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A New Young Type Inequality Involving Heinz Mean

Changsen Yang?, Yu Li?

?Henan Engineering Laboratory for Big Data Statistical Analysis and Optimal Control;
College of Mathematics and Information Science, Henan Normal University, Xinxiang 453007, Henan, P.R.China.

Abstract. In this paper, we gave a new Young type inequality and the relevant Heinz mean inequality.
Furthermore, we also improved some inequalities with Kantorovich constant or Specht’s ratio. Meanwhile,
on the base of our scalars results, we obtain some new corresponding operator inequalities and matrix
versions including Hilbert-Schmidt norm, unitarily invariant norm and related trace versions, which can
be regarded as the application of our scalar results.

1. Introduction

It has been universally acknowledged that the classical Young inequality for scalars says thatifa,b > 0
and v € [0,1], then

a’b'™ < va+ (1 -o)b. (1.1)

with equality if and only if 2 = b. Simple as it is, what the inequality (1.1) conveys to us is not only
interesting in itself but also significant in operator theory. Refining this inequality has taken great attention
of a considerable number of researchers in this field, as a consequence, where adding a positive term or
multiplying a coefficient which is greater or equal to the number 1 to the left side is possible. If v = 1,
particularly, we can get the arithmetic-geometric mean inequality

\/Esa;b

Among the first refinements and reverses in [9, 10] of this inequality were proved by Kittaneh and
Manasrah, which can be stated in the following form

a0 + ro(vVa — Vb)2 < va + (1 —0)b < a®b* + Ro(Va — Vb)2. (1.2)
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where 7y = min{v, 1 — v}, Ry = max{v,1 —v},4,b > 0,v € [0,1]. The other improvements and reverses in [16]
were presented by Zhao and Wu as follows:

a’b' + v(Va — Vb)* + ro(Vab — Vb)? < va + (1 - )b

<a’b'" + (1 - o) (Va— Vb2 —r(Vab - va),, 0<v< % (1.3)
and

a°b' + (1 — v)(Va — Vb + ro(Nab — Va)? < va+ (1 - )b

< a®b" + v(Va — Vb)? - ro(Vab — Vb)>. % <v<l (14)

where r = min{v, 1 — v}, rg = min{2r,1 — 2r}.
Also, Furuichi and Tominaga obtained respectively the other interesting multiplicative refinement and
reverse with Specht’s ratio in [5, 14]

s«%)f)avbl-v <va+(1-0)b < S(Z)a”bl‘” (15)

fora,b>0,v € [0,1] and r = min{v, 1 — v}, where the Specht’s ratio [5, 6, 14] was defined by

1
It ifhe(0,1)U (1, ),
Sty=3  em(ir) OV e) (1.6)
1 ifh=1.

The function S(-) has the following properties:
i) 5(-) is decreasing on (0, 1) and increasing on (1, o0);
ii) limy,—,1 S(h) = 1, S(h) = S(3) > L forany h > 0, h # 1.
In addition, the inequality (1.1) was refined and reversed respectively with Kantorovich constant by
Zuo and Liao [12, 17] as follows:

Kr(Z,Z)a”bl"’ <wm+(1-0)b< KR(§,2>a”b1‘”- 1.7)

fora,b > 0, v € [0,1], where v = min{v,1 — v}, R = max{v,1 — v}, K(h, 2) is the Kantorovich constant defined
by

(h+1)?
4h

Likely, the function K(, 2) has the following properties:
i) K(, 2) is decreasing on (0, 1) and increasing on (1, o0);
ii) K(1,2) = K(3,2) > 1 for any h > 0.
It is obvious that a common fact that it refers to (1.5) and (1.7) which are the refinements and reverses of
(1.1) is multiplying one coefficient.
Several years later, Hu in [8] gave the following Young type inequality

K(h,2) = > 0. (1.8)

(@2a)°b' ™ + v2(Va — Vb)* < v*a + (1 — )%, 0<v< (1.9)

Al =02 P+ (1 —02(Va— Vb2 <vPa+(1-0)?. =<v<l (1.10)

fora,b>0,ve[0,1].
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Afterwards, Burqan and Khandagji in [2] presented the reverse of (1.9) and (1.10), which can be stated
in the following form

0+ (1 =0 <a’[(1 —0)*b]" " + (1 —v)2(Va- Vb)?, 0<v< (1.11)

0% + (1 — 0)% < (VPa)’b'™ + v*(Va — Vb)~ <v<l1 (1.12)

N =

In a recent work, Ghazanfari, Malekinejad and Talebi in [7] gave a new inequality, which can be stated
thatifa, b > 0 and v € (0, 1], then

1=+ + (1 —0®b <" 20" + (Va — V)~ (1.13)

Throughout the paper, M, denotes the space of all n X n complex matrices. M;; denotes the set of all pos-
itive semidefinite matrices in M,,, X > Y for X, Y € M,, means that X and Y are Hermitians and X - Y € M.
The set of all strictly positive definite matrices in M, is denoted by M, *. The unitarily invariance of the ||.||
on M,, means that [[UAV/|| = ||A|| for all A € M,, and for all the unitary matrices U, V € M,,. For A = [a;;] € M,,,
the Hilbert-Schmidt (or Frobenius) norm and the trace norm of A are defined by

b = [ Y 2A), Al =) si(A),
j=1 j=1

respectively, where s1(A) > s55(A) > ... > s5,(A) are the singular values of A, that is, the eigenvalues of

the positive matrix |A| = (A*A)?, arranged in decreasing order and repeated according to multiplicity.
Moreover, it is well known that ||.||; is unitarily invariant.

