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Abstract. The aim of the paper is to introduce the notion of y-preinvex functions.We study this class
in perspective of inequalities of Hermite-Hadamard type. We also derive some new estimates of upper
bounds involving n-times differentiable y-preinvex functions. Some special cases are also discussed which
shows that the obtained results are quite unifying one.

1. Introduction

The classical concept of convexity is although very simple in nature but has many applications in
different fields of pure and applied sciences. During the last century theory of convexity has experienced
rapid development and consequently numerous new and significant generalizations of classical convexity
have been proposed in the literature, for example, [1-3, 5-8, 16, 17, 19]. Besides its applications another
fascinating aspect of theory of convexity is its close relationship with theory of inequalities. Several
inequalities known in the literature are direct consequences of the applications of convex functions. For
some more information, see [4].

We now discuss some previously known concepts and results. First of all let K be a non empty set in R".
Let A: K—> Rand &(,.) : KX K = R be a continuous bifunction.

Definition 1.1 ([9]1). A set K is said to be invex set with respect to bifunction &(.,.) if
x+ué(y,x)eK Vv x,yek uel0,1]

Definition 1.2 ([18]). A function A on the invex set K is said to be preinvex with respect to bifunction &(.,.) if
A+ pé(y,x) < (1 - WAX) + pA(y), VYx,yeK pel0,1].

In order to obtain some of the main results of the paper, we need famous condition C, which was introduced
and studied by Mohan and Neogy [15]. This condition played a vital role in the development of many
results involving preinvex functions.

Condition C. A set K C R is said to be an invex set with respect to bifunction &(.,.) if and only if for any
x,y € Kand u € [0,1], we have
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1. &(x, x + ué(y, x)) = —ué(y, x),
2. &y, x + ué(y,x)) = (1 — w(y, x).

Note that for any x, v € K, u1, € [0,1] and from condition C, we can deduce
E(x + w2é(y, %), x + &y, X)) = (12 — )&y, x).

The following auxiliary result was obtained by Latif [11]. To obtain some new estimates for upper bounds,
we use this following result.

Lemma 1.3 ([11]). Let K € R be an open invex subset with respect to bifunction & : KxXK — R. Suppose A : K — R
is a function such that A" exists on K for n € N,n > 1. If A" is integrable on [a,a + &(b, a)], where a,b € K with
&(b,a) > 0, the following equality holds:

a+&(ba) 1
A@+Aa+Eb) | 1 (DA k- DEB,a) g
- . 500 f A(x)dx+kZ_2‘ TS @+ &b, a))
1
_1\yn—len
- W f W = 20 AP (a + uEb, a))dy,
0

where the above sum takes 0 whenn =1 and n = 2.

Some of our calculations involve beta and hypergeometric functions. For the sake of readers convenience,
let us recall these classical concepts. The Beta and Hypergeometric functions are defined as

1

B(x,y) = fvx_l(l ) Las t%

0

also
T'I(y)

POV =165y

and

1

1
2Fi(x, y;,62) = —_y) fvyl(l -1 —zv)*dy, > y>0,lzl <1
0

B(y,c

Definition 1.4 ([17]). Functions A and g are said to be similarly ordered on K, if

(A(x) = Aw)(g(x) — 9(y)) = 0.

2. y-preinvex functions

In this section, we define the class of y-preinvex functions. Throughout this section, we suppose that
K € IR" be invex with respect to the bifunction &(.,.) : K X K — R unless otherwise specified.

Definition 2.1. Lety : (0,1) — (0, o0) be a real function. A function A on the invex set K is said to be y-preinvex, if

A+ pé(y,x) < (1= Wy — WA +puy(wAly), Yx,yeK, uel0,1]
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The following classes can be deduced from above definition.

I. If we take y(u) = 1 in Definition 2.1, then we have the class of classical preinvex function, see [18].

IL. If we take y(u) = p~! in Definition 2.1, then we have the definition of P-preinvex function, see [14].

IIL If we take y(u) = p*! in Definition 2.1,where s € (0, 1), then we have the class of s-preinvex functions of
Breckner type, see [14].

IV. If we take y(u) = p=7!, then Definition 2.1 reduces to the definition of s-Godunova-Levin preinvex
function, see [13].

V. If we take y(¢) = 1 — p in Definition 2.1, then we have the definition of tgs-preinvex function.

Definition 2.2. Let y : (0,1) — (0, 00) be a real function. A function A\ on the invex set K is said to be tgs-preinvex
with respect to bifunction &(.,.), if

Alx + pé(y,x) < ul — wIAX) + Ay)], VYx,yeK, uel0,1]

3. Main Results

In this section, we derive our main results. Throughout this section, we suppose that K C IR” be invex
with respect to the bifunction &(.,.) : K X K — R unless otherwise specified.

Theorem 3.1. Let A and g be two y-preinvex functions on the invex set K. Then their product fg is also y-preinvex
function provided if A and g are similarly ordered functions and (1 — u)y(1 — p) + uy(u) < 1.

Proof. Since A and g be two y-preinvex functions, so we have

A+ &b, a))g(a + E(b,a))

< [(1 = wy@ = wA@) + wy(WAOIQ — Wy - wga) + py(wgd)]

= (1= w1 - WA@g@) + [u(l = Wy Wy - wWIA@g®) + Ab)g()]
+ 122w AD)9(0)

< (1= w1 = wA@g@) + [u( = Wy Wy - wWIA@g(a@) + Ab)g(0)]
+ @2y (WAWB)g ()

= [(1 - wy@ - wA@g(a) + py(WADGgOIA - w)yd — p) + py (]

< (1 =y —wA@g@) + py(w)A)g(®),

which completes the proof. [
Proposition 3.2. If A is a y,-preinvex function on K and y,(u) < y1(u), u € (0,1), then A is y1-preinvex function.

