g :0<B< a} forevery 0 < a < wy,
clearly G = {G, : 0 < @ < w1} is an increasing closure-preserving covering of C, (X) by separable subspaces
which swallows the separable sets in C, (X).

As X is embeddable in [0, 1]*", let us consider the natural projections 7, : X — [0,1]" for 0 < a < w;. For
each a < w; define Z, = 7, (X) and set M, := 7 (C(Z,)), where 7}, : C, (Z,) — C, (X) is the pullback of 7,
defined as usual by 7, (h) = h o m,. It can be easily seen that the family M = {M, : 0 < @ < w1} is another
increasing covering of C, (X) such that d (M,) = w(Z,) < No. So, for each a < w; there exists a < < w
with M, C Gg. Conversely, for each f < w; there exists f < y < w; with G_,g CcM,.

Note that X cannot be embedded in [0, 1]* for any & < w, otherwise if X < [0, 1] then w (X) = |y| = No,
a contradiction. This entails that for each @ < w; there exists f < w; with f > a such that both G, € Mg
and the natural projection m,p : Zg — Z, is not injective. So we may get an increasing sequence of
countable ordinals {a, : n € N} such that Gg,, , € M, C Gay1 and the projection Ty, ; ay © Zay, — Zay, , 15
not injective. Let y := sup {a, : n € N} and for each n choose two different points x,, y, € Za,, € Z, with
7-(042n-1,}’ (xn) = 7-(012»1—1,062/1 (x") = T(Uézn-l,az»« (]/n) = 7'(042”_1,)/ (}/n)

According to [40, Lemma 2.9] there is g € C (Zy) whose restriction to {x,, y, : n € IN} is injective, so that
g (xn) # g(yu) for every n € IN. This means that suppg & Z,,, for all n € N, in other words, g does not
belong to C(Zy,,) for any n € IN. Hence, the function f = 7, (9) € 7, (C (ZJ,)) = M, does not belong to
M,,, for any n € N. Thus f ¢ U,2; M2, = G,, the latter equality because both G and M are increasing,
GLYZVH - MOIZn c Ga2n+1 and U G = C(X)

On the other hand, let a finite subset A of X and € > 0 be given. Let

Up={heM,:|h@x) - f)|<e xeAl

be a neighborhood of f in the relative topology of M,,. If ), (x) = 7, (y) for x, y € A then f (x) = f (y), so we
may assume 7, (x) # 1, (y) for each pair x, y € A. In this case there is | € N such that 7,,,, is one-to-one on
7, (A). Hence m,,, = Moy, © 1, is one-to-one on A. So, we can choose ¢ € C(Z,,) such that ¢ (14, (x)) = f (x)
for each x € A. _
Since h := @ o Ty, = T, (p) € My € M,, clearly h € Uy. So, f € My, and consequently f € My, C Gay,y €

amis © Gy, a contradiction. [J

G

Theorem 5.4 (Guerrero, [40, Corollary 2.13]). Let X be an infinite compact space. C,(X) admits a closure-
preserving covering by separable subspaces if and only if X is metrizable.

Proof. 1f X is a compact metrizable space, then C,(X) is separable. Let D be a countable dense subspace
of C, (X). For every f € C(X) put Dy := DU {f}. Then clearly ¥ = {Df i fe C(X)} is a closure-preserving
covering of C,(X) by separable subspaces. Conversely, if the space C,(X) admits a closure-preserving
covering by separable subspaces, Lemma 5.3 with x = 8 yields w (X) < Ny. Since X is compact, this implies
that X must be metrizable. [

Theorem 5.5 (Guerrero, [40, Corollary 2.14]). Let X be an infinite compact space. C,(X) admits a closure-
preserving covering by second countable subspaces if and only if X is countable.

Proof. If C,(X) admits a closure-preserving covering by second countable subspaces, then C,(X) admits
a closure-preserving cover by separable subspaces. Hence X is metrizable by the previous theorem and,
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consequently, C, (X) is separable. This clearly implies that C, (X) has indeed a countable covering by second
countable subspaces, so we may apply [70, Corolary 1.7] to guarantee that X is countable. [

For the following lemma, given a function f € C’ (X) and a number € > 0 let

I(fe)={geC'X):||f-4. <€

Lemma 5.6 (Guerrero-Tkachuk [43, Proposition 2.1 (a)]). If F is a closure-preserving covering of C, (X) by
closed subspaces, there exist F € F and f € C° (X) such that 1 (f,€) C F for some € > 0.

Proof. We claim that the family {F NC'(X):Fe 7‘"} is also a closure-preserving covering by closed subspaces

of the Banach space C? (X) equipped with the supremum-norm ||||,. Indeed, since the Banach topology 7,
is stronger than the pointwise topology, denoting C’ (X) by G, if #' € ¥ one has

UFnG:Ganp;Gm UFnGLnZ_) UPmGT"; | JEnG.

