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Existence of the Solution to Second Order Differential Equation
Through Fixed Point Results for Nonlinear F-Contractions Involving
wp-Distacne
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*Department of Mathematics, University of Sargodha, Sargodha, Pakistan

Abstract. In the present paper, the aim is to obtain some new fixed point theorems for nonlinear F-
contractions involving generalized distance to prove the existence of solution to second order differential
equation related to conversion of solar energy to electrical energy. Non-trivial examples are also presented,

to illustrate the obtained results and to show that new results are proper generalization of recently appeared
results in the literature.

1. Introduction and Preliminaries

A fundamental result in fixed point theory is the Banach Contraction Principle [2]. In the last few
decades, many authors have been extended and generalized the Banach’s contraction principle in several
ways. There is vast amount of literature dealing with extensions of Banach contraction principle (see
[1,3,4,12,16-19]). One of an attractive and important generalization is given by Wardowski in [23]. He

introduced a new type of contraction called F-contraction and proved a new fixed point theorem concerning
F-contraction.

Definition 1.1. [23] Let (X, d) be a metric space. A mapping T : X — X is said to be F-contraction if there exist
T > 0 such that

d(Tx, Ty) > 0 implies T + F(d(Tx, Ty)) < F(d(x, y)) forall x,y € X, (1)
where F : (0, 00) — R is a function satisfying:

(F1) F is strictly increasing;

(F2) for all sequence {t,} C (0, 00), lim,_,c @ty = 0, if and only if lim, . F(t,) = —o0;

(F3) there exist 0 < k < 1 such that lim,_,o- t*F(t) = 0.

We denote by A(F), the collection of all functions F : (0, ) — R satisfying (F1), (F2) and (F3).
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Theorem 1.2. [23] Let (X, d) be a complete metric space and T : X — X be a F-contraction. Then T has a unique
fixed point x* € X and for every xo € X a picard sequence {T"xo},en converges to x*.

Further, Turinici in [22], replaced (F2) by the following condition:
(FZ') limt_)0+ F(t) = —00.

Note that, in general, F € A(F) is not continuous. However, by (F1) and the properties of the monotone
functions, we have the following proposition.

Proposition 1.3. [22] Let F : (0, 00) — R be a function satisfying (F1) and (F2), then there exists a countable subset
A(F) € (0,1) such that
F(t —0) = F(t) = F(t + 0) for each t € (0, 1) \ A(F).

Lemma 1.4. [22] Let F : (0, 00) — R be a function satisfying (F1) and (F2'). Then for each sequence {t,} in (0,1)
Ft,) > —c0o=>t, —> 0.

After this, many authors generalized the F-contraction in several ways (see [6, 9, 10]). In 2015, Klim and
Wardowski [14] extended the concept of F-contractive mappings to the case of nonlinear F-contractions
and proved a fixed point theorems via the dynamic processes. In 2017, Wardowski [24] omitted one of the
conditions of F-contraction and introduced (¢, F)-contraction (or nonlinear F-contraction).

Definition 1.5. [24] A mapping T : X — X is said to be a (¢, F)-contraction (or nonlinear F-contraction), if there
exist F € F and a function ¢ : (0, 00) — (0, o0) satisfying:

(H1) liminf;_+ @(s) > 0, forall t > 0.
(H2) p(d(x,y)) + F(d(Tx, Ty)) < F(d(x,v)), forall x,y € X such that Tx # Ty

Theorem 1.6. [24] Let (X, d) be a complete metric space and let T : X — X be a (@, F)-contraction. Then T has a
unique fixed point in X.

In 1996, Kada, Suzuki and Takahashi [15] introduced the generalized metric, which is known as the
w-distance and improved Caristi’s fixed point theorem, Ekeland’s variational principle and nonconvex

minimization theorem using the results of Takahashi [15], for more results on the w-distance, (see [5, 7, 11,
20, 21]).

