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Abstract. Let (H, a) be a monoidal Hom-Hopf algebra and #HY D the Hom-Yetter-Drinfeld category over
(H,a). Then in this paper, we first introduce the definition of braided Hom-Lie algebras and show that
each monoidal Hom-algebra in HY D gives rise to a braided Hom-Lie algebra. Second, we prove that if
(A, B) is a sum of two H-commutative monoidal Hom-subalgebras, then the commutator Hom-ideal [A, A]
of A is nilpotent. Also, we study the central invariant of braided Hom-Lie algebras as a generalization of
generalized Lie algebras. Finally, we obtain a construction of the enveloping algebras of braided Hom-Lie
algebras and show that the enveloping algebras are H-cocommutative Hom-Hopf algebras.

1. Introduction

Home-algebras were first introduced in the Lie algebra setting [14] with motivation from physics though
its origin can be traced back in earlier literature such as [15]. In a Hom-Lie algebra, the Jacobi identity is
replaced by the so called Hom-Jacobi identity via a homomorphism. In 2008, Makhlouf and Silvestrov [20]
introduced the definition of Hom-associative algebras, where the associativity of a Hom-algebra is twisted
by an endomorphism (here we call it the Hom-structure map). The definition of BiHom-Hopf algebras
given in [12] is even more general, and involves four different structure maps, including Hom-bialgebras,
Hom-Hopf algebras were developed in [9], [21], [22], [23]. Further research on Hom-Hopf algebras could
be found in [5], [11], [17], [31], [33] and references cited therein.

In [4], Caenepeel and Goyvaerts studied Hom-Lie algebras and Hom-Hopf algebras from a categorical
view point, they proved a (co)monoid in the Hom-category is a Hom-(co)algebra, and a bimonoid in the
Hom-category is a monoidal Hom-bialgebra. Note that a monoidal Hom-Hopf algebra is a Hom-Hopf
algebra if and only if the Hom-structure map is involutive. Later, Graziani et al. [12] defined BiHom-Hopf
algebras using two commuting multiplicative linear maps «, §, unified Hom-Hopf algebras and monoidal
Hom-Hopf algebras by setting a = f and a = ! respectively.
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Recently, the theory of Hom-Yetter-Drinfeld categories has attracted attention in mathematics and
mathematical physics. In [19], Makhlouf and Panaite defined Yetter-Drinfeld modules over Hom-bialgebras
and showed that Yetter-Drinfeld modules over a Hom-bialgebra with bijective structure map provide
solutions of the Hom-Yang-Baxter equation. Also Liu and Shen [18], Chen and Zhang [7] studied Hom-
Yetter-Drinfeld modules over monoidal Hom-bialgebras in a slightly different way to [19]. As a part of the
theory of Hom-Yetter-Drinfeld categories, we [29] gave sufficient and necessary conditions for the Hom-
Yetter-Drinfeld category HHYD to be symmetric and pseudosymmetric respectively. With the symmetries
of Hom-Yetter-Drinfeld categories, it is a natural question to ask whether we can extend the notion of
monoidal Hom-Lie algebras to Hom-Yetter-Drinfeld categories. This becomes our first motivation of
writing this paper.

It is well known that Lie algebras in braided monoidal categories is a very important part of Lie theories.
As a generalization of Lie superalgebras [16] and Lie color algebras [25], Manin [24] studied Lie algebras
in some symmetric categories from an algebraic point of view. Later, Cohen, Fishman and Westreich [8]
studied Lie algebras in the category of modules over triangular Hopf algebras and proved Schur’s double
centralizer theorem, Fishman and Montgomery [10] did similar work in the category of comodules over
cotriangular Hopf algebras. Later, Bahturin, Fishman and Montgomery [3] studied the structure of the
generalized Lie algebras in the category of comodules.

Wang [27] studied the central invariant of p-Lie algebras in Yetter-Drinfeld categories. Wang [28]
introduced the notion of generalized Lie algebras in Yetter-Drinfeld categories and extended the Kegel’s
theorem to generalized Lie algebras. Later, we [30] extended Wang’s results in [28] to Hom-Lie algebras in
Yetter-Drinfeld categories, which unifies the notions of Hom-Lie superalgebras in [1] and Hom-Lie color
algebras in [32]. In the present paper, we will study monoidal Hom-Lie algebras in Hom-Yetter-Drinfeld
categories, which is different from [30] in two aspects. First, Hom-Yetter-Drinfeld categories include Yetter-
Drinfeld categories as a special case. Second, the main purpose of this paper is to study the central invariants
and enveloping algebras of braided Hom-Lie algebras, which has not been involved in [30].

This paper is organized as follows. In Section 2, we recall some basic definitions about monoidal
Hom-Hopf algebras and Hom-Yetter-Drinfeld modules.

In Section 3, we define braided Hom-Lie algebras and show that any monoidal Hom-algebra in ;HYD
gives rise to a braided Hom-Lie algebra by the natural bracket product (see Proposition 3.2), and prove
that if (A, p) is H-semisimple and a sum of two H-commutative monoidal Hom-subalgebras, then (A, )
is H-commutative (see Corollary 3.9). In Section 4, we consider the central invariant of braided Hom-Lie
algebras (see Theorem 4.7). In Section 5, we construct the enveloping algebras of braided Hom-Lie algebras
and present its Hopf structures. As an application, we study the enveloping algebra of End(V) and construct
a Radford’s Hom-biproduct (U(End(V));H, 0 ®id) (see Proposition 5.10).

2. Preliminary

In this section, we recall some basic definitions and results related to our paper. Throughout the paper,
all algebraic systems are supposed to be over a field k of characteristic not 2. The reader is referred to
Caenepeel and Goyvaerts [4] as general references about monoidal Hom-algebras and monoidal Hom-Lie
algebras, to Sweedler [26] about Hopf algebras and Liu and Shen [18] about Hom-Yetter-Drinfeld categories.

If C is a coalgebra, we use the Sweedler-type notation for the comultiplication: A(c) = ¢; ® ¢, for all
c € C, in which we often omit the summation symbols for convenience.

2.1 Hom-category

Let C be a category. We introduce a new category s(C) as follows: the objects are couples (X, ax),
with X € C and ax € Aute(X). A morphism f : (X, ax) — (Y, ay) is a morphism f : X — Y in C such that
ayo f=foax.

Specially, let .#; denote the category of k-spaces. () will be called the Hom-category associated
to M. 1If (X, ax) € M, then ax : X — X is obviously an isomorphism in J#(.#). It is easy to show that

jﬂf?(///k) = (M), ®, (k,id), a, 1, 7)) is a monoidal category by Proposition 1.1 in [4]:
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e the tensor product of (X, ax) and (Y, ay) in S€(.#) is given by the formula (X, ax) ® (Y,ay) = (X ®
Y ax ® ay);
e forany x € X, y € Y, z € Z, the associator is given by the formulas

axyz(x®Y) ®2) = ax(x) ® (y ® a;' (2));
e for any x € X, A € k, the unit constraints are given by the formulas
Tx(A®x) =Tx(x ® A) = dax(x).
2.2 Monoidal Hom-Hopf algebras

Definition 2.1. A monoidal Hom-algebra is an object (A, a) in the Hom-category '77(Mk) together with an
element 14 € Aand alinearmapm: A® A — A, a® b + ab such that

a(a)(be) = (ab)a(c), a(ab) = a(a)a(b), 1
alg =1aa = a(a), a(la) =14, 2)

foralla,b,c € A.

As noted in [4], the definition of monoidal Hom-algebras is different from the definition of Hom-
associative algebras defined in [22]. Specifically, the unitality condition in [22] is the usual untwisted one:
alg = 1a4a = a, for any a € A, and the condition (2) is not desired there. These Hom-algebras are sometimes
called multiplicative Hom-algebras.

Definition 2.2. A monoidal Hom-coalgebra is an object (C, ) in the category %(Mk) together with linear maps
A:C—->C®C, Alc) =c1®c; and € : C — k such that

7 1) ® Alea) = Aler) ® Y7 (c2), A(y(e) = y(e1) ® Y(c2), 3)
c1€(c2) = e(cr)ea = 7 (0), €((0)) = €(0), (4)
forallc € C.

The definition of monoidal Hom-coalgebras is different from the definition of Hom-coassociative coal-
gebras defined in [22]. The coassociativity condition is twisted by some endomorphism, not necessarily
by the inverse of the automorphism y. The counitality condition in [22] is the usual untwisted one:
ci1€(c2) = €(c1)c2 = ¢, for any c € C, and the condition (4) is not needed there.