What is more, let B(H) denotes the C*-algebra of all bounded linear operators on a complex Hilbert space
H. In the case of dim H = n, we identify B(H) with the matrix Algebra of all n X n matrices with entries in
the complex field. A operator A € B(H) is called positive, if

(Ax,x) =20

for all x € H, and we write A > 0. The set of all positive operators on a complex Hilbert space H is denoted
by B*(H). Also, the set of all positive invertible operators on a complex Hilbert space H is denoted with
B**(H). If A € B**(H), we write A > 0.

For the notations adopted in this paper, moreover, we defined v—weighted arithmetic mean, geometric
mean for scalars and operators

aVob=(1-v)a+ovb, alfb=a'""b";
AV,B=(1-v)A+0B, Af,B=A(A"IBA 1)’A2

fora,b > 0,v €[0,1] and A, B € B**(H). In particular, denoted by aVb and afib, AVB and A#B for brevity
respectively when v = 1.
Also, Heinz means for scalars and operators introduced in [3] were defined as

aﬁvb + aﬁl—vb
-
AﬁvB + Aﬁl—vB
-
which can be interpolated between arithmetic and geometric means. Put another way,

H‘D(a/ b) = ﬂ,b Z 0/ v € [Ol 1]

Hy(A, B) = A,BeB*™(H), vel0,1]

alb < Hy(a,b) <aVb, A#B < H,(A,B) < AVB

were called Heinz means inequalities.
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This paper is organized in the following way: In Section 2, we first give the reverse of a new Young
type inequality for scalar, and then we refine this inequality with Specht’s ratio and Kantorovich constant.
Subsequently, we obtain the new corresponding Heinz mean inequalities. In Section 2, on the basis of
our main scalar results, we obtained the related Heinz operator mean version, including the refinement of
(3.1). In the last Section, as an application, we establish some relevant inequalities including Heinz mean or
Young type of matrix version for Hilbert-Schmidt norm, unitarily invariant norm, and trace versions based
on the conclusion of part one.

2. Reverse of Young Type and Heinz mean Inequality with Kantorovich Constant or Specht’s ratio

First of all, we prove the reverse of a new Young type inequality, then we get the new Heinz mean
inequality and give some discussions for the new Young type inequality (2.2). Because this part is mainly
researched Heinz mean, it does not take (2.2), (2.4), (2.8) as a theorem respectively to prove. However, these
conclusions are also our main results. For convenience, let R denote the field of real numbers.

Theorem 2.1 Suppose thata,b > 0, N;,N, € Rand v € (0,1], then

[0 (@ - 1) — 0M*2| (VD) + 2(afip) < o~=NI=N (g, ). (2.1)

Proof. Now, we prove the following new Young type inequality which can be regard as one of our main
results in the first place.

(1 _ UN1+1 + UN1+2)EI + (1 _ vN2+2)b < U—(l—v)Nl—sz—lavbl—v + (\/E _ \/5)2 (22)

By (1.1) and simple calculation, then we have
(\/_ _ \/5)2 _ (1 — N+l 4 UN1+2)Q _ (1 _ vN2+2)b + .U—(lfv)Nl—sz—lavbl—v
(1- v)vl\““a +pN2t2p 9 \/a_b + p~1-0N1—vN2-1 jopl-0

> (Z)N]Ha)l_v(Z)Nsz)v ) m + v—(l—v)Nl—sz—lavbl—v
— p(I=0N1+oN2+1 j1-0p0 _ 9 \/a_b + p~(1=0)N1-oN2=1 jop1-0
_ (v (l—v)N12+vN2+l a% b% o —(l—v)N%—sz—l a % b% )2

>0

So (2.2) holds.

And then, if we replace a by b, b by a and add the resulting inequality to (2.2), we get the desired result (2.1).
This completes the proof. [

Remark 2.2 For one thing, it’s obvious that (1.13) is a special case of inequality (2.2) for Ny = 1,N, = 0,
which implies that (2.2) is a generalization of (1.13). And for any Ny, N; > 0, it’s not difficult to find that both
the left hand side and the right hand side in inequality (2.2) are greater than or equal to the corresponding
sides in the second inequalities of (1.3) and (1.4) respectively, which indicates that (2.2) can be regarded as
anew Young type inequality.

By the similar way in Theorem 2.1, we obtain Young type inequality with Specht’s ratio or Kantorovich
constant which is the refinement of (2.2) and get the new relevant Heniz mean inequality.