Definition 1.7. [15] Let X be a metric space with metric d. Then a function p : XXX — [0, c0) is called a w-distance
on X, if the following are satisfied:

(a) p(x,z) <plx,y)+p(y,z2), forallx,y,z € X;

(D) forall x € X, p(x,.) : X — [0, 00) is lower semicontinuous (i.e., if x € X and y, — y € X, then p(x,y) <
liminf, . p(x, 1)),

(c) forany e >0, 36 > 0such that p(z,x) < 6 and p(z, y) < 0 implies d(x, y) < e.
Example 1.8. [15] Let (X, d) be a metric space. A mapping p : X X X — [0, oo) defined by
plx,y)=k>0 forall x,yeX
is a w-distance on X. The mapping p is not a metric, since p(x,x) # 0 for any x € X.

Example 1.9. Let (X, ||.ll) be a normed linear space. A mapping p : X X X — [0, oo) defined by p(x, y) = |Ix|| + ||yl|
forall x,y € X is a w-distance on X.

Lemma 1.10. [15] Let X be a metric space with metric d and let p be a w-distance on X. Let {u,} and {v,} be sequences
in X, let o, and B,, be sequences in [0, +00) converging to 0, and let u, v, w € X. Then the following hold:
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() if p(un,v) < a, and p(uy, w) < By for any n € N, then v = w. In particular, if p(u,v) = 0, and p(u, w) = 0,
then v = w;

(ii) if p(un, vn) < a and p(uy, w) < By, for any n € N, then v, converges to w;
(iii) if p(un, un) < ay, for any n,m € N with m > n, then {u,} is a cauchy sequence;
(iv) if p(v, un) < vy for any n € IN, then {u,} is a cauchy sequence.

Recently, in [13], Kosti¢ et al. introduced a special type of w-distance named as wy- distance, to extend best
proximity results of Tchier et al. [22] involving simulation functions. The wy-distance is slightly different
to the original w-distance, in regard that the lower semicontinuity with respect to both variables (when one
of them is fixed) is supposed.

Definition 1.11. [13] Let X be a metric space with metric d. Then a function p : X X X — [0.00) is called a
wo-distance on X, if the following are satisfied:

(P1) p(x,z) <p(x,y) +ply,z), forallx,y,z € X,
(P2) forany x € X, functions p(x,.), p(.,x) : X — [0, 00) are lower semicontinuous,
(P3) foranye >0, 36 > 0such that p(z,x) < 6 and p(z,y) < 6 implies d(x, y) < €.

Let (X, d) be a metric space, p : X X X — [0, 00) a wp-distance on X, and, for every x,y € X let

plx, y) := maxip(x, y), p(y, X))}
Remark 1.12. [13] The function p : X x X — [0, o) has the following properties (for all x, y,z € X)
@) ply)=0=x=y;
(2) plx,v) = u(y,x), i.e. puissymmetric;
(3) p(x,y) < ulx,z) + p(z, y), i.e. y satisfies the triangle inequality.

Example 1.13. [13] Let X = [0, 00) be a metric space with metric d(x,y) =| x — y |, for all x, y € X, then p defined
by p(x,y) = x + y forall x, y € X is a wy-distance.

Example 1.14. [13] Let X = [0, 00) be a metric space with usual metricd. Let p : X X X — IR be defined as
px,y) =ke€(0,1) forallx,y € X
and let o : X — [0, 00) be defined by

A function q : X X X — [0, o0) defined by
q(x, y) = max{a(x),k}, forall x,y € X

is then a w-distance on X. However, q is not a wo-distance on X, since for any sequence {x,} C (0, o) such that
x, — 0 we have

liirlinfq(xn,y) = linm infmax{e™, k} =1 < (0, y) = max{«(0),k} =2

In this paper, we prove fixed point theorems for generalized non-linear F-contraction involving wy-distance
in the setting of complete metric spaces. Our results generalize many results appearing recently in the
literature including Wardowski [24].
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2. Fixed Point Theorems for Generalized Non-Linear F-contractions

In this section, we obtain fixed point results for nonlinear F-contraction involving wo-distance. Henceforth,
we will denote by @, the collection of all functions ¢ : (0, 00) — (0, o) satisfying

lim tinf(p(s) >0, forallt=>0. (2)
s—tt

Theorem 2.1. Let (X, d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
@ € O, a non-decreasing real-valued function F1 on (0, 00) and a continuous function F, : (0,00) — R satisfying
condition (F2') such that following hold:

(C1) Fi(a) < Fy(a) foralla > 0O;
(C2) w(Tx, Ty) > 0 implies p(u(x, y)) + Fo(u(Tx, Ty)) < F1(u(x, y)) forall x,y € X.
Then T has a unique fixed point in X.