Definition 2.3. A monoidal Hom-bialgebra H = (H,a,m, 1y, A, €) is a bialgebra in the category &'-((Mk). This
means that (H, a,m, 1) is a monoidal Hom-algebra and (H, a, A, €) is a monoidal Hom-coalgebra such that
A and € are Hom-algebra maps, that is, for any h, g € H,

A(hg) = A(WA(g), A(lp) =1 ®1y,
e(hg) = e(h)e(yg), e(ly) = 1.

A monoidal Hom-bialgebra (H, «) is called a monoidal Hom-Hopf algebra if there exists a morphism (called

the antipode) S : H — H in H(My) (i.e. Soa = a o S), which is the convolution inverse of the identity
morphism idy (i.e. S +idy = Ny o ey = idy * S), this means for any h € H,

S(hi)hy = e(h)1y = hiS(hy).
2.3 Hom-Yetter-Drinfeld categories

Definition 2.4. Let (A, @) be a monoidal Hom-algebra. A left (A, a)-Hom-module consists of (M, u) € 7~{(Mk)
together with a morphism ¢ : A® M — M, ¢(a ® m) = a - m such that

a(a) - (b-m) = (ab) - u(m), 14 -m = p(m), u(a - m) = a(a) - u(m),
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foralla,be Aand m € M.

Let (M, ), (N,v) be (A, @)-modules and the corresponding structure maps. A morphism f : M — N of
(A, a)-Hom-modules is called left A-linear if f(a-m) =a- f(m), foranya€ A,me Mand fou=vo f.
Definition 2.5. Let (C,y) be a monoidal Hom-coalgebra. A left (C,y)-Hom-comodule consists of (M, i) €

H(My) together with a morphism py : M — C® M, pp(m) = m_1) ® my (here we omit the summation for
convenience) such that
Ac(ime-1)) ® ™ (mo) = y ™" (m(-1)) ® (o) ® 1oo),
pu(p(m)) = y(m-1) ® p(mo), e(m)ny = ™" (m),
for all m e M.
Let (M, pt) and (N, v) be two left (C, y)-Hom-comodules. A morphism g: M — N is called left C-colinear
if gou =vogandm_y® g(mg) = gm)—1y ® g(m)o, for any m € M.
Definition 2.6. Let (H, a) be a monoidal Hom-Hopf algebra. A monoidal Hom-algebra (A, ) is called a left
(H, @) Hom-module algebra, if (A, ) is a left (H, @) Hom-module with action¢p: H® A — A, p(h®a) =h-a
such that the following conditions satisfy:
h-(ab) = (hy - a)(hz - D),
h-14 =e(h)1a,
foralla,be Aand h € H.
Definition 2.7. Let (H, a) be a monoidal Hom-Hopf algebra. A monoidal Hom-algebra (A, ) is called a
left (H, a)-Hom-comodule algebra if (A, ) is a left (H, o) Hom-comodule with coactionp: A - H® A, p(a) =
a(-1) ® ag such that the following conditions satisfy,
p([lb) = a(,l)b(,l) ® agby,
p(la) =1 ®14.
foralla,b € A.
Definition 2.8. Let (H, &) be a monoidal Hom-Hopf algebra. A left-left (H, a)-Hom-Yetter-Drinfeld module is
an object (M, B) € H(My), such that (M, B) is both a left (H, @)-Hom-module and a left (H, a)-Hom-comodule
with the following compatibility condition:
p(h-m) = (e (m1))S(ha) ® a(lz) - mo, (5)
forallh € Hand m € M.
By Proposition 4.2 in Ref. [16], Eq. (5) is equivalent to the following equation:
Ty ® hy - mo = (- B~ (m))-nyha ® (1 - B~ (1m))o).
Definition 2.9. Let (H, @) be a monoidal Hom-Hopf algebra. A Hom-Yetter-Drinfeld category EHYD is a
braided monoidal category whose objects are left-left (H, a)-Hom-Yetter-Drinfeld modules, morphisms are
both left (H, a)-linear and (H, a)-colinear maps, and its braiding C_ _ is given by
Cun(m®n) = myy - v (n) ® u(m)),
forallme (M, u) € fHYD and n € (N,v) € f{HYD.

Definition 2.10. Let (A, f) be an object in BHYD, the braiding C is called symmetric on A if the following
condition holds:

acy - B () ® B(ao) = P(bo) ® S~ (b)) - B~ (@);
A is called H-commutative if

(a1 - B (b))B(ag) = ab,
A is called H-cocommutative if

a1y - B (a2) ® Plaro) = a1 ® o,
foralla,b € A.
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3. Braided Hom-Lie algebras

In this section, we first introduce the concept of braided Hom-Lie algebras and show that each monoidal
Hom-algebra in EHY D gives rise to a braided Hom-Lie algebras. Also we study the braided Lie structures

of monoidal Hom-algebras in g‘Hy D as a generalization of results in [3], [28] and [30].

From now on, we always assume that (H, a) is a monoidal Hom-Hopf algebra and ZHYD the Hom-
Yetter-Drinfeld category over (H, a).
Definition 3.1. A monoidal Hom-Lie algebra in #HYD, called a braided Hom-Lie algebra, is a pair (L, B),
where L is an object in BHY D, B : L — L is a homomorphism in HHYD and [,-] : L& L — L is a morphism
in BEHY D satisfying

(i) Braided Hom-skew-symmetry:

(1,1 =~lly - 71, Blo)), L1 € L.
(ii) Braided Hom-Jacobi identity:
{II@!"}+{(Ce®1AO)(I!I'!")}+{(1eO)(CN(I’! ®!")} =0,
foralll,I',1"” € L, where {{® ' ® I’} denotes [B(]), [I',I"]] and C the braiding for L.

Proposition 3.2. Let (4, B) be a monoidal Hom-algebra in HHYD. Assume that the braiding C is symmetric
on A. Then the triple (4, [, -], ) is a braided Hom-Lie algebra, where the bracket product is defined

[, ]:A®A — Abyla,b] =ab- (g 'ﬁ_l(b))ﬁ(ao),

foralla,b e A.

Proof. Denote A~ = (A, [+, -], B). Itis clear that the bracket product is a morphism in g?{ YD, so it remains
to verify that the conditions (i) and (ii) of Definition 3.1 hold.

For the braided Hom-skew-symmetry, we have [a_1)- 71 (b), B(a0)] = (a1)-B~1(0))B(a0) — (a1 B (D)) -1y
BB (a0)))B((a1) - B~1(D))o) = (ac1) - B~1(B))B(ag) — ab = —[a, b], as desired. The last equality holds since the
braiding C is symmetric on A.

Similarly, one may check the braided Hom-Jacobi identity by the Hom-associativity of A routinely. And
this finishes the proof. |

Example 3.3. Let (H,a) be a commutative involutive monoidal Hom-Hopf algebra. By Example 4.3 in
[18], (H, a) is a Hom-Yetter-Drinfeld module with left (H, a)-action h - g = (la~'(9))S(a(h)) and left (H, a)-
coaction by the Hom-comultiplication A, note it by H; = (Hj, adjoint, A, a). By Corollary 5.4 in [29], the
braiding C is symmetric on Hj, then H] is a braided Hom-Lie algebra.

Example 3.4. Let (H, @) be a cocommutative involutive monoidal Hom-Hopf algebra. By Example 2.7 in
[29], (H, @) is a Hom-Yetter-Drinfeld module with left (H, a)-action by the Hom-multiplication m and left
(H, a)-coaction p(h) = hi1a71(S(hy)) ® a(hyz), and note it by Hy = (Ha, m, coadjoint, ). By Corollary 5.4 in
[29], the braiding C is symmetric on Hy, then H; is a braided Hom-Lie algebra.

Example 3.5. Let H = k{1y, h} be a monoidal Hom-Hopf algebra with an automorphism « : H — H, a(1y) =
1y, a(h) = —h, where the Hom-algebra structure is defined by

1yly = 1y, 1gh = hlg = -h,K* = 0,
the Hom-coalgebra structure is defined by
A(lp) =1 ® 1y, A(h) = (h) ® 1 + 15 ® (-h),e(1y) = 1,e(h) = 0,

and the antipode is defined by S : H — H, S(1y) = 1y, S(h) = —h.