FeF’ FeF’ FeF’ FeF’ FeF

By [68, Theorem 2.5] there exist F € ¥ and f € C? (X) for which there is an open ball
B(f,6)={geC"X):|f -l <o}

centered at f in the Cech—complete space (Cb (X, ||-||Oo), such that B(f,0) € F N G. Hence, if € = 6/2 we get
I(f,eycF. O

Theorem 5.7 (Guerrero-Tkachuk [43, Corollary 2.5]). If P is a hereditary topological property and C, (X) has a
closure-preserving cover ¥ by closed subspaces such that each F € F has property P, both C,, (X, [0,1]) and C, (X)
have property P.

Proof. Under these hypotheses we claim that some F € F contains a homeomorphic copy of C, (X). By
Lemma 5.6 there exist F € F and f € C’(X) such that I(f,€) C F for some ¢ > 0. Then the map
¢:Cy(X[0,1]) —» Cf; (X) defined by

p(g)=2e(9-1)+f

is a homeomorphism such that ¢ (C (X, [0, 1])) = I(f, €). Since F has the hereditary property P, the set I (f,€)
also has property ¥ and consequently C, (X, [0, 1]) has property #. But C, (X, [0, 1]) contains C, (X, (0, 1)),
which is homeomorphic to C, (X). So C, (X) also has property . [

Theorem 5.8 (Guerrero-Tkachuk [43, Theorem 2.7]). Let P be a closed hereditary topological property. If C, (X)
has a closure-preserving cover F by closed subspaces such that each F € F has property P, then C, (X, [0,1]) has
property P.

Proof. Again Lemma 5.6 provides F € ¥ and f € C’ (X) such that I (f,€) C F for some € > 0. By the proof of
Theorem 5.7 the subspace I (f, €) of Cf; (X) is homeomorphic to C, (X, [0,1]) and closed in F, so C, (X, [0, 1])
has property . O

Remark 5.9. Applications of the preceding results. Theorem 5.7 applies for instance to the Fréchet-Urysohn
property and metrizability. Theorem 5.8 applies to K-analyticity, Lindel6f Z-property and normality.
Concerning realcompactness, if C, (X) has a closure-preserving cover # by closed subspaces such that each
F € ¥ is realcompact, Theorem 5.8 ensures that the space C, (X, [0, 1]) is realcompact. Since C (X, (0,1))
can be obtained from C, (X, [0, 1]) by throwing out a union of Gs-subsets of C, (X, [0, 1]), it turns out that
C(X,(0,1)) is realcompact (see [72, Problem 408]). Hence C, (X) is realcompact.
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Corollary 5.10 (Guerrero-Tkachuk [43, Proposition 2.20]). If X is a Lindeldf Z-space and C,(X) has a closure-
preserving cover by closed Lindeldf Y-subspaces then C,(X) is a Lindelof Z-space.

Proof. According to Theorem 5.8, C,(X; [0, 1]) must be a Lindelof X-space. So [1, IV.9.17 Theorem] ensures
that C,(X) is a Lindelof X-space. [J

6. Domination by a second countable space

Given a Tychonoff space M, a family of sets A of another Tychonoff space X is said to be M-ordered (or
ordered by M) if A = {Ax : K € K (M)}, where K (M) denotes the family of all compact sets in M, and P € Q
in M implies Ap C Ag. The space X is said to be M-dominated (or dominated by the space M) if X has an
M-ordered covering A consisting of compact sets (an M-ordered compact covering).

Theorem 6.1 (Cascales-Orihuela-Tkachuk, [14, 2.1(a) Theorem]). Every Lindelof X-space is dominated by a
second countable space.

Proof. An equivalent definition of Lindelof Z-space says that X is a Lindel6f Z-space if and only if there exists
a second countable space M and a compact-valued usc map T : M — K (X) such that (J{T (x) : x e M} = X.
If K is a compact set in M, define Ax = |J {T (x) : x € K}. Clearly A = {Ax : K € K (M)} is an M-ordered cover
consisting of compact sets. [

The class of spaces dominated by second countable spaces has good stability properties [14, 2.1 Theorem].

Theorem 6.2 (Cascales-Orihuela-Tkachuk, [14, 2.2 Proposition]). The following relations are equivalent for a
Tychonoff space X.