Proof. Take any xg € X and define the sequence x,, = T"xp and y,, = p(xy-1, %), n € N. If p(x,-1,x,) = 0, for
some n € IN then x,_; = x, and so x,,_1, is a fixed point of T. Assume that y,, > 0 for all n € N, then from
(C2), we have

(/) + F2(Vus1) < F1(yn) forall neNN, 3)
which implies
Fa(yn+1) < Fi(yn) forall meN. 4)

From (C1) and using (4), we get
Fi(yn+1) £ Fi(yn) forall neN. (5)

Since F; is non-decreasing, so (5) implies {y,} is a decreasing sequence of positive real numbers. Also, since
@ € O, there exists ¢ > 0 and ny € IN such that ¢(y,,) > ¢, for all n > ny. From (C1) and (C2), we have

Fo(yn) < F1(yn-1) = ¢(yn-1) < F2(Yn-1) = @(Vu-1), (6)

which further implies

FZ(yn) < FZ(Vn—Z) - (P(yn—l) - (P()/n—l)

n-1
<Fa(n) = ) 00 ,
i-1 7)
np—1 n-1
=Fa(y1) - Z (i) - Z (i)
i=1 i=ny
< Fx(y1) —(n—ng)c, n=ny.
Tending with n — oo in (7), we get F»(y,) — —oo and, by (F2'), we have
lim y,, = lim u(x,-1,x,) = 0. (8)
n—oo n—oo
Next, we claim that
lim  p(xp, xm) = 0. )

n,m— o0

If (9) is not true then there exist n > 0 such that for every g > 0 with my > n; > g

(X, X)) > 1.
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Also there exists go € IN such that

Vo = p(xn-1,x,) <1 foralln > qo. (10)
Consider two subsequences {x,,} and {x,,} of {x,} satisfying

go < mp < my <my+1 and u(xy,, x,) > n forall k. (11)
Observe that

U(Xm—1,Xn,) < 1 forall k, (12)

where my is chosen as minimal index for which (11) is satisfied. Also note that because of (10) and (11), the
case 141 < my is impossible. Thus, 1y < my for all k. It implies that

ne+1<me <me+1 forallk.
Using the triangle inequality for u, by (11) and (12) we get

T] < [u(xmernk) S H(xmermk—l) + y(xmk—lrxnk) S )/mk + T] (13)

Tending to the limit k — oo in (13) and using (8), we get

%1_)1?0 U X, Xn,) = 1. (14)
Now tending limit k — oo in the inequalities

B mer1, Xn1) < P (Xt X ) + (1Ko Y1) + U X41) (15)
and

1 Comys X)) = Py Xomer1) = Py Xyr1) < P (Xmger1, Xg41), (16)

by using (8) and (14), we obtain
Tim 11, X 41) = 11 (17)
From (C2) and (C2), we get
QU Xmy, X)) < Fr(u(xm,, xn,)) — F2(u(Xm41, Xn41))

(18)
< Fa(u(my, X)) = F2(p(Xmg+1, Xi+1))-
By passing limit k — oo, using (14), (17) and using the fact that F; is continuous, we get
liminfp(s) <0,
s—n*

which is contradiction to (2) and hence (9) holds.
Thus, by Lemma 1.10(7ii), {x,} is a Cauchy sequence in X. Since (X, d) is complete metric space, so

lim x, =x" e X. (19)

n—oo

This means that for all € > 0 there exist g € IN such that p(x,, x,,) < € for all m > n > g. Now for a fixed
n € IN with n > g the function p(x,, .) is lower semi-continuous; hence we obtain

p(xn, u) < liy{lrl)ilgfp(xn,xm) <e.
Thus,

lim p(xy, 1) = 0. (20)
Similarly lim,_,. p(u, x,) = 0, which together with (20) yields

lim p(xy, 1) = 0. (21)
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Now from (C2), we have