Recall from ([6]), A = k{14, x, g, gx} is a Sweedler 4 dimensional monoidal Hopf algebra constructed from
Sweedler 4-dimension Hopf algebra by Yau twist, where the twist map is defined by

p(1a) = 14,B(9) = 9, B(x) = —x, f(g%) = —gx,
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the Hom-algebra structure m is defined by

m(la®14) =14, m(la®g) = g, m(la ®@x) = —x,m(la ® gx) = —gx,
mg®la) =g m@ge®g) =1,mgex) =—gx,m(g® gx) = —x,
mx®1la)=-x,mx®g) =gx,mx®x)=0,mx®gx) =0,
m(gx®1,4) = —gx,m(gx ® g) = x, m(gx @ x) = 0, m(gx ® gx) =0,

the Hom-coalgebra structures € and A are defined by

€la)=1le(g) =€e(x) =€(gx) =0,A(14) =14 ®14,A(9) =9Qg,
Ax) = (=) ® 14 + g ®(—x),A(gx) = (—gx) ® g + 1 ® (—gx)

and the antipode is defined by S: A — A, S(14) = 14,5(g9) = g, S(x) = —gx, S(gx) = x.
Now we define a left (H, «)-Hom-module structure on A:
h-lpa=h-g=h-x=h-gx=0,
1 1a=14,1g-9=9, 15 - x = —x, 15 - gx = —gx.

One may check directly that A is a (H, @)-Hom-module algebra. Similarly, we can define a left (H, a)-Hom-
comodule structure on A:

p(14) = 1g®14,p(9) = 1g ® g, p(x) = 15 ® (—x), p(gx) = 15 ® (—gx).

Then A is a (H, @)-Hom-comodule algebra and A is an object in g?-(y D.

Define the braiding C on A by the usual flip map. Clearly, C is symmetric on A. By Proposition 3.2,
there is a braided Hom-Lie algebra A~ with the bracket product [+, -] satisfying the following non-vanishing
relation

[x, 9] = —[g,x] = 2gx,[9x, 9] = —[g, 9x] = 2x.

Lemma 3.6. Let (A, f) be a monoidal Hom-algebra in HHY D with monoidal Hom-subalgebras X and Y
which are H-commutative such that A = X + Y. Then the following equality holds:

™ (1) ® a” (Y1) @ (oyo)(Lyy ® (oyo)y + @~ (1) ® a” (Y1) ® (oyo) _y) ® (1oY0)y
= Ui ® Y ® Uiy ® B (oY) ) + w1 ® Y- ® uipy1e ® B (uoyo)Y), (6)
forallu € Xand y € Y, where ugyo = (1oyo)* + (toyo)’ € X + Y.

Proof. Since A(m 1)) ® B~ (mg) = a™'(m(_1)) ® (mo-1) ® mgo), by applying it to u and y respectively, we
can get Eq. (6). O

Lemma 3.7. Let (A, B) be a monoidal Hom-algebra in BHY D with monoidal Hom-subalgebras X and Y
which are H-commutative such that A = X + Y. Assume that the braiding C is symmetric on A, then the
following equality holds:

e(yn)(@ue) - B @))B((1oyo)™) — e(y-1) (@) - B~ @)B((1oyo)")
= e(ue)P(oyo)) (S aly-)) - B W) — e(u1))B((uoy0) NS (a(y-1) - (), 7)

forall u € X and y € Y, where ugyo = (uoyo)* + (uoyo)y eX+Y
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Proof. For Eq. (7), we show it by the following computation:

e(yn)(@uen) - B @)B((uoy0)™) — e(yn) (@) - B~ (2)B((1oy0)¥)
= e(yen)(@uen) - BH@)) e - (Hoyo) )B(((ue-n) - B (w))o) =
e(yn)(@(u) - B @) - (oyo) IB(alu-1) - B (2))o)
= e(y1)BB(oy0) o) (S (B((1oy0) 1) - B (@(u(-) - B~ (w))) —
e(y-1)BB(oy0) )o)S ™ (B(uoyo))-1) - B ((u-1y) - B~1(2)))
= e(y1)B(oy0)y ) (S ((oyo) ) - B~ (@lu-) - B~ (w))) —
(Y1) (oY) (S (@((uoyo)_y)) - B~ (@(u-n) - B (2))

= e(a(yn))B(oyo) NS Ha(u-1py1p) - B @ (ue-m) - B w))) —
e(a(ynn)B(oyo) NS  (alucipyi)) - BH @ wen) - () -
= e(u)B(uoyo) NS () - B W) = B(oyo) NS (aly-n)) - B (2))).

The last equality holds since

e(a(ym))S ™ (@uenpyp)) - B (@ () - B (w))
= ea(yn)S @y 1) - (@) - B2 (w))
= (Y Wen)S wen))a(un)) - B w)
= e(yy) @S Yen)) (S uen)ucn)) - B w)
= (S (yen)Ee@en)in)) - B~ (w)
= e(u1)S  (@yn)) - B (W)

And this completes the proof. O

Theorem 3.8. Let (A, ) be a monoidal Hom-algebra in 2HYD with monoidal Hom-subalgebras X and
Y which are H-commutative such that A = X + Y. Assume that the braiding C is symmetric on A, then
(A, A]lA, A] =

Proof. It is sufficient to prove [u, x][v, y] = 0 holds for all u,v € X and x,y € Y. Forany a,b,c,d € A, we
first note that (ab)(cd) = (ap~1(bc))B(d) which can be verified easily from the Hom-associativity of A. By the
definition of the bracket product, we have

[u,xllo,yl = (ux = () - B~ (%)B)) (@Y = (0-1) - B~ (1))B(20))
= (0)(y) + (4 - B U (@1 - B~ ())P(0)) =
)01y - B~ WIB0)) = (-1 - B~ ()P (o)) (vy).

Next we will compute the four expressions above respectively. For this purpose, let xv = w + z, where
weXzeY.

(1) (ux)(vy) = ((u(-1) - B2(w))B(10))BY) + P~ (z(-1) - ¥))B(20)- In fact,

up” (xv))ﬁ(y) up™ (@)BY) + BB~ (2)y)

(1) - B2 @)B()B(Y) + P (@™ (z¢-1) - B~ W) (z0)))
(i) - B2@)Bw)BWY) + B)(@™" (z-1) - B~ (¥))20)

() - B2 @))BU0)BY) + (U™ (z-1) - Y))B(20)-

(2) ((ue-1y B~ ()Bua)(@y) = (1) B2 ()B(10))B(Y) +e(y-1))(@(-1) B~ (2))B((1oy0)*) +e(y 1) (u-)-

(ux)(vy)

(
(
(
(
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B~ (2))B((uoy0)")- In fact,
((u-1) - B~ (%))B(u0)) ()
= ((uey - BB (Buo)0))B(y)
= ((uey - B ) (o™ @)BWY)
= ((ue) - B (o) - B2(0))B(100))B(Y)
= ((@(uen) - B ) (e - B2(0)u0)B(y)
= (g - B2 -2 - B2(0))B0))B(Y)
= ((ue) - B2 (x0)Bu0))B(Y)
= ((ue) - B@))Bw)BY) + () - B(2)B(0))B(Y)
= ((uey - B2 (@))Buo))B(Y) + (a(u(-1) - B~ (2)(Blo)B(Y0))e(y(-1))
= ((uey - B2 (@))Bu0)B(Y) + (i) - B~ (2)B(oyo)e(y(-1)
= ((ue) - B@))Bu)B(Y) + e(y-1)@(c) - B~ (2))B((Hoyo)™)
+e(yn) (@) - B (@)B((oyo)").
(3) (ux)((v(-1) - B (W))B(0)) = (U™ (z(-1) - Y))B(20) + €(t-1))B((oy0) NS (a(y(-1)) - B~ (w))
+e(u-1)B((1oy0) NS (@(y(-1)) - B (w)). In fact,

(ux)((v-1) - B~ ()B(00))

= (up ' (x(viyy - B (W))))B(vo)

= Wp ((xcn - B (v - B (W)))B(x0)))B (o)

= W ((xc1) - (@ (vin) - B2 (W)))B(0))B (v0)

= (Wp (@ (x-nyvin) - B (Y))B(x0))B (vo)

= B (@ (x1y0-1) - B (¥)x0)B(00))

= Bw)(a ' (xnven) - BHY))(xowo))

= (Wp M ((x1yo-1) - ¥)B(x0v0)

= (Wp ((x0)-1) - Y)B((xv)o)

= (up (way - v)Bwo) + B~ (z(-1) - ¥)B(z0)

= (Bo)(S (1)) - B w)) + ™ (z(-1) - ¥))B(z0)

= e(u)Buoyo)(S™ (Y1) - B~ @) + P (z(-1) - ¥))B(z0)

= e(u1)B((uoyo) NS (@(y-1) - B~ (W) + B~ (2¢-1) - Y)B(z0) +
e(u1)B((uoy0) (S (a(y(-1)) - B~ (w)).