Theorem 2.3 Fora,b > 0,v € (0,1] and N1, N, € R, then
S™H(W)Hy(a, b)
1
- _ (2-v)N1+oN+2 _  (1+9)N1+(1-v)Ny+3
> > [(v 1)v 1O 1% ! 2 ]a
1 ON1+Q2-0)Na 42 (1-0)N; +(1+0)Np+3
+§[(v—1)v ! 27—y ! 2 ]b

+ (v(l—v)N1+sz+1 + UUN1+(1_U)NZ+1)(ﬂﬁb), (23)
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where r = min{v,1 —v},h = 120 2 1 and S(.) is the Specht’s ratio.

b p
Proof. First of all, we prove

(1 _ z]Nl+1 + Z)N1+2)a + (1 _ UN2+2)b < 571 (hr)vf(lf‘u)Nl711N271avb1727 + (\/_ _ \/E)Z

According to the first inequality of (1.5), we have
S—l(hr)v—(l—v)Nl—sz—luvbl—v + ( \/' _ \/E)Z _ (1 _ Z)N1+1 + Z)Nl+2)a _ (1 _ Z)N2+2)b
= Sy (-ONI=oN2=lgopl=o 4 pNi+1(] — g)g 4 pN2+2p — 2 vab

> 571 (hr)v—(lfv)Nl7szflavblfv + S(hr)(UNﬁla)lfv(szJrlb)v -2 \/%

=g1 (hr)v—(l—v)Nl—sz—lavbl—v ) \/a_b + S(hr)v(l—v)l\h+vN2+1a1—vbv

1 —(1-v)N7 —oNp -1 (1-o)Ny+oNp+1 14
= (S 2(H"o z

aib’T - S:(Wy— = aTb%)Z
>0

So we get the required inequality (2.4).
Now, by exchanging a for b, N; for N; in (2.4) and applying the property S(h) = S(h™"), we have

1- oMl 4 vN2+2)b +(1- le+2)a <§1 (hr)v—(l—v)Nz—le—1a1—vbv + (\/— _ \/I;)z‘
That is
pU=ON N+ [ Na () _ 1)y — oN1#25] < §71(7)a1=0p0 — 2p(-0Na+oNi+1 /gy
Similarly, the inequality (2.4) can be restated as
pU=oN+N2H L [N () 1) — pN2¥2p] < §=1(7)a?p1 =0 — 2p(1-oN1+oNa+1
Finally, if we add (2.5) to the above inequality, we get
ST @b + a=UbY)
> [(v _ 1)U(Z—U)N1+UN2+2 _ v(1+v)N1+(1—v)Nz+3] a4+ [(v _ 1)va1+(2—v)N2+2
_ ,U(l—v)N1+(1+v)N2+3] b+ 2(p(-ONIFN2H1 | N1 +(1-0N2+Ty gy
which is equivalent to the desired result (2.3). This completes the proof. [
The Corollary 2.4 is a special case of Theorem 2.3.
Corollary 2.4 Let all assumptions of Theorem 2.3 be satisfied and N; = N, = N € R, then
S~ YHy(a, b) + v*ND(aVb) > 20N (atb).
Theorem 2.5 Leta,b > 0,v € (0,1] and Ny, N> € R, then
K™ (h,2)H,(a, b)
> %[(v — 1)p@ ONI+N+2 _ U(1+v)Nl+(1—v)N2+3] a
1
+ E[(v _ 1)UvN1+(2—v)N2+2 _ U(l—v)N1+(1+v)N2+3]b
+ (NN N H(I=0N+1) gy

where ¥ = min{v,1 — v}, h = w and K(-, 2) is Kantorovich constants.

3643

(2.4)

(2.5)

(2.6)

.7)
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Proof. By the first inequality of (1.7), we have
Kiy(h, 2)0*(1—U)N1vazflavblfv + (\/' _ \/E)Z _ (1 — N+l z)N1+2)a _ (1 _ UN2+2)b
= K™ (h, 2)o~ 1-oNi=eNo=Lgopl=o 4 pNi+1(] _ )g 4 oN2*2p — 2 Vab
> K~'(h, z)v—(l—v)Nl—sz—luvbl—v +K'(h, 2)(UN1+161)1_D(UN2+1b)U ) @
— Kfr(h, 2)0*(1*0)1\]1*211\]2*1&01?1*1] -2 \/1% + Ky(h, 2)0(17v)N1+vN2+1a17vbv
. —(1-0)Ny-oNp-1 14 . (1-0)N1+oNa+1 15 - 5\2
= (K‘i(h,Z)vfaibT - Ki(h,Z)Ufﬁlbe)
>0
That is

(1 =N+ 4 N2 4 (1 = oN2*2)p < K7 (, 2)p~ -ONi—oNa-Tgopl=o (/g — )2, (2.8)

Now, if we interchange a for b and N; for N, in (2.8), and then adding the resulting inequality to (2.8), we
get the required result (2.7). O

Corollary 2.6 Let all assumptions of Theorem 2.5 be satisfied and N; = N, = N € IR, then
K7"(h,2)Hy(a, b) + v*N*D(aVb) > 20N+ (atib). (2.9)

By replacing a by a?> and b by b?* in inequalities (2.2), (2.4) and (2.8) respectively, we obtain the following
corollary.