Fo(u(Txy, Tu)) < Fi(u(xn, u)) = (ulxn, u)) < F1(u(xn, ). (22)
By using (C1), (22) gives

F1(u(Txn, Tu)) < Fr(pu(xn, ). (23)
Since (F;) is non-decreasing, therefore we obtain

w(Txy, Tu) < px,, u), (24)

letting n — oo and using (21), we have

lim (T2, Tu) = 0. (25)
From triangular inequality for ¢, we have
p(xn, Tu) < u(xn, Txy) + u(Txy,, Tu).
Letting n — oo and using (8) and (25), we have

lim p(x,, Tu) =0,

which further implies
lim p(x,, Tu) = 0. (26)
n—00
Hence, by using Lemma 1.10, (20) and (26) gives Tu = u.
For uniqueness of fixed point, let x*, y* € X be such that Tx* = x* and Ty" = y*. Assume that x* # y*. If
u(Tx*, Ty*) = 0, then Tx* = Ty*, so, u(Tx*, Ty*) > 0. Thus, from (C2), we obtain
Pp, y) < Fi(u(x', y) = F2(u(Tx", Ty'))
< Fi(u(x’, y) = F(u(Tx, Ty"))
=0,

a contradiction as ¢ € . Hencex* = y*. O

Theorem 2.2. Let (X, d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
@ € @, a non-decreasing real-valued function Fy on (0, o0) and a function Fy : (0, 00) — R satisfying condition (F2')
and (F3) such that (C1) and (C2) hold. Then T has a unique fixed point in X.

Proof. Take any xg € X and define the sequence x,, = T"xp and y,, = p(xy-1, %), n € N. If p(x,_1,x,) = 0, for
some n € IN then x,,_; = x,, and so x,_1, is a fixed point of T. Assume that y,, > 0 for all n € IN, then as in
proof of Theorem 2.1, we obtain

Fa(yn) < F2(y1) = (n —no)e,  n = ny. (27)
Tending with n — oo in (27), we get F(y,) — —oo and, by (F2'), we have

lim , = lim fu(x,1,%,) = 0. (28)
Now from (F3), there exist k € (0,1) such that

lim y3Fa(ys) = 0. (29)
Then from (27), for all n € IN we have

ViF2(rn) = YiE2(1) < VA(F2(n1) = (1= 10)e) = yiFa(y1)

= /5 (n—no)c <0. (30)
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Letting n — o0 in (30), and using (28) and (29), we obtain
lim ny% = 0. (31)

Observe that from (31) there exists go € N such that ny¥ < 1 for all n > qo. Consequently, we have
1
Yn £ — forall n > qo. (32)
n¥

In order to show that {x,},en is a Cauchy sequence, consider m,n € IN such that m > n > go. From the
definition of u and (32), we get

(e8]

U(xm/xn) < Vm-1 +7/m—2 +"'+Vn < 27/1 <

i=n i=n

1

=

Since the series Y2, 1 is convergent, so from above and using Lemma 1.10(iii) , {x,} is a Cauchy sequence
ik

in X. Since (X, d) is complete metric space, so
lim x, =x" e X. (33)

n—o0

This means that for all € > 0 there exist ¢ € IN such that p(x,, x,,) < € for all m > n > g. Now for a fixed
n € IN with n > g the function p(x,, .) is lower semi-continuous; hence we obtain

p(xn, u) < liﬂigfp(xn,xm) <e.
Thus,

lim p(x, 1) = 0. (34)
Similarly lim,_,. p(u, x,) = 0, which together with (34) yields

r}l_rilo p(xy, 1) = 0. (35)
Now from (C2), (C1) and by using the fact that (F;) is non-decreasing (see proof of Theorem 2.1), we get

’}1_{1;10 p(xy, Tu) = 0. (36)