1. X has a resolution consisting of compact sets.
2. X is NN-dominated.
3. X is dominated by a Polish space.

Proof. 1 = 2. Let {A, : @ € NN} be a resolution for X of compact sets. If P € K(INN), define ap € NN
by ap (i) = maxm; (P), where 7; : NN — NN is the canonical ith-projection. Clearly ap < ag if P € Q
and if we set Ap := A,, for every P € K(NN), then A = {Ap : P € K(NN)} is an NN-ordered family
of compact sets which covers X. The latter because if x € X there is y € NN with x € A,, and the set
Qy :={w e NN :a(i) <y (i) ¥i € N}is compact in NN and verifies that g, = 7. Sox € Ag.

2= 1. Let {Ap : P € K(INN)} be an NN-ordered compact cover of X. If y € NN let Q, € K(INN) be the
previously defined set that verifies the equality ag, = y. Then the family A = {A, : y e NN} with A, := Ag,
verifies that A, C A; if y < 6. Moreover, A covers X. For if x € X there is P € K(NN) with x € Ap. So,
if 0 (1) = maxm; (P) for every i € N then Ap C A, and hence x € A,. Therefore A is a resolution for X by
compact sets.

2 = 3is clear. Finally, if X is dominated by a Polish space M, there is an M-ordered compact cover
A = {Ax : K € K (M)}. Since M is a Polish space, there is an open continuous map ¢ : NN — M from NN
onto M. Consider the family ¥ = {A(q,) : @« € NN}. If x € X there is a compact set K in M such that x € Ag
and there exists P € K(INN) such that ¢ (P) = K [18, 5.5.8]. If 0 (i) = max 7i; (P) for every i € N then P C Q,
and hence K = ¢ (P) C ¢ (Q,) so that x € Ay(g,). Hence ¥ covers X and clearly ¥ is a NN-ordered compact
covering for X. So X is NN-dominated. This shows that 3 = 2. [

Theorem 6.3 (Cascales-Orihuela-Tkachuk, [14, 2.4 Corollaryl). C, (X) is dominated by a Polish space if and
only if it is K-analytic.

Proof. If C, (X) is dominated by a Polish space, by the previous theorem C, (X) has a resolution consisting of
compact sets. So C, (X) is K-analytic by Theorem 3.10. Conversely, if C, (X) is K-analytic, it has a resolution
of compact sets [67]. Thus, according to Theorem 6.2, C, (X) is dominated by a Polish space. [
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Lemma 6.4. If X is dominated by a second countable space, X has a countable network modulo a covering by countably
compact sets and C, (X) is Lindelof T-framed in RX.

Proof. If X is dominated by a second countable space M, the first statement of the consequent follows from
[14, 2.6 Proposition], where one should notice that the fact that M is second countable is critical. The second
follows from [71, 2.7 Proposition]. [

Theorem 6.5 (Cascales-Orihuela-Tkachuk, [14, 2.15 Theorem]). C, (X) is dominated by a second countable
space if and only if it is a Lindelof X-space.

Proof. Sufficiency is Theorem 6.1. For the necessity assume that {Fx : K € K (M)} is an M-ordered compact
covering of C, (X). Apply Lemma 6.4 to show that C, (Cp (X)) is Lindeldf E-framed in RX and then Lemma
3.1 to get that vC, (X) is a Lindelof Z-space. Then apply [1, IV.9.5 Theorem] to conclude that vX is also a
Lindelof Z-space, which guarantees that the space C, (vX) is angelic [25, Theorem 78].

IfT: Cp (vX) — C, (X) denotes the restriction map Tf = f|,, it can be easily seen that {Gk : K € K (M)},
where Gx = T™! (Fk) is an M-ordered compact covering of Cp (vX). Since C, (vX) is dominated by a second
countable space, Lemma 6.4 asserts that C, (vX) has a countable network modulo a covering by countably
compact subsets. But C, (vX) angelicity ensures that C, (vX) has a countable network modulo a covering by
compact sets. So, according to [1, IV.9.1 Proposition], C, (vX) is a Lindelof X-space. Consequently C, (X),
as a continuous image of a Lindelof X-space, is also a Lindelof X-space. [

Domination of each subspace of C,(X) by a second countable space also leads to some interesting
properties. We state the following theorem without proof (see [14] for details).

Theorem 6.6 (Cascales-Orihuela-Tkachuk, [14, 2.18 Proposition]). If every subspace of C, (X) is dominated
by a second countable space, then Cp, (X) is cosmic.

A Tychonoff space X is strongly dominated by M if there exists an M-ordered compact covering ¥ of X
that swallows the compact sets in X. Strong domination by second countable spaces has been extensively
studied in [14, 41, 45, 74]. Under CH it is shown in [14, 3.10 Theorem] that, for compact X, if C, (X) is
strongly dominated by a second countable space, X must be countable. The CH is removed in [41], where
it is proved that, assuming C, (X) is a strongly dominated by a second countable space, if X is separable,
scattered, second countable, compact or pseudocompact, then X is countable. Theorem 6.8 below extends
this result to all Tychonoff spaces.