Corollary 2.7 With the assumptions of Theorem 2.5 we have

(1 _ UN1+1 + UN1+2)612 + (1 _ ,UN2+2)b2 < v—(l—v)Nl—sz—l(avbl—v)Z + (ﬂ _ b)Z (210)
(1 _ ZJN1+1 + UN1+2)ﬂ2 + (1 _ UN2+2)b2 < S—l(tr)v—(l—v)Nl—sz—l(avbl—v)Z + (LZ _ b)Z (211)

and
(1 —oNH 4 oN1#2)52 4 (1 — N2 2)p2 < K7 (1, 2)p~ 1ON—oNa= L (gopl=0y2 o (5 _ )2, (2.12)

. N1-N»> .2
where r = min{v,1 - v}, t = =25 # 1.

To achieve our further results, we need the following lemma.
Lemma 2.8 Let ¢ be a strictly increasing convex function defined on an interval D. If x, y, z and w are points

in D such that
z-w<x-Y,

where w <z < x and y < x, then
02) ¢@z) - dw) < Px) — P(y).

We can see [13] for more details.

Proposition 2.9 Let ¢ : (0,+00) — R be a strictly increasing convex function, if 4,b > 0, and v € (0,1],
Ni,N; € R, then

(]5((1 +(1- ,U),U(Z—U)N1+UN2+2 + U<1_U)N1+(l+v)N2+3)(ﬂVb))

— pQuITINIFNH (b)) > dh(aVb) — H(H,(a, b)). (2.13)

Proof. Let x = [1 + (1 — 0)g@ ON1+eN242 4 (I-0NH(1+ON2431 (3 VD) yy = 2p(I-INI+ON2+L (gl 7 = qVb, w = H,(a, b).
Now, we just need to provez—w <x—-yandw <z < x.
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According to (2.1), we have

Z-w<x—.

And it’s clear that the second inequalities hold by applying Heinz mean inequality for scalars. So by Lemma
2.8, we have the intended result (2.13). This completes the proof. [

Corollary 2.10 Let p(x) = x",p e R,p > 1,ifa,b > 0, v € (0,1] and N1, N; € R, then we have
(1 + (1 — p)p@ONHN2#2 v(l—v)N1+(l+v)N2+3)p(a + DY

- (4v<1-”>N1+vN2+1)” (Vab)’ > (a + by — (@b"" + a'“pV)P. (2.14)

3. Reversed versions for Heinz operator mean

In this section, we will give some new reversed versions for Heinz operator mean by the monotonic
property of operator functions. However, we need to recall the following lemma that is necessary to obtain
our main results.

Lemma 3.1 ([4]) For X € B(H) be self-adjoint and f, g be continuous real functions such that f(t) > g(t) for
all t € Sp(X) (the Spectrum of X). Then f(X) > g(X).

According to (2.1), now, we get the new Heinz operator inequalities as follows.

Theorem 3.2 Let A, B € B**(H) and N1, N; € R, if v € (0, 1], then

[0V (0 - 1) — 022 |(AVB) + 2(A#B) < oMM (A, B). (3.1)

Proof. Leta =1,b =t > 0in (2.1), then the inequality becomes

[N @ = 1) = oM 2|(1 + 1) + 4 VE <o NN o 1), (3.2)

For the operator X = A"iBA"7 hasa positive spectrum, I be the identity operator, then according to Lemma
3.1 and insert A"2BA™2 in (3.2), we have

[0V (0= 1) = oN*2|(1 + A2BA™2) + 4(AT2BA )
<o AmNNI(ATBATR Y 4 (ATIBATY)Y), (33)
Finally, if we multiply the inequality (3.3) by A? on both sides, we get
[le o-1)— vN2+2](A + B) + 4(AfiB) < v -ONi—tNa-L A4 B 4 AB - B) (3.4)
which implies the required result (3.1). [

On the basis of (2.3), in addition, we obtain the following theorem whose proof method is similar to the
way presented by Theorem 3.2 if we take Specht’s ratio into account.

Theorem 3.3 Suppose that A, B € B**(H), v € (0,1] and positive real numbers m, m’, M, M’ satisfying either
of the following conditions
)0 <N N’ T < A <oNMNem] < MI < B < M'I;
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)0 <oV N [<B<oN"Niml < MI<A <ML

with h = 11\1—/11 >land ¥ = Ami,/,then

ST (W)Hy(A, B)
[(v _ 1)UUN1+(2—Z))N2+2 _ U(l—v)Nl+(1+v)N2+3] A

1
2 —
2
+ %[(v _ 1)0(2—U)N1+UN2+2 _ U(1+v)N1+(1—v)N2+3] B
+ (v(l—v)N1+vN2+1 + va] +(1_v)N2+1)(AﬁB). (35)

In particular, if Ny = N = N, then
S~YHHy(A, B) + v*N*D(AVB) > 20N*1(A4B). (3.6)

where r = minfo, 1 — v}, N1, N» € R and S(') is the Specht’s ratio.