4) ((u1) - BB (1) - BHW)B(0)) = (Y1) (@(u-1) - B~ (w))B((oy0)™)
+e(yn)@ue) - B (w))B((uoyo)™) + €(u-1))B(uoyo) NS (a(y-1)) - B~ (w)) +
e(u-1)B((uoyo) (S (Y1) - B~1(2)).

Here we first give two useful equalities:

(1Y) - (ST W) - B2(0))
(S (W12)S (U-12)) - (u=in - B2(0))

In fact,

e(yn)auee) - B(), (8)
e(u-1)S ™ (a(y1) - B (0). )

ey - (ST (yem) - B2 ()

(@ (wen2)a™ Y-12)S (Ym)) - B ()
(e (Yen)a (S yem)) - B (@)
(1€ 1) 1a) - B (0) = €(y-1)a(ue-10) - B (0).
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So Eq. (8) holds and similarly for Eq. (9). Therefore,

(e - BH@))BW) (1) - B~ (1)B(v0))
= (e - B @)Bw@))BYS () - B ()
= (e - B ) oyo)BS ™ (yn) - B ()
= ((uey - B ) (woy0)) (S (a(y-p)) - v)
1 B @O (oyo) (S (Y-n) - B (@)
1) - B (oy0) (S (W) - B (@) +
By - B0 (oyo) (ST (y-n) - B (@)
1) - B ) (oyo) () - BH(S™ (Wn) - B~ @))B(Hoy0)y)) +
() - B0 (woy0) IBS™ (ye-ny) - B~ ()
= ((uen - B @) oyo) ) - B W) - B @D (uoyo)y) +
(e - B ) - B (uoy0) NPy - B ))BS ™ (y-n) - B (0))
= (e B @) (oyo) ) - BH(ST (W-n) - B~ ©DNB*(uoyo)) +
(B((oy0)y NS (uoyo)yy) - B~ -y - BHENBES ™ (W) - B~ (©))
= ((a(uenn) - B e (eneyce) - B @) - B ©))B(1oyo)™) +
((oy0) " (ST ry1e) - B (@) - BH@MBGS an)) - (@)
= (@) - BN UenyE) - (ST e - BD)B((Hoyo)™) +
((10y0) " (S (u-12)S ™ (W=12)) - (ucan - B2ENBS ™ ay-1) - B (0))

e(yn) (@) - B @) @12 ©)B((uoyo)™) +

e(u-)((1oy0) (S (Y1) - B B (Y1) - B (v))

= e(yen) () - B (x0)B((toyo)) + e(u1)B((Hoyo) (S (a(y-1)) - B~ (xv))

= e(yen) @) - B w)B(uoyo)™) + e(yn)(au) - B~ @))B((uoyo)™) +
e(u1)B((uoy0) V(S (@(y(-1) - B~ (W) + e(u1)B((0y0) NS (@(y-1) - B~ (@)

Hence we have

[u,xllo,y] = —e(yen)@a(uey) - B (@)B(Hoyo)")
—€(uu-1)B((oy0) NS a(y-)) - B~ (w))
+e(yn) (@) - B (@)B((1oy0)™)
+e(u-1)B((10y0) (S (@(y(-1)) - B (2))

= 0,

as desired. And this completes the proof. O

Next we will give an interesting corollary, for this we first consider some H-analogous of classical
concepts of ring theory and Lie theory as follows.

Let (A, B) be a monoidal Hom-algebra in EHYD. An H-Hom-ideal U of A is not only H-stable (i.e.
h-aeUforallh € Hand a € U) but also H-costable (i.e. p(a) € H® U for all a € U) such that g(U) € U and
(ADA=AUA) c U

Let (L, B) be abraided Hom-Lie algebra. An H-Hom-Lie ideal U of L is not only H-stable but also H-costable
such that p(U) € U and [U, L] C U

Define the center of L to be Z(L) = {l € L|[I,L] = 0}. It is easy to see that Z(L) is not only H-stable but also
H-costable.
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L is called H-prime if the product of any two non-zero H-Hom-ideals of L is non-zero. It is called
H-semiprime if it has no non-zero nilpotent H-Hom-ideals, and is called H-simple if it has no nontrivial
H-Home-ideals.

Corollary 3.9. Under the hypotheses of the theorem above, [A, A] is nilpotent. If A is also H-semiprime,
then A is H-commutative.
Proof. Straightforward from Theorem 3.8. m]

4. Central invariants of braided Hom-Lie algebras

In this section, we study the central invariant of braided Hom-Lie algebras as a generalization of [27],
we always assume that (H, a) is a monoidal Hom-Hopf algebra.

Definition 4.1. If (A,p) is a monoidal Hom-algebra in E‘HJ/Z), the monoidal Hom-subalgebra of H-
invariants is the set:

Ag={ae€Alh-a=e(h)a, forall h € H}.

Recall from Proposition 3.2, a monoidal Hom-algebra (L, f) in HHY D gives rise to a braided Hom-Lie
algebra (L, [, -], p) in HHYD.

In what follows, we always assume that the bracket product in braided Hom-Lie algebra (L, [, ], f) is
defined as Proposition 3.2, that is

L1:A®A — Abyla,b] =ab— (a1 - (b)B(a0), a,b € A.

Lemma 4.2. Let (L, ) be a monoidal Hom-algebra in g?-(.y D and (L, [+, -], B) the derived braided Hom-Lie
algebra. Then

(1) [B(a), be] = [a, b]B(c) + (alac-1)) - b)[B(ao), ],
(2) [ab, B(c)] = B@)[b, c] + [a, b1y - B~1(c)IB?(bo), for all a, b, c € L.

Proof. (1) For all 4, b, c € L, it is clear that [a, b](c) = (ab)B(c) — ((ac-1) - B~(b))B(a0))B(c). Similarly,

(ala-) - b)[Blao), c]
= (a(acy) - b)(B@ao)e) — (a(ac) - b)((aao-1)) - B~ ())B*(@00))
= Blacy - B 1) (Blao)e) — Plac-) - B~ (1)) ((ag-1)) - B~ (€))B*(a00))
= ((acy - B B)P@0))P() — (a) - B~ (D)) (@lao-1) - B~1(0)))B(a00))
= ((ae - B (B))B@0))B(C) — (@) - B~ 1)) ala-1) - B (€)))B(a0))
= ((acy - B (1))Ba0))B(c) — (e(a(-1y) - B~ (be))B(@o)).

[a, b1B(c) + (a(a-yy) - D)[B(ao), c]
= (ab)B(c) — (a(ac1)) - B~ (bc))B(a0))

= B@)(bo) - ((a(ac1y) - B~ (be))B(a0)

= B@)(be) = (B@)-1) - B~ (be))B((B@))o)
= [B(), bc].

(2) For all a, b, c € L, on the one hand, we have

B@)b,c] B@)(be) = B@) (b1 - B (€))B(bo)
(ab)B(c) = (@b - () (bo)-
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On the other hand, we get

[a, b1y - B (0)1B* (Do)

(@b - B(©))B*(bo) — ((a-1) - B~ (b-1) - B~1(0)))B(a0))B* (bo)

(@(b-yy - BB (bo) — ((a-1) - (@ (b)) - B~2(0)))B(a0))B* (bo)

@by - BB (bo) — (@ (a-n)a” (b)) - B~ (€))B(@0))B (bo)
= (a(bi) - B0 (bo) — (@1)b(-1y - )B(aobo).

It follows that

B@Ib, c] + [a, by - B~ (c)IB*(bo)
B@)(be) — (a1yb-1) - O)P(aobo)

= (ab)B(c) = a1y - ©)Blaobo)
[ab, B(c)]-

The proof is completed. |
Define ad.(I) = [x,I] for all x,] € L, By Lemma 4.2(1) we have

ady(Im) = adx(Da(m) + (@™ (x(-y) - ()adx,(m), x,1,m € L.

Lemma 4.3. Let (L, ) be a monoidal Hom-algebra in BHYD and x a p-invariant element in Ly. Then for
any y,z € L, the following equalities hold:

D Crix®y)=y®x,CLi(y®x) =x®Yy;

(2) ad:(y) = xy = yx;

(3) adx(yz) = adx(y)p(2) + P(y)ad(z);

(4) ad3(yz) = ad¥(y)B*(2) + 2p(ad(y)ads(2)) + B*(y)ad3(2).