Lemma 6.7 (Guerrero-Tkachuk, [45, Lemma 3.4.5]). Let X be an uncountable Lindelof Z-space. Assume Cp (X)
is strongly dominated by a second countable space M, and let {Fx : K € K (M)} be an M-ordered compact covering of
Cp (X) that swallows the compact sets in C, (X). Then there exists a family Q = {Qk : K € K (M)} of compact sets of
R¥ such that Qx € Q. if K C L and |J Q contains the linear subspace ¥.(X) of all countable supported functions of
RX.

Proof. If K € K (M), let ak (x) = inf{g (x) : g € Fx} and bk (x) = sup {g(x) : g € Fx}. Letting

Q= [ [ lax (@), bk ()],

xeX

the family Q = {Qx : K € K (M)} consists of compact sets in RX and clearly verifies that Qx € Qr if Q C L.
We claim that Z (X) c U Q.

Choose f € X (X) and denote by A = {x; : i € N} the countable support of f. By Theorem 6.5 we know
that C, (X) is a Lindelof Z-space, hence [64, Theorem 5.4] provides a retraction  : X — F such that A C F
and [F| < No. If F = {y, : n € N}, put Uy = Fand Uy+1 = F\ {y1,...,yx} for each n € N. Clearly, the family
{U,, : n € IN} consists of F-open sets and is point-finite in F, i.e., each x € F belongs at most to finitely-many
sets U,. Moreover y, € U, for every n € IN. Since F is a retract of X, it follows that the family {V,, : n € N},
where V,, := r~1 (U,) for each n € IN, consists of open sets in X, is point-finite in X and verifies that y, € V,
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for every n € IN. If x; = y,,, and we set W; = V,,, for each i € IN, the family {W; : i € IN} consists of open sets
in X, is point-finite in X and verifies that x; € W; for every i € IN.

For each i € IN choose f; € C(X) with 0 < f; < 1 such that f;(x;) = 1 and f; (X \ W;) = {0} and define
gi = |f ()| - frand by = = |f (x))| - fi- As the family {W; : i € N} is point-finite, the set P = {g;, h; : i € N} U {},
where here stands for the identically null function on X, is compact in C, (X). Consequently, there exists
some K € K (M) such that P C Fg, which means that g(x) € [ax (x), bk (x)] for each g € P. Since f (x;)
coincides with g; (x;) or with h; (x;), clearly f (x;) € [ak (x;), bk (x;)] for each i € IN, whereas if x ¢ A then
f(x) =0 € [ak (x), bk (x)] since € P C Fk. Therefore f € Qk and the proof is over. [

Theorem 6.8 (Guerrero-Tkachuk, [45, Theorem 3.4]). C, (X) is strongly dominated by a second countable space
if and only if X is countable.

Proof. Suppose that C, (X) is strongly dominated by a second countable space and let {Fx : K € K (M)}
be an M-ordered compact covering of C, (X) that swallows the compact sets in C, (X). Proceeding by
contradiction, assume that X is uncountable. By [41, Theorem 3.10] there is no loss of generality if we
assume that X is a Lindelof X-space. So, according to Lemma 6.7, there exists a family Q = {Qx : K € K (M)}
of compact sets in RX such that Qx € Q. if Q € L and Y = |JQ contains the linear subspace X (X) of
countable supported functions of RX.

It is not hard to see that this implies that there exists a Lindelof X-space Z such that Y € Z C R¥, so that
¥ (X) € Z. But £ (X) is not Lindelof X-framed in R¥ if X is uncountable [45, Proposition 3.1]. [

In [45, Theorem 3.9] it is showed that, for compact X, if C, (X, [0, 1]) is strongly dominated by a second
countable space, then X is countable. In [74] the requirement of compactness of X is relaxed by the following
result, which we state without proof.

Theorem 6.9 (Tkachuk, [74, 3.7 Theorem]). Let X be a Lindelof Z-space. If C, (X, [0, 1]) is strongly dominated
by a second countable space, then X is countable.

7. Some examples

Example 7.1. If Q) is a nonempty open subset of R", both the space D () of test functions equipped with its usual
inductive limit topology and the space of distributions D’ (Q) endowed with the Mackey* topology u (D’ (QQ), D (Q)),
which coincides with the strong topology B (D’ (Q), D (QY)) (see [46, Chapter 4]), are analytic. The first statement
is consequence of the fact that the inductive limit of a sequence of Fréchet-Montel spaces is analytic, the
second follows from the fact that the strong dual of an inductive limit of a sequence of Fréchet-Montel
locally convex spaces is also analytic (see [76, 1.4.4.(21) and 1.4.4.(23)]).