Now equations (34) and (36) by Lemma 1.10(i) imply that Tu = u.
For uniqueness of fixed point, let x*, y¥* € X be such that Tx* = x* and Ty" = y*. Assume that x* # y*. If
w(Tx*, Ty*) = 0, then Tx* = Ty", so, u(Tx*, Ty*) > 0. Thus, from (C2), we obtain

Ppx, y) <0,
a contradiction as ¢ € @. Hence x* = y*. [

Theorem 2.3. Let (X, d) be a complete metric space with a wy-distance p. Assume that there exist ¢ € ®, a non
decreasing function F : (0, 00) — R satisfying (F2') and a function G : [0, 00)* — [0, c0) satisfying

(G1) max{a,b} < G(a,b,c), forall a,b,c>0;
(G2) G(a,b,c)=0ifandonlyifa=b=c=0.
Then for a given function i : X — [0, 00), the operator T : X — X satisfying

(G3) G(u(Tx, Ty), P(Tx), P(Ty)) > 0 = (u(x, y)) + F(G(Tx, Ty), p(Tx), P(Ty))) < F(u(x, y))
forall x, y € X has a unique fixed point in X.
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Proof. Takeany xy € X and define the sequence x,, = T"xgand y, = pu(x,-1,xn), 1 € N. If G(u(xp—1, X4), P(xn-1), P(xp)) =
0, forsomen € N, then x,,_; = x,, and so x,,_1 is a fixed point of T. Assume that G(u(Tx, Ty), ¢(Tx), P(Ty)) > 0,
then from (G3) we have

F(G(rne1, 9(yn), Y(yns1))) < F(yn) = @(yn) forall neN. (37)

Since F is non decreasing, so by using (G1), from (37), we get

F(yn+1) < F(max{yp+1, P (yn)})
< F(G(VHHI IP(VVI)/ 1/’(7/n+1)))
< F(yn) = (rn)
< F(yn).

Thus, we get that {y,},en is a decreasing sequence of positive real numbers. Since ¢ € @, so as in the proof
of Theorem 2.1, we obtain

(38)

lim y, = Iim p(x,-1,x,) = 0. (39)

n—o0

Next, we claim that

lim p(xy, xm) = 0. (40)

n,m—00

If (40) is not true, then from Proposition 1.3, there exist 1 € (0, o) \ A(F) such that F is continuous at 7 and
for every for every g > 0 with my > ny > g and p(x,,, x,) > 1. Also there exists gy € IN such that

Vgo = p(xn-1,x,) <1 foralln > go (41)
Consider two subsequences {x,,} and {x,,} of {x,} satisfying
qo < m <my <my+1 and p(xy,,x,,) > n forall k. (42)

Then, as in proof of Theorem 2.1, we get

%1_)11; lu(xmk’ x”k) = 77 (43)
and
l}i—l}&}o /'l(xmk+1r x?’lk+1) = TI' (44)

By using (G1) and (G3), we obtain

P, X)) < F(uQmy, X)) = F(G(Ume1, Xne1), P(Xme1), P(Xn41)))
< F(u(om, xn,)) = F(max{u(xm, +1, X, +1), P, +1)}) (45)
< F(V(xmk/ xnk)) - F(H(xmkﬂ/ xnk+1))-
By passing limit k — oo, using (43), (44) and the fact that F is continuous at 1, we get

liminfg(s) <0,
s—n*

which is contradiction to (2) and hence (40) holds.
Thus, by Lemma 1.10(iii), {x,} is a Cauchy sequence in X. Since (X, d) is complete metric space, so

lim x, =x" € X. (46)

n—oo

This implies that for all € > 0 there exist 4 € IN such that p(x,, x,,) < € for all m > n > q. Now for a fixed
n € IN with n > g the function p(x,, .) is lower semi-continuous; hence we obtain

p(xn, u) < Iiminfp(x,, x,) < €
m—oo
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Thus

;}1_130 p(xy,u) = 0. (47)
Similarly lim, . p(u, x,) = 0 which together with (47) yields

r}l_l;rolo p(x,,u) = 0. (48)
From (G3), we obtain

F(G(p(Txn, Tu), p(Txn), Y(Tu))) < F(p(xn, 1)) = @(piCxn, 1)) < F(uiCxn, u)), (49)
and by using (G1) and (F1), we get

p(Txn, Tu) < p(xy, u). (50)
Letting n — oo and using (48), we have

7}1_%10 w(Tx,, Tu) = 0. (51)