Proof. Letb =1,a = x > 0in (2.3), we have

Sil((UNliNZX)V)(XU + xlfv)
> [(v _ 1)0(2—v)N1+vN2+2 _ v(1+v)N1+(1—v)Nz+3] X+ z(v(l—v)M +oN,+1
(3.7)

+ va] +(1—v)N2+1) \/J_C + (Z) _ 1)va1+(2—v)Nz+2 _ Z)(1—z/)N1+(1+v)N2+E’)
for any x > 0.
For the positive operator X such that 0 < al < X < I. Therefore, by Lemma 3.1, we have

-1
( min S(@YMNxy)) (X7 + X77)
a<x<p
> [(v _ 1)0(2—0)N1+0N2+2 _ U(1+U)N1+(1—v)Nz+3] X + [(v _ 1)va1+(2—v)N2+2

_ v(l—v)N1+(1+v)N2+3]I + 2(0(1—D)N1+TJN2+1 + va1+(1—v)N2+1)X%_
M—1 = 51, then Sp(X) €

NNa

Under the first condition, we get I < yN1h_-NzI = ﬁl < ATIBATY <
[MLWZ, vNil_:Nz] C (1,+00) and N =M2Sp(X) C [h,1'] C (1, +00). Let X = A~2BA™2, therefore

(@) ((A-tBAHy + (a-tBAEy)

n
<x<
NN, SYS TN,

( min
h

|

> [(v _ 1)U(Z—U)N1+UN2+2 _ v(1+v)N1+(1—v)Nz+3]A—%BA—% " [(U _ 1),UZIN1+(2—ZJ)N2+2

_ v(l—v)N1+(1+v)Nz+3]I + z(v(l—v)N1 +0Np+1 | va1+(1—v)Nz+1)(A—%BA—%)%.

Since S(x) is an increasing function for x > 1, so we have

STHI)((ATBAT2)" + (ATBA™2)1 )
> [(v — 1)o@ ONi+oN2+2 _ U(l+v)N1+(1—v)N2+3]A—%BA—% + [(U _ 1)va1+(2—v)N2+2
(3.8)

_ v(l—v)N1+(1+v)Nz+3]I + z(v(l—v)M +oNp+1 va1+(1—v)N2+1)(A—%BA—%)%_

No—N- No—N7p 40,7 1 _1 No—N- Ny —N.
#IZ%ISA—ZBA 3 S%I=%1<L

Similarly, under the second condition, we also have -
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pN2=N1 - N2-Ny

then Sp(X) C [, =51 (0,1) and oM ~N2Sp(X) C [, 1] € (0, 1). Therefore

( min s((le—NZx)'))l((A—% BA™Z)’ + (A2 BA—%)l—v)

1»N17N1 << 11N2h7N1
> [(T) _ 1)0(2—U)N1+Z)N2+2 _ v(1+v)N1+(1—‘0)N2+3:|A—%BA—% + [(U _ 1)UUN1+(2—‘0)N2+2

_ U(l_U)Nl+(1+U)N2+3]I + 2(0(1—v)N1+vN2+1 + ,UZIN1+(1—'U)N2+1)(A—%BA—%)% )
Since S(x) is a decreasing function on (0, 1), so we have
1
S7((5) aiBady + (amiBATh) ™)
> [(v _ 1)U(Z—U)N1+ZJN2+2 _ U(1+v)N1+(1—v)Nz+3] A‘% B A‘% + [(U _ 1),UZIN1+(2—Z})N2+2

_ v(l—v)N1+(1+v)Nz+3]l +2(p(-ONHoNa L UUN1+(1_U)N2+1)(A_%BA_%)%. (3.9)
And then, by the property S(x) = (1) for x > 0, we have that the inequality (3.9) is same to the inequality
(3.8).

Finally, if we multiply A2 from the both sides to the inequalities (3.8) or (3.9), then we get the required
inequality (3.5). O

Also, using the same technique presented by Theorem 3.3 and (2.7), we get the following result with
Kantorovich constants. The reader can refer to Theorem 3.3 to get the proof of the following theorem.

Theorem 3.4 For A,B € B**(H) and [ < - < A3BA™ < Tor 0 < S22 I < A1BA™ < &2 <]
with i > 1, then
K™"(h,2)H,(A, B)

> 1[(0 _ 1)va1+(2—v)N2+2 _ Z)(1—v)l\ll+(1+z;)N2+3]A

1
- _ (2-v)N1+oN2+2 . (1+9)N1+(1-0)N2+3
+ 5 [(v 1)v 1TON2 % ! 2 ]B
+ (U(l—v)N1+vN2+l + ,UUN1+(1—ZI)N2+1)(AﬂB). (310)
In particular, if Ny = N = N, then
K7"(h,2)H,(A, B) + v*"N*D(AVB) > 20N*1(A4B). (3.11)
for all v € (0,1], where r = min{v, 1 — v}, N1, N> € R and K(, 2) is Kantorovich constants .
In order to achieve our further results, furthermore, we need the following lemma [18].
Lemma 3.5 If A, B are positive operators on a Hilbert space and 7, w € [0, 1], then
AV (Af,B) = AV.,B — 1(AV,B — Af§,B).
AﬁT(AﬂmB) = Aﬁ’[mB
Proof.