Example 7.2. The space C, (Z) with Z being the set of all weak P-points of IN*. If X is a Tychonoff space, a point
x € X is called a weak P-point of X if x ¢ A for any countable set A C X \ {x}. Every P-point of X is a
weak P-point of X. The subspace Z of all weak P-points of the remainder N* = IN \ IN of the Stone-Cech
compactification fIN of IN is dense in IN* [53], so it is infinite. But the space C, (Z) is covered by a sequence
of pseudocompact sets (i.e., C, (Z) is o-pseudocompact) [2, 6.4 Example]. By Theorem 2.6, the space Z is
pseudocompact (see [2, 6.3 Proposition] for a direct proof of this property) and each countable subset of Z
is closed, discrete and C*-embedded in Z. Note that C, (Z) is not o-compact, otherwise Z would be finite by
Velichko’s theorem.

Example 7.3. The Sorgenfrey line $ is a (hereditarily) Lindelof space which is not a Lindelof Y-space, since
$x$is not Lindelof. Hence Lemma 3.1 prevents the space C, (§) to have a resolution consisting of pointwise
bounded sets.

Example 7.4. The space C,(NN) is not K-analytic-framed in RN". By Corollary 3.8 the space C,(NN) is not
analytic and does not admit a resolution of pointwise bounded sets. Hence, C,(INN) is not K-analytic-framed

in RN" because of Theorem 3.3.
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Example 7.5. The spaces Ci (R) and Cr(Q). Both spaces have a resolution of compact sets that swallows the
compact sets by virtue of Theorem 4.2. By Theorem 4.3 they also have a fundamental resolution of bounded
sets, and according to Theorem 4.4 both spaces are analytic.

Example 7.6. The spaces C, (R) and C,(Q). Although both spaces have a resolution of compact sets, according
to Theorem 3.15 they do not have a resolution of compact sets that swallows the compact sets. The space
C, (Q) has a fundamental resolution of pointwise bounded sets but, as follows from Theorem 3.16, such a
resolution lacks in C, (RR).

Example 7.7. Let N be equipped with the discrete topology and choose p € fIN\IN. Then X := INU {p} with
the relative topology of fIN is a non discrete space with finite compact sets, hence hemicompact. So, C, (X)
is analytic by Theorem 4.4, and Cy (X) is a Fréchet space with a resolution of compact sets that swallows the
compact sets by Theorem 4.2.

Example 7.8. The space w1 of countable ordinals with the order topology. It is essentially well-known that if
N1 = b (the dominating cardinal) the space w; has a resolution of compact sets that swallows the compact
sets in w;. However w; is not even a p-space, since w; is pseudocompact but not compact.

Example 7.9. The space C, (w1). Clearly C, (w1) is not analytic because of Theorem 3.7. Actually, C, (w1)
does not admit a resolution of compact sets, since every topological space with a resolution of compact sets
has countable extent (closed discrete sets are countable) [49, Corollary 3.5] whereas the extent of C, (w1)
is uncountable. Consequently, C, (w1) is not K-analytic although, as is well-known, it is a Lindel6f space.
Note that w; is pseudocompact, hence projectively o-compact.

Example 7.10. If C; (X) admits a resolution of convex compact sets that swallows the local null sequences, X need not
be countable or discrete. If X is an infinite o-compact metric space, then Cy (X) has a resolution {A, : @ € NN}
of compact sets that swallows the compact sets (hence the local null sequences) of Cx(X) by virtue of
Theorem 4.2. But, if one looks at the proof of this theorem, the sets A, are absolutely convex. So, Cy (R) has
a resolution of absolutely convex compact sets that swallows the local null sequences.

Example 7.11. A K-analytic not analytic C,-space. Let X be the Reznichenko compact space mentioned in [2,
7.14 Example]. This is a Talagrand compact space with a point p such that X = Y with Y = X'\ {p}. Hence
Y is a pseudocompact not realcompact space, so that X = vY. Since C, (Y) is a continuous image of C, (X),
the space C, (Y) is K-analytic. C, (Y) is not analytic by Theorem 3.7.

Example 7.12. The space C, (L (N1)), where L (81) is the Lindeldfication of the discrete space of cardinality 8,. Since
L(Ny) is a P-space, C, (L (81)) is Baire. So, by Theorem 3.13, C, (L (81)) lacks a resolution of pointwise
bounded sets. As L (N1) is a Lindelof P-space, it is projectively o-compact [3, Proposition 2.2]. Hence, the
converse of Corollary 3.5 fails.