Proof. (1) Since x € Ly, we have

Y1 - B ® B(yo) = Y1) - X ® B(1o)
= e(y1)x®P(yo) =xQ®Y,
CLrx®y) = xc1-B 1Y) ®Bx0) = Byo) ® S (Y1) - B~ (%)
= Bo)® S (Y1) - x = B(yo) @ (S (Y))x = y ® x.
(2) Straightforward from (1).
(3) Straightforward from Lemma 4.2 (1).
(4) By (2) and (3), we have
ad;(yz) ady(ad.(y)B(2) + B(y)adx(2))
= ady(ad«(y)B(2)) + ad.(B(y)ady(z))
= ady(y)p(2) + Pladx(y))ad:p(2) +
ad(y)Pady(2)) + P> (y)ady(2)
= ady(y)B*(2) + Plad(y))adpeB(z) +
adgp(y)B(adx(2)) + B (y)adi(2)
= ad’(y)B*(2) + 2B(ad,(y)ady(2)) + B> (y)ad>(2).

The proof is finished. O

Lemma 4.4. Let (L, [-,-], ) be the derived braided Hom-Lie algebra. Assume that L is H-simple, then Z(L),
is a field.

Cri(y®x)
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Proof. Note that Z(L)y = Z(L) N Ly = Z(L)o, where Z(L) is the usual center of L. Taking 0 # x € Z(L)o, we
have that Lx = I # 0 is an H-Hom-ideal, thus I = L since L is H-simple. That is to say that for some y € L,
we obtain xy = yx = 1. Since

Brh-y) = Pyl =ph-y)xy)
= Pla(h) - y)(e(ahz))xy)
= Blah) - y)(alh2) - x)y)
= ((a(h) - y)(a(h2) - x))B(y)
= (a(h) - ey)B(y) = (a(h) - DB(y)
= (ela(m)DB(y) = e()*(y)
= Be(y)
We can get 1 - y = e(h)y since B is bijective, that is, y € L.
We need to show y € Z(L). For any z € L, by Lemma 4.3(1), [z, x] = zx — xz = 0. Then we have
B vz —zy) = B(y2) — B*(zy)
= P(y2)p(1) - B(yx)B(zy)
= FWE@) - FHEEY)
= FWEER@Y) - FWEEY)
= FW(E0BWY) - B W)(x2)BY))

= B(y)((zx — x2)B(y))
= 0.

Since f is bijective, it follows that yz = zy, i.e. [y,z] = yz—zy = 0by Lemma 4.3 (2). This shows that y € Z(L),
as desired. O

Lemma4.5. Let (L, [, -], ) be the derived braided Hom-Lie algebra and x a -invariant elementin Lo, [, m € L.
Then

(1) ad?(xl) = xad*(l);

(2) If ad?(L) = 0 and char(k) # 2, then ad,(I)(Lad,(m)) = 0.

Proof. (1) It is straightforward from Lemma 4.3 (4).

(2) Foralll,m € L, we have

0 = ad2(Im) = ad*(1)B*(m) + 2B(ady(I)ad(m)) + B>(Had>(m)
= 2ad (B(1))ad(B(m)).

Soad,(l)ad,(m) = Osince char(k) # 2. Forany z € L, by Lemma 4.3 (3), zad,(m) = ad(8~'(z)m)—ad.(8~1(z))B(m).
Therefore,

ady()(zady(m)) = adx(Dadx (B~ (2)m) — ad:(1)(adx (B~ (2))B(m))
= 0 Blad. (B~ (1))(ad (B~ ()B(m)
= —(ady(F7 (D)ad(B~ (1))m
= 0.
By the arbitrary of z, ad,(I)(Lad,(m)) = 0. And this finishes the proof. O

Lemma 4.6. Let (L,[,],B) be the derived braided Hom-Lie algebra and I an H-Hom-Lie ideal of [L,L].
Assume that L is H-simple and char(k) # 2. If x is a f-invariant element in Iy satisfying (i) ad,(I) = 0, (ii)
ad3([L,L]) = 0. Then x € Z(L).

Proof. Foranym e L,/ € [L,L] and y € I. By Lemma 4.2 (1),
0 = ad([p(D), my]) = ady([I, mIB(y)) + adz((a(li-) - m)[B(lo), y1).
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First, we have

ad?([1, mlB(y))
ad2([1, m))*(y) + 2B(ad([1, m])ad«(B(y))) + B*([I, m])ad2(B(y))

(i)
adi([L, DB (y) = 0
So ad2((e(l-1))-m)[B(lo), y]). On the other hand, since! € [L, L] and [, ] is H-colinear, it follows that 8(ly) € [L, L],
ady([lo, y1) £ 0 and ad?([lo, y1) £ 0. Therefore,

ady(a(l-1) - m)[B(lo), y1)
= ady(a(l-1) - mBA([Blo), y]) + 2B(adx(a(l-1)) - m)ad([B(o), y1)
+6 () - m)ad;([B(lo), y1)
= ad(a(-) - mBA([B(o), yD).
Thus we obtain ad?(a(l-1)) - m)B*([B(lo), y]) = 0. We completes the proof by the following two cases:

Case (1): If [I,[L,L]] = 0, then we have ad?(L) = 0. By Lemma 4.5 (2), ad,(I)(Lady(m)) = 0. Since L is
H-simple, we get ad.(I) = 0. So x € Z(L) since | is an arbitrary element in L.

Case (2): If [I,[L,L]] # O, let U = [[,[L,L]]. It is easy to see that U is an H-Hom-Lie ideal of [L,L].
Since ad2(a(l-1)) - m)B*([B(lo), y]) = 0, we have ad*(L)U = 0. Let Q = {y € LlyU = 0}, then Q is an H-stable
H-costable left Hom-ideal of L, we claim Q = 0. If not, then L = QL since L is H-simple. By Proposition 3.2,
we have

—

i)

QLC[QLI+LQC[Q,LI1+QCcL.
ThusL =Q+[Q,L]. Lety € Q,l € [L,L] and u € U. Since Q is an H-Hom-ideal, ﬁz(yo) € Q. Then
[y, e = (yhu— (Y1 - B O)BWo)u

= (hu=B" e B O)EWoB (1)

= (yhu~p" e B OB E o)

= (yhu =By~ ()

= BWILA W]+ BW)((U-y) - B2 (w))Blo))

= P ] + () - B2)o

= BWIL B~ W]
Since (1) € U, B(y) € Q, we obtain [I, g7 w)] € U, By, B (u)] = 0, and thus [y,/Ju. Which means
[Q,[L,L]] € Qand Q[L,L] € Q. Hence

L=QL=QQ+[QL])cQ.

This implies LU = 0, which contradicts the assumption U # 0. Hence, Q = 0, and so ad2(L) = 0. Similarly
to case (1), one get x € Z(L). O

Theorem 4.7. Let (L, [, -], f) be the derived braided Hom-Lie algebra. Assume that char(k) # 2 and L is
H-simple. If V is an H-Hom-Lie ideal of [L, L] such that any element in V) is f-invariant and [V, V] € Z(L)o.
Then Vy C Z(L)o.

Proof. For any x € V. We consider the following two cases:
(1) If ad,(V) = 0, then x € Z(L)y by Lemma 4.6.
(2) If ad,(V) # 0, then for any v € V and [ € L, we have

[x, [x, 1,01 = =[x [x, M - 7 (0), BT, [x, 1T10)]
~[B(v0), S~ (v(-)) - B~ (I, [x, 11D)]
~[B(o), B~ (S (@(vi) - [x, [x, 1]
~[B(o), B~ (Ix, [x, S (v(-)) - 1IN)]
~[B(o), [x, [x, ST (v-1)) - B~ D]II.
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The fourth equality and the fifth equality hold since x € Vj is f-invariant. By Lemma 4.3 (1), we get

1eO)(Ce®)(vex®[x, S (a  (v-1) - B (D])
= (180)x®0®[x, S (a  (v-n)) - B D)
= x®vyy - B (% ST @ (ven) - B (D]) © B(o)
= x®vyy) - [x, ST a2 (o)) - (D] @ B(0oo)
= x®vce - [, ST (0cn) - D] @ v
= x® v - x, 02 - (STHa (o) - 2] ® v
= x®[x, (@ (012)S (@ () - B2 ® v
= x®[x,e(ve-)l- ﬁ‘z(l)] ® o
= x®[x,p ' D]®p (V).

Similarly, 1 ® C)(C® 1)(vo ® x ® [x, S~ (a Y (v1y)) - B1D]) = [x, 71 ()] ® B~} (v) ® x. By braided Hom-Jacobi
identity, we have

~[B(o), [x, [x, ST (v-1))) - B~ D]N]
[[B(x), 1, [o, x11 + [B(x), [[x, (D], B~ (0)]]
[Lx, 11, [v, 211 + [x, [, B~ (D1, B~ ()]

[[x, L1, [V, €11 + [x, [[x, L1, B (0)1]

0+ [x[IL,L], V]I € [x, V] € Zu(L)o.