By using triangular inequality for 1, we obtain
w(xn, Tu) < p(xy, Txy) + p(Txy, Tu)
Letting n — oo and using (39) and (14), we have
31_1)1010 p(xy, Tu) =0,
which further implies
;}1_1& p(xn, Tu) = 0. (52)

Hence, by using Lemma 1.10, (47) and (52) gives Tu = u.
Foruniqueness, letx*, y* € Xbesuchthat Tx* = x*and Ty* = y*. Assumethatx® # y*. f G(u(Tx*, Ty"), ¢(Tx*), Y(Ty*)) =
0 then p(x*, y*) = 0 implies x* = y*, so, let G(u(Tx*, Ty"), Y(Tx*), P(Ty*)) > 0. Thus, from (G3), we obtain

p(ux’, y)) <0,

a contradiction as ¢ € @. Hence x* = y".
O

3. Consequences and Examples

In this section, we derive special cases of the Theorems obtained in Section 2.

Corollary 3.1. Let (X, d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
@ € ® and a continuous function F : (0,00) — R satisfying (F1) and (F2) such that T satisfies

u(Tx, Ty) > 0 implies p(u(x, y)) + F(u(Tx, Ty)) < F(u(x, y)), (53)
forall x,y € X. Then T has a unique fixed point in X.
Proof. Define F; = F, = F, then (C1) and (C2) hold true and result follows from Theorem 2.1. [

Corollary 3.2. Let (X, d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
a non-decreasing real-valued function F1 on (0, 00) and a continuous function F; : (0, 00) — R satisfying condition
(F2'). If there exists T > 0 such that T satisfies (C1) and

w(Tx, Ty) > 0 implies T+ Fo(u(Tx, Ty)) < F1(u(x, v)), (54)
forall x,y € X. Then T has a unique fixed point in X.
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Proof. Define ¢ : (0, 00) — (0, o) by
pt) =1,

where 7 > 0. Then (C2) holds true and result follows from Theorem 2.1. [

Corollary 3.3. Let (X, d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
@ € ®and a function F : (0,00) — R satisfying (F1), (F2') and (F3) such that T satisfies

w(Tx, Ty) > 0 implies @(u(x, y)) + F(u(Tx, Ty)) < F(u(x, y)), (55)
forall x,y € X. Then T has a unique fixed point in X.

Proof. Define F; = F, = F, then (C1) and (C2) holds true and result follows from Theorem 2.2. [J

Corollary 3.4. Let (X,d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
a non-decreasing real-valued function Fy on (0,c0) and a function F, : (0,00) — R satisfying condition (F2') and
(F3). If there exists T > 0 such that T satisfies (C1) and

w(Tx, Ty) > 0 implies t+ Fa(u(Tx, Ty)) < F1(u(x, y)), (56)
forall x,y € X. Then T has a unique fixed point in X.
Proof. Define ¢ : (0, 00) — (0, c0) by
) =1,
where 7 > 0. Then (56) holds true and result follows from Theorem 2.2. [
Corollary 3.5. Let (X, d) be a complete metric space with a wo-distance p. Assume that there is a non decreasing

function F : (0, 00) — Rsatisfying (F2') and a function G : [0, 00)> — [0, c0) satisfying (G1) and (G2). If there exists
T > 0 then for a given function ¢ : X — [0, 00), the operator T : X — X satisfying

G(u(Tx, Ty), Y(Tx), Y(Ty)) > 0 implies T+ F(G(u(Tx, Ty), p(Tx), P(Ty)))
< F(u(x, )

for all x, y € X has a unique fixed point in X.