Example 7.13. The space C, (L (8X1),[0,1]). Under CH the space C, (L (81),[0,1]) has a compact resolution
[71, 2.10 Example]. Since C, (L (N1),[0,1]) is countably compact but not compact, C (L (X1),[0,1]) is not a
u-space, hence it is not K-analytic.

Example 7.14. C, (X) need not be Lindelof if C,(X,[0,1]) is a Lindeldf X-space. If X is a discrete space of
cardinality 8; then C, (X,[0,1]) = [0,1]" is compact, but C, (X) = R™ is not Lindelof. If both vX and
C, (X,[0,1]) are Lindelof X-spaces, then C, (X) is a Lindelof X-space (see [1, IV.9.17 Proposition] or [73,
Problem 217]).

Example 7.15. Neither RN nor C, ([0, 1]) admits a closure-preserving covering by functionally bounded subspaces.
Otherwise, since both spaces are separable and the closure of a functionally bounded set is also functionally
bounded, both would admit a countable covering by (closed) functionally bounded subspaces. So, Theorem
2.6 would require IN to be pseudocompact, which is not, and every countable set in [0, 1] should be closed,
which is neither the case since [0, 1] is uncountable and separable.
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Example 7.16 (Okunev, [59, Example 2.7]). There exists a o-compact space X such that C, (X) is not Lindelof.
If Y is the subspace of [0,1]*" consisting of all function of finite support and g € [0,1]*" is the constant
function g (t) = 1 for every t € w1, define X = Y U {g}. Then C, (X) is such space. Note that g € Y but no
countable subset of Y contains g in its closure, so that X has uncountable tightness ¢ (X). Hence C, (X) is not
a Lindelof space because of Asanov’s theorem [1, 1.4.1 Theorem]. Clearly C, (X) has a bounded resolution.
So, according to Theorem 3.3, C, (X) is K-analytic-framed in R*. But C, (X) is not K-analytic because it is
not Lindelof.

Example 7.17 (Guerrero-Tkachuk, [43, Example 3.8]). There exists a o-compact space X such that C, (X) is not
Lindeldf but it contains a dense o-compact subspace M. Let Z be the subspace of {0,1}*" consisting of those
functions of finite support and define the function g as in the previous example. The space X = Z U {g} is as
promised. For each f € C(X) put My := MU {f}. Then ¥ = {M r:feC (X)} is a closure-preserving cover of
Cp(X) by o-compact subspaces. This shows that the closedness condition of the sets of the closure-preserving
covering in the statement of Theorem 5.1 cannot be dropped.

8. Further research

If A = {(x,x): x € X} is the diagonal of X x X, much research has been developed on the (strong)
domination of the space (X X X) \ A by a second countable space. We provide a brief account of this
investigation, but first let us point out a couple of facts.

In first place, according to [18, Excercise 4.2.B] a compact space X is metrizable if and only if A is a
Gs-set in X X X. On the other hand, for compact X, if C,(X,[0,1]) is a Lindelof Z-space, clearly C,(X) is
also a Lindelof X-space. Hence Baturov’s theorem [1, III.6.1 Theorem] shows that for every subspace Y of
Gy (Cp (X)) the extent ext (Y) of Y equals the Lindel6f number [ (Y) of Y. As X" is embedded in L, (X), for each

n € N, as a closed subspace [72, Problem 337], so in C, (C,, (X)), clearly X? \ A is embedded in G (C,, (X)).

Consequently, one gets [ (X2 \ A) = ext (X2 \ A). On the other hand, since each space which is dominated by
a second countable space has countable extent [14, 2.1 (h) Theorem], if (X x X) \ A is dominated by a second
countable space, it follows that I(X2 \ A) =Ny, i.e, (X x X)\ Ais aLindelof space. This implies that A is a
Gs-set in X X X, so A must be metrizable.

The first result on this subject is [13, Theorem 1], whence it follows that, for compact X, if the space
(X% X) \ A is strongly NN-dominated (equivalently, strongly dominated by a Polish space) then X is
metrizable. This extends to the following.

Theorem 8.1 (Cascales-Muifioz-Orihuela [12, Corollary 22]). For a compact space X the following statements
are equivalent.

1. X is metrizable.
2. (X x X)\ A is strongly dominated by a Polish space.
3. (X x X) \ A is strongly dominated by a separable metric space.

For strong domination of a Tychonoff space by a second countable space, one has

Theorem 8.2 (Guerrero-Tkachuk, [45, Corollary 3.6]). If (X x X)\Ais strongly dominated by a second countable
space, then X is cosmic.