[[x, [x, 1], ©]

NN

We obtain [ad%(L), V] € Z(L)y. By Lemma 4.5 (1), we have ad?(xl) = g2(x)ad(l).

(2.1) If ad2(l) # 0 for some [ € L, then (ad3(l))™! € Z(L)o by Lemma 4.4. In this case, it is easy to see that
X € Z(L)O

(2.2) Now we assume ad3(L) ¢ Z(L)o. Let y € L with ad?(y) ¢ Z(L)o. Then we choose z € V such that
0 # ad,(x) = u € Z(L). Thus there exist v1,v2,v3 € Z(L)y such that [z,ad?(y)] = v1, [B(z), ad?(xy)] = v, and
[8%(2), ad*(x*y)] = v3. Now we have

[B(2), ad3(xy)] = [B(2), xad3(y)]

[z, X]B@d(y)) + (a(z(-1)) - )[B(20), ad3(y)]
[z, x]B(ad3(y)) + x[z, ad3(y)]

uﬁ(adi(y)) + x01.

02

By Lemma 4.4, u is invertible. Thus ad2(y) = 7 (u"'v, — u~'(xv1)). However, v; € Z(L), x € Vp, by Lemma
4.3 (1), we have xv; = v1x, and so ad?(y) = B~ (u v, — u~'(v;1x)). Similarly, we have

vs = [B(2),ady(x*y)] = [B(B(2)), xadi(xy)]
= [B(@), x]Bladi(xy)) + (@((B(2)-1) - ©)B(B(2))0), adz(xy)]
= [B(@), x]Bladi(xy)) + (@*(z(-1)) - X)[B*(20), ad3(xy)]
= [B(2), B0)]Blads(xy)) + x[B(2), adz(xy)]
= Bw)Bladi(xy)) + xv
= uﬁ(adﬁ(xy)) + X0,.

The last equality holds since u = ad,(x) € V. Thus ad2(xy) = B~} (u"'v; — u~(v2x)). Using Lemma 4.5 (1), we
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have
adi(xy) = xadi(y) = xﬁ_l(u_lvz - u‘l(le))

= BB v2) = f)(u ™ (v1%)))
= BN (uB(@2) — (xu)B(v1x))
= BN 'x)B(©2) — (u”'x)B(v1x))
= BB ) (xv2) — B x)(B(01)B(x)))
= BB ) (vx) — (4 x)B(01))B* (%))
= P )B(x) — (B (xv1))* (%))
= BN op)Bx) — u” ((xo1)B(x)))
= BB (%) — u” (012)B()))
= B (v2x) — u” (B(o1)x?)).

Hence, f(v1)x*—202x+03 = 0, thatis, x2+0'x+0° = 0, where 6! = —20,/B(v1), 6° = v3/B(v1),and 6, 6° € Z(L).

It is easy to see that 0° = v3/B(v1) = (—B(v1)x* + 202x)/B(v1) = —x> — O'x. By Lemma 4.2 (2) and Lemma 4.3
(1) we have

0

[-6° B(2)] = [x*, B(2)] + [0'x, B(2)]

B([x?, z]) + BOM[x, 2] + [6", x 1) - B~ (2)]B*(x0)

B(lx*,2]) + B(OV)[x, 2.

By Lemma 4.3(1), one has B([x?,z]) = —B(6")[x, z] = B(6})u. Similarly,

ﬁ([xz,z]) = B(x[x, z] + [x, z]x) = 2B([x, z]x) = —2B(ux) = —2ux.

Since u € Zy(L)o, B(6') = —2x, it follows that 6! = =27(x) = —2x. As char(k) # 2, we have x = —(1/2)0" €
Z(L), as desired. O

5. Universal enveloping algebras of braided Hom-Lie
algebras

In this section, we will first present the structure of the universal enveloping algebra U(L) of a braided
Hom-Lie algebra L, then we show that U(L) is a cocommutative Hom-Hopf algebra.

Definition 5.1. Let (L,[;, ], ) be a braided Hom-Lie algebra. A universal enveloping algebra of L is a
monoidal Hom-algebra

U(L) = (U(L), mu, Bu)

together with a morphism ¢ : L — U(L)~ of Hom-Lie algebras in 2HYD such that the following universal
property holds: for any monoidal Hom-algebra A = (A, ma,Ba) and any Hom-Lie algebra morphism
f:L— A" in BHYD, there exists a unique morphism ¢ : U(L) — A of monoidal Hom-algebra in *HY D
such thatgoy = f.

Definition 5.2. Let (M, fu) be an involutive (i.e., ﬁlz\/l = id) Hom-Yetter-Drinfeld module. A free involutive
monoidal Hom-algebra on M is an involutive monoidal Hom-algebra (Fp, *, Bm) together with a morphism
j: M — Fy in BHYD, satisfying the following property: for any involutive monoidal Hom-algebra (A, f4)
together with a morphism f : M — A in HHYD, there is a unique morphism f : M — Fy in HHYD such
that foj=f.

The well-known construction of the (non-unitary) free associative algebra on a module is the tensor
algebra equipped with the concatenation tensor product. Recently, Guo, Zhang and Zheng generalized this
method to Hom-associative algebras in [13], Armakan, Silvestrov and Farhangdoost generalized the work
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to color Hom-associative algebras in [2]. Next we hope to extend the above work to monoidal Hom-algebras

in BHY D.
Let (M, B) be an involutive Hom-Yetter-Drinfeld module and T(M) = P,,, M®, where M® = k. Ob-

viously, T(M) is an object in HHYD. Define the linear map fr and the binary operation © on T(M) as
follows:

Pr(x) = Pr(x1 ®x2 @ -+ @ x;) = B(x1) ® f(x2) ® - -+ ® B(x;),
XOY=(MONR® - BX)O MO O ®Y) =pi NONOPr(12® B y)).
One may check directly that fr and © are morphisms in HHYD. Similar to the proof in [13], (T(M), ®, fr)
is an involutive monoidal Hom-algebra in HHYD.
Theorem 5.3. Let (H, a) be an involutive monoidal Hom-Hopf algebra and (L, [, -], f) an involutive braided
Hom-Lie algebra. Let U(L) = T(L)/I, where I is the H-Hom-ideal of T(L) generated by
{x ® y - (x—l : ﬁ(]/)) ®ﬁ(x0) - [x/ ]/]| x/]/ € L}

Let i be the composition of the natural inclusion i : L — T(L) with the canonical map = : T(L) — T(L)/I.
Then (U(L), ¢, fr) is an universal enveloping algebra of L.

Proof. We first show that I is an object in gﬂ YD. For any x,y € L and h € H, it is clear that
p(hy - x) = (na H(xc1)))S(h12) ® a(hin) - xo = (@ H(hi1)a ™ (x(1)))Sa(h122) ® a(hi1) - xo. Then we have
h-(x®y—(x-1-B(y)) ®P(xo) — [x, y])
= h1-x®hy-y—hy-(x1-B(y) ®hy - P(xo) = [h1-x,h2 - Y]
hy-x®hy -y — (@ (h)x_1) - y®ha - Blxo) — [ - x, iz - Y]
M -x®hy -y —(hy-x)-1-Blha - y) ®P((h1 - x)o) — [ - x,ha -yl € L.
The last equality holds since
(h1 - x)-1 - B(ha - y) ® B((h1 - x)o)
= (' (mn)a  (x1))Sa(hz)) - (alha) - B(y) ® a*(hia1) - B(xo)
= (@ *(h1)a 2 (x-1))S(h))a(ho)) - y ® a?(hix) - P(xo)
= (' (mn)a  (x-))(S(ha)ha)) - y ® a(hiz1) - B(xo)
= (a2 (h)a " (x-1)(S(ha)a(hn))) - y ® a?(han) - B(xo)
= (a2 (h)a " (x1)(S(ha21)a? (h222))) - y ® a(hay) - B(xo)
= (@ *(h)a ™ (x-))(elhn)1n)) - y ® alhz) - f(xo)
= (a7 ' (h)xy) -y ®hy - Bxo).
So I is H-stable. Now we prove that I is also H-costable, that is, p(x ® y — (x1) - B(y)) ® B(x0) — [x, y]) e H®,
we note that p(x(-1) - f(y)) = (x1)11¥(-1))S(*(-1)2) ® a(x(-1)12) - B(yo) and compute
px-1 - B(y) ® B(xo))
= (x-1 - B(Y)-naxo-1) ® (x-1 - B(¥))o ® B(x00)
= (o yen)Sx))alxo-1) ® alx-nz2) - fYo) ® B(xoo)
= (@) Y1) S 2)(X-1)2) ® @ (xX-1)112) - BYo) ® X0
= (e ¥n)SEne)a (x-122) ® alx-12) - B(yo) ® B(xo)
= (alx)a(yEn)(S(an)alx-122)) ® a(x-1y12) - B(Yo) ® xo
= (a(x)a(yeEn))(Ee(-12)1n) ® alx-112) - Byo) ® xo
= (@(xey)ayen)ly ® a*(x1p) - Byo) ® xo
= alx-11)Y-1) ® X122 - B(Y0) ® X0
= XnY(-1) ©Xo-1) - (o) © B(xo0)-
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Therefore, we have

p(x®y — (x-1) - B(y)) ® B(x0) — [x, y])
X(1)Y(-1) ® X0 ® Yo — X(-1)¥Y(-1) ® Xo-1) - B(Y0) ® P(xX00) — X(-1)Y(-1) ® [X0, Yol
X(-1)Y(-1) ® (X0 ® Yo — Xo(-1) * f(Yo) ® B(x00) — [x0, Yo]) € H®,

as desired, where p[x, y] = x(—1yy(-1) ® [x0, Yo] since [+, -] is a morphism in g?-(y D.