AV(Af,B) = (1 - 1)A + T(Af,B)
=A—-7TA + twB — TwB + TwA — TwA + T(Afl,B)
=1wB+ (1 - 1tw)A - 7[(1 — w)A + wB — Af,B]
= AV,,B — 1(AV,B — All, B).
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At (Af,B)

= AB(A3(AT2BATZ) A2)

= AI[A"1(AZ(A"IBA )Y AL)ATI|TA?
= AZ(A"2BA"2)™A:?

= Af.B

O

At the end of this section, we establish the following theorem by applying Lemma 3.5 and (3.1).

Theorem 3.6 For A,B € B**(H), N;,N, e Rand v € (0,1).
If v € (0, 3], then

[N @r = 1) = (1 2I[AV B~ S(AVE - ALB)] + (At B)
< S @ 0PN AR B 4 Ay B) .12)
ii) If v € [1,1), then
(2N 2r = 1) - (2r)- LAV, B~ S(AVE - AEB)] + 2(A%; )
< %(27)‘(1‘2”N1‘Zer‘l(AﬂvB +Afl;_,B), (3.13)

where r = min{v, 1 — v}.

Proof. i) If v € (0, %], then 2v € (0, 1]. By substituting B by AB and v by 2v in (3.1), now, then it follows that
[(20)N*! (20 - 1) = (20)*"2](AV(AHB)) + 2(AH(A$B))

< 5(20) 12NN (Al (ARB) + Abh-20(AEB)).

N~

Then by Lemma 3.5, we have
AV(AfB) = AV.1B - 1(AVB - AfiB), AH#(AfB) = Aﬁ%B.
Therefore, we get

[N+ (2r - 1) - (2 *?][AV B ~ %(AVB ~ AtB)] + 2(A#, B)
< %(2r)‘(1‘2r)N1‘2rN2‘1(Aj:ivB + Aty _,B).

So (3.12) holds.
ilfove [%,1), then1—1v € (0, %] andr=1-0.
Exchanging A for B and v for 1 — v in the above inequality, we have

[N+ 2r -1) - (2r)N2+2][BV%A - %(BVA ~ B§A)] + 2(B} A)

1

< () U-2Ni-2Na-I(py Ay Bjjv_%A).

N
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It is shown in [4] that Bff;_,A = Af},B, thus the above inequality becomes
[+ 2r = 1) = 21" "?][AV3B - %(AVB ~ AfB)] + 2(Af; B)
< %(27)’(1’2’)N1’2’N2’1(Aﬁz,B + Atls_,B).

So (3.13) holds, this completes the proof. [J
Corollary 3.7 Let A, B € B**(H), then

1
[(2r)N1+1(2r 1) - (2r)N2+2][AV%B ~ 5(AVB - AjjB)] + 2(Af 2201 B)
< %(2r)—<1—2f>N1-2fN2-1(AﬁvB + Affapo20 B). (3.14)
for all v € (0, 1), where r = min{ov, 1 — v}, N1, N> € R and [x] is the greatest integer less than or equal to x.

Theorem 3.8 Assume that A,B € B**(H), v € (0,1), N € R and positive real numbers m,m’, M, M’ satisfy
eitherO<mI<A<mI<MI<B<MIorO<m'I<B<mlI<MI<A<MI
i) If v € (0, 3], then

%K‘R( Vh,2)(Atl,B + Afy_,B) + (2r)2(N+1>[AV%B - %(AVB — AtB)]
> 2N*2rN“(A1:t%B). (3.15)

ii) If v € [}, 1), then

%K‘R( Vh,2)(Ath,B + Afl;_,B) + (2r)2(N+1)[AV%B - %(AVB — AtB)]

> 2N+2rN+1(Aﬁ%B), (3.16)

- M

where ¥ = min{v,1 — v}, R = min{2r,1 —2r},h = % > 1, = 7> and K(;, 2) is Kantorovich constants.

Proof. In the case of 0 < m’l < A < ml < MI < B < M’'I, we have I < hl < A"2BA™> < I'I, I < VhI <
A 3(A#B)A": < V'L

In the case of 0 < m'[ < B < ml < MI < A < M'I, we have 0 < %I < ABA": < <1
A:(AfB)A: < <l
And then, using the same method presented in Theorem 3.6 and (3.11), we can get the desired inequalities
(3.15) and (3.16). This completes the proof. [

1
’\/WIS

Corollary 3.9 Let all assumptions of Theorem 3.8 be satisfied, then

1

SK(VR, D)(ABB + Atz B) + (2 (AT g B~ 5(AVB — AYB)]

> 2NN+ (AH b B). (3.17)
4

4. The reverse of matrix inequalities for Heinz mean and Young type

In this section, we establish some interesting matrix versions related to Heinz and Young type for
Hilbert-Schmidt norm, unitarily invariant norm, trace norm and trace. To do these, we need the following
lemmas. However, it is worth mentioning that the second lemma is a Heinz-Kato type inequality for
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unitarily invariant norms.