Since each compact cosmic space is metrizable, one gets again

Corollary 8.3 (Cascales-Orihuela-Tkachuk, [14, 3.11 Theoreml). A compact space X is metrizable if and only
if (X x X) \ A is strongly dominated by a second countable space.
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In [74, Example 4.6] it is shown that under MA the space (X X X) \ A with X non-metrizable, first
countable, compact space, is strongly dominated by a countable space (with a unique non-isolated point).
So, under MA, for compact X strong domination of (X x X) \ A by a countable space does not imply the
metrizability of X.

In [16] it is shown that under CH a compact space X is metrizable whenever (X x X) \ A is dominated
by a Polish space. This result was extended to ZFC in [17] as follows.

Theorem 8.4 (Dow-Hart, [17, Theorem 8]). A compact space X is metrizable if and only if (X x X)\A is dominated
by a Polish space.

Under CH one may change the Polish space domination of the previous theorem into second countable
domination.

Theorem 8.5 (Guerrero-Tkachuk, [44, 3.3 Corollaryl]). Under CH a compact space X is metrizable if and only if
(X x X) \ A is dominated by a second countable space.

Recently, the following ZFC result has been published.

Theorem 8.6 (Feng, [19, Theorem 5.3]). Let X be a compact space. If (X X X) \ A is dominated by the space Q,
then X is metrizable.

Since [44], when (X X X) \ A is dominated by a space M, it is usual to say that X has an M-diagonal.
With this new terminology and since the space PP of irrationals is homeomorphic to the Polish space NI,
Theorems 8.4 and 8.6 can be stated as follows.

Theorem 8.7. Let X be a compact space X. If X has either a IP-diagonal or a Q-diagonal, then X is metrizable.
The following result is a proper extension of Theorem 8.1.

Theorem 8.8 (Guerrero, [42, Theorem 2.3]). If M is a separable metric space, every compact space with an M-
diagonal is metrizable.

In [44, Theorem 3.4 (a)] it is shown that under CH if a Tychonoff space X has a second countable diagonal,
then X is cosmic. The following result show that the preceding statement also holds in ZFC.

Theorem 8.9 (Guerrero, [42, Corollary 2.4]). For a Tychonoff space X, if (X X X) \ A is dominated by a second
countable space, then X is cosmic.

Since, as mentioned earlier, each compact cosmic space is metrizable, this solves in the positive the
following question originally posed by Cascales, Orihuela and Tkachuk in [14].

Problem 8.10 (Guerrero-Tkachuk, [44, Question 4.1]). Let X be a compact space. If (X X X) \ A is dominated
by a second countable space, is it true in ZFC that X metrizable?

It is proved in [70] that if C, (X) is covered by a countable family of countably tight sets, then C, (X)
has countable tightness. In [78] is shown that a compact space with a closure-preserving covering by finite
sets must be Eberlein compact. Related research about domination and strong domination of a space X
by a locally compact second countable space M, by an w-hyperbounded space M (i. e., an space in which
the closure of each o-compact subspace is compact) or by a x-hemicompact space M (for a given infinite
cardinal k) can be found in [48].

On the other hand, the bidual M (X) of C, (X) equipped with the relative topology of R* has recently
deserved some attention in relation to the distinguished property of C, (X) (see [33] and references therein),
after the discovering that not always M (X) coincides with RX (in fact, it can be shown that M (X) = RX
exactly when C, (X) is distinguished, which is not always the case). Let us mention the following result
(from which Theorem 3.16 is a straightforward consequence).

Theorem 8.11 (Ferrando, [25, Theorem 28]). The bidual of C, (X) has a resolution consisting of pointwise bounded
sets if and only if X is countable.
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9. Some open problems

Theorem 2.4 asserts that if C, (X) is covered by a sequence of relatively sequentially complete sets, then
X is a P-space.

Problem 9.1. If C (X) is covered by a sequence of weakly relatively sequentially complete sets, is X is a P-space?

Theorem 2.5 states that if C, (X) is covered by a sequence of pointwise bounded relatively sequentially
complete sets, then X is finite.

Problem 9.2. If Ci (X) is covered by a sequence of bounded weakly relatively sequentially complete sets, must X be
finite?

By Corollary 3.5 if C, (X) has a resolution consisting of pointwise bounded sets, then X is projectively
o-compact. On the other hand, according to [26, Theorem 3.1] the space X is o-compact if and only if there
exists a metrizable locally convex topology 7 on C(X) such that 7, < 7 < 7. If T is a metrizable locally
convex topology on C (X) stronger than 7, certainly C, (X) has a resolution consisting of pointwise bounded
sets, but if X is a p-space the 1x-closures of a fundamental system of t-neighborhoods of the origin in
C (X) define a metrizable locally convex topology 1 on C (X) coarser than 7, because of the Nachbin-Shirota
theorem. In other words, if X is a y-space and there is a metrizable locally convex topology 7 on C (X)
such that 7, < 7, there exists a metrizable locally convex topology 1 on C (X) such that 7, < 1 < 7. So, the
following makes sense.