Next, we show that 1 is a morphism of braided Hom-Lie algebras. It is easy to see that 1) is a morphism
in HHYD. Now we prove that 1 is compatible with the bracket product, we denote the multiplication in
U(L) by * and calculate

Pyl = mllxyl) = nx @y — (x-1) - B(y) © B(x0))

= n(xoy -y py) ©px))
= n(x) * 1(y) = 7(x-1) - B(Y)) * 7(B(x0))
= P) * P(y) — Plx - fy)) * Y(B(x0))
= P+ P(y) = (1) - PEW)) * P(B(xo))
= P = P) = (@O - W) * B (x)o)
= [, W]

Finally, we show that the following statement holds: for any involutive monoidal Hom-algebra of

(A,mga,Ba) and any homomorphism f : L — A~ of Hom-Lie algebras in g?i}/i), there exists a unique
morphism g : U(L) — A in BHY D such that the following diagram commutes:

L ouw
fl 79
A

To prove this statement, we first consider a unique homomorphism f* of T(L) which maps T(L) into A by
extending the homomorphism f of L into A. For any x,y € L, we have

fx®y = (x-1 - By)) @ (x0))
= fxoy—(x-1 - By)) ©p(x0))
= [ @OfY) - f x-S (Bxo))
= fO)f () = flxy - W) f(B(x0))
= f)f () = x) - BUW))B(f (x0))
= [f@), fl = f(x, yD) = f[x, yD).
This shows that I C kerf*, and we have a unique homomorphism g of U(L) = T(L)/I into A such that
g(x +1I) = f(x) or gy(x) = f(x). Hence f = g1, since L generates T(L).
Furthermore, it is easy to see that a4 o g = g o fr. We still need to check that g is a morphism in g?—(y D.

Since paf = (1® f)pr by our assumption, where p, and p;, are the (H, @)-Hom-comodule structure of A and
L respectively, for any x, y € U(L), we have

pa(g®)g(y)) = pa(f(x)f(y))

= (fO))n(f W1 & (f(x))o(f(x))o

= XY ® f(x0)f(Yo) = X1 Y1) ® 9(X0) f (Vo)
= (1® 9y ® (X * o) = (1® g)pu(x+7y),

pagx=y)

It follows that g is indeed (H, )-linear. Similarly, one may check that g is also (H, a)-colinear. And the proof
is completed. ]
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Now we will define a Hom-Hopf algebra structure on the universal enveloping algebra U(L), we first
present a useful Lemma.

Lemma 5.4. Let (H, a) be an involutive monoidal Hom-Hopf algebra and (L, [, -], f) an involutive braided
Hom-Lie algebra. Assume U(L) is the universal enveloping algebra of L. Then there exists a homomorphism
g: U(Le L) — U(L) ® U(L) of monoidal Hom-algebras in HHYD.

Proof. Define f: L& L — U(L) ® U(L) by

(x,y) = Br(x)®1+1®pr(y).
We first show that f is a morphism in BHYD. In fact, for any h € H and x,y € L, we have
h- f(x,v)) hy - Br(xX) ®hy -1+ h1 - 1@ hy - Br(y)

= hi - Br(x)®e(hx)l +e(h1)1 ®@hy - Br(y)

= ah)-pr)®@1+1ah) - pr(y)

= Brh-x)®1+1®pr(h-7)

= prl-v)@1+18pr(r-y)

= fl-xh-y) = fh-(xy)

It follows that f is H-linear. Similarly, one may check that f is H-colinear.
Second, we prove that f is a Hom-Lie homomorphism. For any x, y,x’, ' € L, we have

LfCey), f(, 0] [Br@) ®1+1®pr(y), prx’) ®1+ 1@ pr(y)]
[Br(0) @1, pr(x) ® 1] + [r(x) ® 1,1 ® pr(y)] +
[1® Br(), fr(x’) ® 1] + [1 ® Br(Y), 1 ® fr(y')]-
Recall that multiplication in U(L) ® U(L) is
F®YE ®Y) =Xy - fr () @ Br(yo)y)-
Obviously, we have (x ® 1)(1® ) = fr(x) ® Br(y) and (1 ® X)(¥ ® 1) = a(x(-1)) - ¥ ® x¢. Therefore,
[Br(®) © 1,10 pr(y)] BrE) @ 1)1 e pr(y)) - (axc)1) - 1@y )EH ®1)
= XQy —(xcy-(10y)Xx 1)
= X0y - (1®alx ) y)E®1)
= ¥QY — (@ (xn1)y-1)Salx12)) - Xo ® X112 - o
= ¥y -x®y =0,

where ((a2(x(_1)11)y(_1))5a(x(_1)2)) "X ®X12 Yo =X® ? since the braiding is symmetric on L. Similarly,
we have [1® (), 1 ® Br(y')] = 0. Also,
Br@) ®1,pr(x') ®1] Br@)(1-x) ® Br(1)1 - (a(xp)D) - (¥ ®1)(Fo ® 1)
= PrEBr)®1 - (alxy) - ¥ ®1)E @ 1)
= Br@Pr(x)®1 - (a(x 1) - )5 ®1
= Pr@Brx) ® 1 - ((Br(®) 1) - B BrEx)))Br((Br(®))o) © 1
= [Br@), prx)]®1.
Similarly, we have [1 ® Br(y), 1 ® Br(y')] = 1 ® [Br(¥), Br(y")]. Then we have
[fCy), f&, )] [Br(), fr(x)] ® 1 + 18 [Br(y), fr(v)]

Brx x')®1+1&pr([y, v'])
fC ), (&, y))).
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So f isa Hom-Lie homomorphism. Now by the universal property of U(L®&L), there exists a homomorphism
g: U(Le® L) — U(L) ® U(L) of monoidal Hom-algebras in HHYD.
Theorem 5.5. Let (H,a) be an involutive monoidal Hom-Hopf algebra and (L, [+, -], ) an involutive
braided Hom-Lie algebra. Then U(L) in Theorem 5.3 is a monoidal Hom-Hopf algebra in HHYD with
AD) =pr(h @1 +18pr()
A1) =1®1, e) =0, e(1)=1;
SO = -1, 5(x7) = (x-1 - S(Br @NS(Br())-
forall/ € Land x,y € U(L).

Proof. We first consider the diagonal mapping d : L — L& L defined by [ — (I, ]). Itis easy to check that
d is a Hom-Lie homomorphism in BHYD. Let f be the map described in Lemma 5.4. Then f od isa Hom-Lie
homomorphism from L to U(L) ® U(L), therefore there exists a homomorphism A : U(L) — U(L) ® U(L),
which is a homomorphism of monoidal Hom-algebras in FHY D satisfying the following condition

A = ((fod)(D) = pr(h @1 + 1@ Br(l),

forall I € L. It is now straightforward to check that (87! ® A)A = (A® ;1)A and (1® Br)A = (Br ® €)A = B
It is easy to see that S is a well-defined morphism in EHY D, since if we define S on the free generators

of T(L) by S(I) = —1,5(1) = 1, and set S(¥7) = (1) - S(BF'@))S(Br(%n)), then S is a morphism in AHYD
which vanishes on I. Thus S is well defined.
To show that S is an antipode, we first note that

m(id ® S)(Br() ® 1 + 1 ® pr())

= mpr()®1-18pr() =0=e(),
m(S®id)o A)l) = m(S®id)(pr()®1+1® pr()

= m(-Br()®1+18®Br(l) = 0 = e(l),

(m(id ® S) o A)(I)

for any generator [ € L. Similarly, one may check that (m(id® S) o A)(1) = (m(S®id) o A)(1) = e(1). Therefore,
we can derive that

(m@id ® S) o A)(X y)

m(id ® S)(x1(x2(-1) - 7 (1)) ® Br(X20)72)

= m(i(x - - BT (1) ® S(Br(*20)72))

= (®lraen - B GO (@(x20-1) - SPr(V2))S(Xa00))

= {(Ga(alxa-11) - pry)H(alxa-1)2) - SPr(y2))SPr(x20)}
= {x1Br(xzen - y)IBr((xa-1)2 - S(2))S(x20))

= Br(x)(Brvacin - y)ixa-1z - S(12))S(x20)})

= Br)({(xa-11 - y1)(xa-1)2 - S(¥2))}SPr(X20))

= Br){(x-1) - €)1)SPr(x20)}

= e(y)Pr(x1)SPr(x2) = e(y)e(x).