Lemma 4.1 ([1]) Let A, B € M,,, then

n

Z si(AB) < Z 5i(A)s;(B).

j=1 =1
Lemma 4.2. ([11]) Suppose A, B, X € M,, such that A, B are positive semidefinite matrices.

If0<v<1,then
IIA°XB|l| < IAXIIPIIXBIIT.

In particular,

tr|A’BY| < (trA)°(trB)'°.

We first establish the following Heinz matrix mean version for Hilbert-Schmidt norm, now, whose proof
is depended on the spectral theorem and (2.1).

Theorem 4.3 Assume that A, B, X € M, such that A, B € M}, if v € (0, 1], then
I4(ALXBYIl,
< |l A-oNi=oN2=1 Ao X B1=0 4 AT=0XBYY (0 — 1)oN1*! — oN2*2)(AX + XB)|l,
< o TNl ATX BI04 ATOXBYlp + [(1 = o)™ + oM 2] AX + XBllp, (4.1)
where N1, N, € R, I represents an identity matrix.
Proof. Since A, B € M}, it follows by spectral theorem that there exist unitary matrices U, V € M,, such that
A=UMU",B=VAV",

Where A1 = diag(Alf /\2’ Tty AVI)/ A2 = diag(ul/ 11’12/ ttty [un)/ AI’H/ [’ll Z 0/ m/l = ]-/2/ Tty n.
For our computations, let Y = U*XV = [y,,], then we have

A"XBY? + AVPXBY = U(AYYAL + ATPYA)V* = UL ™" + A u) ]V
AX + XB = Ul(Ay + w)ymlV",  A2XB2 = Ul(Aps)? ymi]V"
and
U—(l—v)Nl—sz—l(AvXBl—v + Al—vXBv) _ [(Z) _ 1)UN1+1 _ UN2+2](AX + XB)

1- 1-
B Azl’YA2 v+ A1 ”YA; _
- p(1-0)N1+0oN; +1

((@— 1™+ =M 2)(Aq Y + YAZ)]V"

_[@wﬁ+%w7

o(1=0)N1+0Np+1 - ((Z) - I)UMH - UN2+2)(A’” + [Jl))]/ml:lv*

Now, by (2.1) and the unitarily invariant of the Hilbert-Schmidt norm, then we have
I4(A>XB?)3
n 2
= X [0ty
m,I=1
n 2
<Yy [v—(l—v)M —sz—l(/\szll—v + Arln—v”;;) _ ((ZJ _ 1)UN1+1 _ UN2+2)(/\m + [’ll):l |yml|2

m, =1

— ”v—(l—v)Nl—sz—l(AvXBl—v + Al—vXBv) _ ((U _ 1)’0N1+1 _ ZJNZ+2)(AX + XB)H%
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which implies that
I4(A2XB2)]l,
< “v—(lfv)Nl—erl (AvXBl—zz + Al—vXBv) _ (.0 _ 1)UN1+1 _ Z)N2+2)(AX + XB)HZ
< p~moNi=oNo=1) Ao BI=0 4 AT=0XBY||, 4 | (1 — 0)oN1*! + ZJNZ+2](AX + XB)||»-

Here we complete the proof. [

Similarly, we obtain the following results with Specht’s ratio and Kantorovich constants by applying
(2.12) and (2.11).
Theorem 4.4 Suppose that A,B,X € M, such that A,B € M;* and satisfy 0 < VMI < A < VM'L0 <

VoNi-Nom’I < B < VoNi-Neml or 0 < V'l < A < ml,0 < |21 < B < ([ 1, if v € (0,1], then

i) (1= + R AXI + (1 - o™ 2)IXBI
< K7/(h, 2)o" MmN ATXB S + JAX — XBI3 (42)

i) (1-oN* + M) AX| + (1 - oN*2)1XB)2
< S‘l(hr)v‘“"’Wl‘”NH||A”XBH||§ +[lAX - XBIE, (4.3)
where h = E withm < M, W' = ,, r = min{v,1 — v}, N1, N> € R, I represents an identity matrix and

m,m’,M,M’ € R.

Proof. i) Since A, B € M;™, it follows by spectral theorem that there exist unitary matrices S,T € M,, such
that
A =SS, B =TI,T,

Where rl = diag(élr 52/ trty (Sn)/ FZ = diag(alr 02/ e /Un)/ éil Oj > O/ l/] = 1/2/ Tty n
For our computations, let Y = S*XT = [yij], then we have

APXBY™ = S(IYYT, )T = S[(&f o} )y T

AX = XB =S[(& —0p)yi]T", AX=SC&yi))T" and XB = S(ojyi)T".
By the unitarily invariant of Hilbert-Schmidt norm and (2.12) , now, we have
(1= oM+ + N AXIR + (1 - oN*2)|IXBR
n n
= -0V M) T 2y 4 (1= %) T oyl
ij=1 ij=1
= Yy [(1 — N+l 4 UN1+2)512 + (1 — oN2+2)g2 ]|y1]|2
i,j=1