(57)

Proof. Define ¢ : (0, 00) — (0, o) by
) =1,

where 7 > 0. Then (57) holds true and result follows from Theorem 2.3. [

Corollary 3.6. Let (X,d) be a complete metric space with a wo-distance p and T : X — X. Assume that there exists
@ € @, a non decreasing function F : (0,00) — R satisfying (F2'). If T satisfies

p(Tx, Ty) > 0 implies o(u(Tx, Ty)) + F(u(Tx, Ty)) < F(u(x, y))
forall x,y € X, then T has a unique fixed point in X.

Proof. Define G : [0, )3 — [0, o) by
G(a,b,c)=a+Db+c,

foralla,b,c € [0, 00). Then G satisfies (G1) and (G2). Also, there exists a function ¢ : X — [0, o0), defined by
P(t) =0 for all t € [0, o0) such that T satisfies (G3). Thus, the result follows from Theorem 2.3. O

Remark 3.7. By taking p = d in Corollary 3.6, we get Theorem 1.6.
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T x4y

Figure 1: Graph of Inequality 58

B o4y

x v

Figure 2: Graph of Inequality 59
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Example 3.8. Let X = [0, 00) be a metric space with usual metric d(x, y) = |x — y| for all x, y € X and a wo-distance
p defined by p(x,y) = x + y for all x,y € X. Then
plx,y) =x+y.

Define the functions Fi, Fp : (0,00) = R by Fi(t) = Int and Fy(t) = In(2t) for all t > O respectively. Then the
function Fy is non-decreasing and the function F, satisfy the condition (F2') and (F3). Also Fy(t) > Fi(t) for all t > 0.
Define ¢ : (0, 00) — (0,0) by @(t) = } forall t > 0. Then ¢ € ®. Now define T : X — X by

0 0<x,<3
T(x):{ezlx x=>3 '

Assume that u(Tx, Ty) > 0, then there arises the following cases:
Case IIf x € [0,3) and y > 3, then we have

Fa((Tx, Ty)) = Fa(u(x, ) = In(2e) - In(x + )

1
e
:m(xi-y)
1
x+y

= —p(u(x, v))

(58)
< -

Case Il If x, y > 3, then we have

Fa(u(Tx, Ty)) = Fy(u(x, ) = In(2(e* + %)) — In(x + y)
_ 11-1(2((3ﬂ + eﬂ))

X+y (59)
1

X+ ]/
= —p(ulx, v)).

The inequalities 58 and 59 are shown in Figure 1 and Figure 2 respectively. Thus all conditions of Theorem 2.2 hold
true and note that 0 is the unique fixed point of T.

S_

Example 3.9. Let X = [0, o) be a metric space with usual metric d(x, y) = |x — y| for all x, y € X and a wo-distance
p defined by p(x,y) = x + y for all x,y € X. Then

Hx ) =x +y.
Define G : [0,00)> — [0,00), F: (0,00) > R, ¢ : (0,00) — (0,00) and 1 : X — [0,00) by G(a,b,c) =a+b + c for
alla,b,c >0, F(t) = Int, forall t > 0,
A= t+1 1>t>0
PO=\ m2 21
and Y (x) = 2x for all x € X, respectively then G satisfy (G1) and (G2) and ¢ € ®. Now define the mapping T : X — X
by
_ ) o3z x>0

Te= { 0 x=0

Assume that G(a,b,c) > 0, then

F(G(u(Tx, Ty), $(T2), $(Ty) ~ E(u(x, ) = FC ) — Fx + )

=-2.

(60)



I. Igbal, M. Rizwan / Filomat 34:12 (2020), 4079-4094 4091

Here arises the following cases:
Case IIf0 < x +y < 1, then from (60), we have

F(G(u(Tx, Ty), ¢(Tx), P(Ty))) — F(u(x, y)) = -2
<-(x+y+1)

= —p(u(x, y)).

Case Il If x + y > 1, then from (60), we have

F(G(u(Tx, Ty), Y(Tx), Y(Ty))) — F(u(x, y)) = -2
<-In2

= —p(u(x, y)).

In all cases contractive condition (G3) is satisfied. Hence all the hypothesis of Theorem 2.3 are satisfied and note that
0 is the unique fixed point of T in X.