Problem 9.3 (Kakol). Assume that X is a p-space. If C, (X) has a resolution consisting of pointwise bounded sets,
is there always a stronger metrizable locally convex topology T on C (X) such that 1, < < 747

Observe that a positive answer to this question, also gives a positive answer to the following question.
Problem 9.4. Assume that X is a u-space. Is it true that C, (X) has a resolution consisting of pointwise bounded
sets if and only if X is o-compact? Equivalently, is it true that C, (X) is K-analytic-framed in R* if and only if X is

o-compact?

According to Theorem 3.16, the space C,(X) has a resolution of pointwise bounded sets that swallows
the pointwise bounded sets if and only if X is countable.

Problem 9.5. If C, (X) has a resolution of pointwise bounded sets that swallows the compact sets, is X countable?

If X is first countable, Theorem 3.21 asserts that C,(X) has a resolution of pointwise bounded sets that
swallows the Cauchy sequences if and only if X is countable.

Problem 9.6. If C,(X) has a resolution of pointwise bounded sets that swallows the Cauchy sequences, is X countable?

In Theorem 2.5 it is shown that C, (X) is covered by a sequence of pointwise bounded relatively sequen-
tially complete sets if and only if X is finite.

Problem 9.7. If C, (X) has a resolution of pointwise bounded relatively sequentially complete sets that swallows the
pointwise bounded relatively sequentially complete sets, is X countable?

Theorem 2.6 shows that if C, (X) is covered by a sequence of functionally bounded sets, X is pseudo-
compact and each countable set in X is closed, discrete and C*-embedded.

Problem 9.8. If C, (X) has a resolution of functionally bounded sets that swallows the functionally bounded sets, is
X countable and discrete?

If X is metrizable, according to Theorem 4.2 the space Ci(X) has a resolution of compact sets that
swallows the compact sets if and only if X is o-compact.
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Problem 9.9. Characterize in terms of the topology of X those spaces Cy (X) which admit a resolution of compact sets
that swallows the compact sets.

If X is metrizable, Theorem 4.3 shows that C (X) has a resolution of bounded sets that swallows the
bounded sets if and only if X is o-compact, and in [23, Theorem 8] is proved that Ci (X) has a resolution of
bounded sets that swallows the bounded sets if and only if X is a so-called cn-space [23, p. 3].

Problem 9.10. Is there a nicer characterization in terms of the topology of X of those spaces Cy (X) which admit a
resolution of bounded sets that swallows the bounded sets.

By Theorem 6.9, if X is a Lindelof X-space and C, (X, [0, 1]) is strongly dominated by a second countable
space, then X is countable. So C, (X) is metrizable and separable, i. e., C, (X) is cosmic. Consequently C, (X)
is a Lindelof X-space.

Problem 9.11 (Guerrero-Tkachuk, [45, Question 4.1]). Suppose that C,(X,[0,1]) is dominated by a second
countable space. Must C,(X, [0, 1]) be a Lindelof X-space?

Problem 9.12 (Guerrero-Tkachuk, [45, Question 4.2]). If X is metrizable and C,(X,[0,1]) is dominated by a
second countable space, must C,(X, [0, 1]) be a Lindelof Z-space?

Problem 9.13 (Guerrero-Tkachuk, [45, Question 4.3]). If Xis Lindelofand C,(X, [0, 1]) is dominated by a second
countable space, must C,(X, [0, 1]) be a Lindelof Z-space?

Recalling again Theorem 3.16, the following natural question makes sense.

Problem 9.14. Let M be a second countable space. If C, (X) is covered by an M-ordered family A = {Ak : K € K (M)}
consisting of pointwise bounded sets that swallows the pointwise bounded sets in C, (X), must X be countable?

Problem 9.15 (Guerrero-Tkachuk, [44, 4.4 Questionl]). If X is a compact space with a o-compact diagonal, is X
metrizable?

Problem 9.16 (Guerrero-Tkachuk, [44, 4.5 Question]). If X is a compact space with a Lindelof ©. diagonal, is X
metrizable?

Problem 9.17 (Tkachuk, [74, 5.6 Questionl). Is it true in ZFC that for any compact first countable space X there
exists a countable space M that strongly dominates (X x X) \ A?

Problem 9.18 (Guerrero, [42, Problem 4.1]). Let X be a compact space. If (X X X) \ A is dominated by a metric
space, is X metrizable?

In [25, Corollary 22] it is shown that for X realcompact, the weak* bidual M (X) of C, (X) is a Lindelof
X-space if and only if X is countable.

Problem 9.19. May we drop the condition that X is realcompact in the previous statement?
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