,-}»Z_‘l[( min K(le -N, i, 2))_70—(1—0)N1 —uN,-1 ( 5;’ a}—v)Z

+ (& _Oj)2]|]/ij|2,
where t;; = 5—;, 1<i,j<n.
]
By the case of 0 < VMI < A < VM'L0 < VoNi—Na’] < B < VoNi-Nagyg] we have t;; = e[ N1 Ny s Ni’Nz]and
oN=Natii € [, W] C (1, +00). So by the properties of the Kantorovich constant, we get min K(oN1 N5, 2)
K(h,2). Similarly, by the case 0 < Vm'l < A < Ym0 < /=] < B < /51, we have t;; = —; €

Nz Nl sz N

IN

K%

] and oMMt € [, 4] € (0,1). By the properties of the Kantorovich constant, accordingly, we
also get mm K(@N1=N245,2) = K(h, 2).
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Therefore,

(1 =N ONRAXS + (1 - 0N+2)||IX B3
n —
y [( min K(Z)Nl -N, tij, 2)) YU_(l—U)N1 —sz—l(givG}—v)Z
ij=1
+ (&i- ij)z]ll/z‘jl2
n
= K7(h, 2)7]_(1_0)N1_UN2_1 Z (é?‘jl'_v)z ]/1]|2 + ZZ (& — O‘])2|]/z]|
]_
—r(h 2)0—(1 v)N1—0oN— 1||AUXB1 11”2 + ||AX XB”Z
So (4. 2) holds.
ii) Using the same method in (2.11), we can get (4.3). Thus we omit it.
Here we complete the proof.

IA

Besides, by (2.8) and (2.12), we obtain some inequalities with Kantorovich constants for trace norm. As
with the Theorem 4.5, we get the similar conclusion with Specht’s ratio which refers to Corollary 4.6, thus
we omit the details.

Theorem 4.5 Let A, B € M,, such that A, B € M;/* and satisfy v € (0, 1], then

pirf(1 =0+ + N4+ (1 - o))
< Ko 0-ONo N A0 B+ [JATLy + (1Bl — 214 B @4

ii) tr](1 - oM+ o)A 4 (1 - 2B

< Ky"om (NN AR 2 1B + AL + 1IBIS — 211ABIL, (4.5)

oN17N252(A)

5 oy 1< j<n), Ko = mm{K(T

where r = min{v,1 -0}, N;,N, € R, Ky = min{K(W

and K is the the Kantorovich constant.

2),1<j<nj

Proof. i) By (2.8), Lemma 4.1 and Cauchy-Schwarz inequality, we have
tr[(l —oNIH 4 NP A 4 (1 - vN2+2)B]

- z [(1 N4 N 2)s(4) + (1 - 0N 2)s(B)]

oN17N2g(A)

< Z [( min K(—z— B 2))_rv*(lfv)Nl*‘UNZ*ls;J(A)S}fv(B)

- (- o)

= Ko (-oNi—eN2= 125 (A%)si(B*) + ZS](A) + ZS](B)

- 2‘21 \/S]' S]'(B
j=

n 1 1 n n
Ko M (L) (SH87) + L) + Lsi(B)

IN

~ 2Ys/(A2B?)
j=1

= Ko (=oON=oNa=d A7), [|BY2)l, + [|Ally + [1Blly — 21|A 2Bz ]ls.
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So (4.4) holds.
if) The proof of (4.5) is similar to the one presented in i) by applying the inequality (2.12), thus we omit
it. O

Corollary 4.6 Let all assumptions of Theorem 4.5 be satisfied, then

i) b](@ = oM+ M)A 1 (1 - N2

< S 1o AmONIN 47 B0, + [|Ally + 1Bl — 2/l A B [y (4.6)

ii) |1 - oM+ o)A 4 (1 - o) B

< S5tommONI=oNT L AR |2 B3 + || AL + (1BII3 — 21IABI, (4.7)
N1-Np .
where Ni,N, € R, §; = min{S((mT;’(m)r), 1<j<n}, S = min{S((

,1<j<n},r=minfv,1—-v}and S(-) is the Specht’s ratio.

oM N2g2(A) \r
— _J -
s3(B) ) )

By Lemma 4.2 and (2.8), finally, we have the following conclusions with Kantorovich constants for
unitarily invariant norm and trace. The reader can refer to Theorem 4.5 or [15] to get the process of proof.
Just like Corollary 4.7, of course, the reader can come to the similar conclusion with Specht’s ratio. Thus
we omit them.

Corollary 4.7 For A, B € M,, with A, B € M;* and satisfy v € (0, 1], then

i) (1= oM 4 NFAX + (1 — N)|IXB|| < K (0N N2y, 2)
o~ =ON=2N= T A2 (| XBI + [AX]] + IXBII| — 2[I|A XBz ||| 4.8)

ii) tr(1 - M1+ M)A + (1 - M 2)B] < K7 (0N Ny, 2)

o~ (NN (1 AV (1B) 10 4 1A + B — 217|A 2 BE), (4.9)
= mi — lAxi _ A
where r = min{v,1 - v}, Ni,N> € R, Iy = TIXBIT hy = t:(g)-

O
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