Remark 3.10. In Examples 3.8 and 3.9, 1(2,2) = p(2,2) = 4 # 0, so (d1) does not hold and p # d. Therefore,
Theorems 1.2 and 1.6 can not be applied for this example.

4. Solution to differential equation of RLC circuit’s current

For decades, solar panels has been praised as promising alternative energy source and a great way to
offset energy costs. They absorb sunlight as a source of energy to generate direct current electricity. A solar
panel works by allowing particles of light or photons, to knock electrons free from atoms, thus, in turn,
generating a flow of electricity. With a basic understanding of how light is transformed into electricity, a
mathematical model can be presented of the electric current in an RLC parallel circuit, also known as a
tuning circuit (see [8]). In Figure 3, V is the voltage of the power source, I is the current in the circuit, R is

I
_:.

Figure 3: RLC parallel circuit

the resistance of the resistor, L is the inductance of the inductor and C is the capacitance of the capacitor.
Such problems are mathematically modeled as initial value problem for second order ordinary differential
equation of the form :

Cu oy Rdu — (4 u(r), telo,1], o
u(0) = u'(0) = 0,

where f: [0,1] X R* — R is a continuous function.
In this section, we prove the existence of the solution to the RLC differential equation (61). The problem
(61) is equivalent to the following integral equation

1
u(t) = f Glt,5)f(s, u(s))ds, t € [0,1], (62)
0
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where G is the Green’s function defined by

_f (t=s)et if0<s<t<l1
G(t's)‘{ 0 if0<t<s<l

Here 7 > 0 is a constant, calculated in terms of R and L, mentioned in (61).
Now, u is a solution of problem (61) if and only if u is a solution of the integral equation (62).

Theorem 4.1. Let X = C([0, 1], R*) be the space of all continuous functions defined on [0, 1] with norm defined by

llull = sup e~ >"Ju(t)|
te[0,1]

forall u € X. Consider the non linear integral equation (62) and suppose that the following conditions hold:

(1) there exist a continuous function w : [0,1] — (0, 0) and t > 0 such that

s uo) < 370,
foralls €[0,1], u(s) € R;
(2) maxgejojw(s) = e, where a > e.
Then, the integral equation (62) has a solution.

Proof. Let X = C([0,1], R*) and ||u|| = SUPye(01] e 2"lu(t)|, then (X, ||.Il) is a complete metric space.
Define T : X — X by

1
Tu(t) = fo G(t,9)f(s, u(s))ds, (63)

forallx € Xand t € [0, 1].

Note that the existence of a solution to the equation (62) is equivalent to the existence of a fixed point of the
mapping T.

Define pp: X X X — [0,00) and Fy, F; : (0,00) = R by

u(x, y) = max{||x]l, [lyll}

forall x,y € X, Fi(t) = Int and F»(t) = In2t for all t € (0, o) respectively. Then for u,v € X, we obtain

1
Tu(e) = ’ | 6ttt us
1
< fo Gt 915, u(s))lds
1
< fo %G(t,s)rze’“lu(s)lds
1
:f 26~ (t — 5)e™ )2 |u||ds
0
1 2 —a+1t fl ()
= -1 [|l| (t —s)e™ds
0

2

_ 1 2 —a+tt —t 1 e
=5 T~ 5+

1
= Ee‘“llullem[l —tte™™ — "]
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Since [1 — tte™™ — ¢7™] < 1, then

1 _
ITull < 5 e~ lull

Similarly, we have that

1_
IToll < el

This implies that
p(Tu, To) = max{||Tull, || Toll}
1 —a
< e~ max{ull, llol} (64)
1 —e
< e " max{ull, i}
Define ¢ : (0, ) — (0, o) such that
i >
tg(gg) p(t) >e, (65)

then ¢ € ®. By combing (64) and (65), we get

1
(Tu, To) < Ee‘q"(“("'”” max{|[ull, [loll},

which further implies that

Inu(Tu, To)) < In(u(ut,0)) - (u(, v)).

Thus,

@(u(u,v)) + F2(u(Tu, Tv)) < Fi(u(u,v)).

Hence all the conditions of Theorem 2.1 are satisfied and so, the integral equation (62) has a solution.

O
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