Similarly, we can show that (m(S ® id) o A)(x y) = e(y)e(x). So S is an antipode on U(L), and this finishes the
proof. |

Corollary 5.6. Under the hypotheses of the Theorem 5.5, the universal enveloping algebra U(L) is
H-cocommutative.

Proof. For any x € U(L), we have CyyA(x) = Cyu(Br(x) ® 1 + 1 ® fr(X)) = alx1)) - /3;1(1) ® ﬁ%(io) +1-
B Br(®) ® Br(1) = 1 ® Br(x)) + fr(x) ® 1 = A(X). It follows that CyyA = A, as desired. O
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As an application of Theorem 5.5, we will define a Hom-Yetter-Drinfeld module structure on the End(V)
and construct a Radford’s Hom-biproduct. In order to define a good (H, @)-Hom-module operation on
End(V), it is necessary to assume that o = idy.

Lemma 5.7. Let H be a Hopf algebra with a bijective antipode and (V,v) a finite-dimensional Hom-
Yetter-Drinfeld module in EHYD. Then (End(V), 6) is a Hom-Yetter-Drinfeld module under the following

structures

(h- ))©) = hy - f(S(h2) - v), 6(f)(v) = f((©)),
p()©) = (f(00))-1)S ™ (1) @ (f(v0))o,

foranyv e V.

Proof. We first show that (End(V), 6) is a Hom-module. In fact, forany h,g € H, f € End(V)andv e V,

we have

(h-(g- )

((hg) - 6(f))()

hi-(g- f)(S(h2) - v) = h1 - (g1 - f(S(g2) - (S(h2) - ©)))
=l (91 f(5(92)S(h2) - v(0)) = (ng1) - £(S(g2)S(h2) - v (©)),
(hg)1 - 5()(S((19)2)) - v) = (1 g1) - f(S(hag2) - V2 (0)).

It follows that h - (g - f) = (hg) - 6(f). Now we verify 1y - f = 6(f) and 6(h - f) = h - 5(f) as follows

(- H) = 1-f1-0) =1 f(v(v) = f(*())

o(h - f)(@)

(h- (@) = h1 - f(S(h2) - v*(0))
hi - 8(f)(S(ha) - v) = (1~ 6()(©)-

So (End(V), 6) is a Hom-module, as desired. Similarly, one may check that (End(V), 0) is a Hom-comodule.
Now we show that for any f € End(V) and h € H, the following compatibility condition

hifey ®ha - fo = (- 67 () ciyha ® 8((h1 - 67 (F))o),

holds. For this, we take i € H, f € End(V),v € V. On the one hand, we have

(h1 - 7 ()2 ® 6((hy - 57 (f))o) (V)

(h1 - 67 (M)-pyha2 ® (11 - 67 (o (V*(v))

((h1 - 5 (M (©00)) 1S ™ (v1)h2 ® (1 - 67 () (¥ (v00)))o
(h1 - f(S(h3) - v0)) (1) S~ (v(-1))h3 ® (1 - F(S(h3) - v0))o

R (f(S(ha) - ©0))(-1)S(13)S ™ (0-1))h5 ® I3 - (F(S(ha) - v0))o-

)
)(

On the other hand, we have

h fi-1) ® (h2 - fo)(v)

hi ficr) ® ha - (fo(S(h3)) - v))

m(f(S(h3)) - ©)0)-1)S ™" (S(h3) - ©)(-1) ® I - (F(((Sh3)) - V)o)o
h(f(S(hs) - ©0))(-1)S ™" (S(h5)v(1)S*h3) ® Iz - (f(S(ha)) - v0))o
1 (f(S(ha) - 0))(-1)S(h3)S ™" (0(-1))hs ® ha - (f((Sha)) - vo)o-

So (End(V),6) € HYD. The proof is finished. o

Lemma 5.8. Let H be a Hopf algebra with a bijective antipode and (V, v) a finite-dimensional involutive
Hom-Yetter-Drinfeld module in FHYD. Then (End(V), 6) is an algebra in *HY D.
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Proof. We first show that End(V) is a H-module algebra. Indeed, forany h € H, f,g € End(V)andv e V,
we have

((h1- Az - g)@) = (1 f)(h2- g(S(h3) - v))
= hi- f(S(h2) - (h3 - g(S(ha) - 0)))
=l f((S(h2)hs) - g(S(hs) - v(0)))
= hi- f((e(h2)1n) - g(S(hs) - v(v)))
= I f(g(S(ha) - v*(v)))
= (- (f9)(S(h) - v).
It follows that i - (fg) = (1 - f)(h2 - g). Also, we have

(h-id)(w) = hy-id(S(hy)-v) = hy - (S(h2) - 0)
= (mS(h2)) - v(v) = e(M)1y - v(v) = e(h)o.
So I -id = e(h)id. Therefore, End(V) is a H-module algebra.

Next, we will show that End(V) is a H-comodule algebra. In fact, for any f,g € End(V) and v € V, we
have

(f9)1 ® (f9)o(v) (f9(©0)) =S (v-1) ® (f9)(0))o
= (f9(v0))1)S ™ (v(-1) ® (f9(v0))o,
fengen ® fogo@) = fien(@@0)-nS™ (0-1) ® fo((9(@0))o)
= (f((9®@0))00)) S~ (9(v0))o-1)(@(@0)) (S~ (v(-1) ® (f((9(20))o0))o
= (f0 7 (9(00)0) S (9(00))(-12)(9(0)) 115 (0(-1) ® (fF(v " (9(v0))0))o
= (9@ 1e@®0)-1))S (1) ® (F(v ' (9(v0))o))o
= (f(5@))0))S (@) ® (f((9(0))0))o
= (f9(v0)) S (v1) ® (fg(v0))o-

It follows that (fg)-1) ® (f9)o = f-1)9(-1) ® fogo. Also, we have

plid)(©) = oS (V1) ® Voo = V1S (V1) ® v (o)
= @) lg®v (v) = 1lg®v = 1y ® id(v).

So p(id) = 1p ® id, as desired. And this completes the proof. ]

Lemma 5.9. Let H be a Hopf algebra with a bijective antipode and (V, v) a finite-dimensional involutive
Hom-Yetter-Drinfeld module in g?-(y D. Assume that the braiding C is symmetric on V. Then (End(V), 6)
is a braided Hom-Lie algebra, where the bracket product is defined by

[f,91= fg - (fen - 67 (9)5(fo),
for any f,g € End(V).

Proof. Since the braiding C is symmetric on V, one may check that C is symmetric on End(V), too. By
Proposition 3.2, (End(V), 0) is a braided Hom-Lie algebra. O

Proposition 5.10. Let H be a Hopf algebra with a bijective antipode and (V,v) a finite-dimensional
involutive Hom-Yetter-Drinfeld module. Assume that the braiding C is symmetric on V. Then the Radford’s
Hom-biproduct (U(End(V))ﬁXH, 0®id) is a monoidal Hom-Hopf algebra, where the multiplication is defined
by

(f X ) (f' x W) = f(hy - 57 (f)) x halt’,
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the coproduct is defined by
A(f X h) = (fi X fa-nh1) ® (8(f20) X h2),

the antipode is defined by
S(f xh) = (1 x S(f-nm)(S(fo) X 1),
forall fxh, f"xh' € U(End(V))gH.

Proof. By Lemma 5.9 and Theorem 5.5, (U(End(V)), 6) is a monoidal Hom-Hopf algebra in ngyD. By
Proposition 4.6 in [18], (U(End(V));H, 0 ®id) is a monoidal Hom-Hopf algebra.
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