Proof. Since A is a y,-preinvex function on K, so we have

A+ E(b,a)) < (1= w)ya(1 = pA@) + py2(p)Ab)
< (1= = wA@) + wy (W Ab).

O
Lemma 3.3. Let A be a y-preinvex function, then
A@a+ &(b,0) ~ 2) < [(1 - py(1 - p) + py(IAG) + AB)] - A).
Proof. Givenx =a+ ué&(b,a) € I, then we have

AQRa+&(b,a)—x) = A+ (1 - p)éDb,a)
< py(A@) + (1= )y - wAD).

Adding and subtracting (1 — p)y(1 — p)A(a) + py(u)A(b), we get the required result. [
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Theorem 3.4. Let A : K = [a,a + £(b;a)] — R be a y-preinvex function with £(b,a) > 0 and y (%) 0. If&C,.)
satisfies condition C, then

a+&(ba) 1

1 2a + &(b,a) 1
V(%)A( 2 )S Z(b,q) f A)dx < [Ada) + A®D)] Of wy(dp.

a

Proof. The proof is left for interested readers. [

Now we will discuss some special cases.

L If y(u) = 1, then Theorem 3.4 reduces to corresponding result in the class of classical preinvex function,
Theorem 3.1 from [12].

IL If y(u) = p~!, then Theorem 3.4 reduces to the following result in the class of P-preinvex function.

Corollary 3.5. Let A : K = [a,a + &(b;a)] = R be a P-preinvex function. If &(.,.) satisfies condition C, then for
&, a) > 0, we have

a+&(ba)

1 ,2a+&(b,a) 1
EA( 2 ) = &b,a) f Ax)dx < [A@@) + AD)].

ML If y(u) = p¥!, then Theorem 3.4 reduces to the following result in the class of s-preinvex function of
Breckner type.

Corollary 3.6. Let A : K = [a,a+ &(b;a)] — R be a s-preinvex function of Breckner type. If &(., .) satisfies condition
C, then for &(b,a) > 0, we have

a+&(ba)
2a + &(b,a) A(a) + A(b)

. 1
271A( 5 )sé(b/a)fA(x)dxs T

IV.If y(u) = p*71, then Theorem 3.4 reduces to following result in the class of s-Godunova-Levin preinvex
functions.

Corollary 3.7. Let A : K = [a,a + &(b;a)] = R be a s-Godunova-Levin preinvex functions. If &(.,.) satisfies
condition C, then for £(b,a) > 0, we have

a+&(ba)

—e1 (20 + &(b,a) 1 Aa) + A(b)
277 A( 5 )Sé(b,a) f A@)dx £ —————.

a

V. If y(u) = 1 — p, then Theorem 3.4 reduces to corresponding result in the class of tgs-preinvex function.

Corollary 3.8. Let A : K = [a,a+&(b;a)] — R be an tgs-preinvex. If £(., .) satisfies condition C, then for £(b,a) > 0,
we have

a+é&(ba)

2a + £(b,a) 1 Ada) + A)
24( > )< 0 f Ax)dx < ————.

a
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Theorem 3.9. Let A : K — (0, o) be a y-preinvex function with £(b,a) > 0, y (%) #0and w : [a,a + &(b,a)] > R
be a non negative, integrable and symmetric function about w, then using condition C, we have

a+&(ba)

1 2a + &(b,a)
7/(%)A( > ) f w(x)dx

a

a+&(ba)
< f A()w(x)dx
a

a+&(ba)
b
< A@ + Al) ; Al )[(1 — Wy =)+ py(] f w(x)dx.

Proof. Since A is y-preinvex function, so we have

2a+¢&(b,a)\  (2a+&(ba)—x+x
e

<y (%) [AQa + &(b,a) — x) + A(¥)],

N| =

since w is non-negative, so

a+&(ba)

2 2a + &(b,a)
)/(%)A( > ) f w(x)dx

a

a+&(ba) a+&(b,a)

< f AQa + &(b,a) — x)w(x)dx + f A(x)w(x)dx

a+&(ba) a+&(ba)
= f AQRa + &b, a) — x)wRa + (b, a) — x)dx + f Ax)w(x)dx

a

a+&(ba)

=2 f A(x)w(x)dx.

a

For right hand side inequality, using Lemma 3.3, we have

a+&(ba)

f A(x)w(x)dx

a+&(ba) a+&(ba)

- f AGo@dx + 3 f A@w(x)dx

a a
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a+éba) a+&(ba)
= % f AQRa+ &0, a) — x)w(2a + &(b,a) — x)dx + % f A@)w(x)dx
a+&(bm) a+&(ba)
-3 f AQa+ E,0) - Dw(dx + 2 f A@w(xdx
A A a+&(b,a)
S[A -y -+ W(#)Jw f w(x)dx.

a

This completes the proof. O

We now discuss some special cases of Theorem 3.9.
I If y(u) = 1, then Theorem 3.9 reduces to the following result in the class of classical preinvex function.

Corollary 3.10. Let A : K — (0, oo) be classical preinvex function with £(b,a) > 0and w : [a,a + &(b,a)] — Rbea

non-negative, integrable and symmetric function about a + @, then using condition C, we have
a+&(ba) a+&(ba)
2a+ &(b,a
A (%) f w(x)dx < f A(x)w(x)dx
a a

a+&(b,a)

< w f w(x)dx.

IL If y(u) = 7!, then Theorem 3.9 reduces to the corresponding result in the class of P-preinvex function.

Corollary 3.11. Let A : K — (0,00) be P-preinvex function with &(b,a) > 0 and w : [a,a + &(b,a)] — R be a
non-negative, integrable and symmetric function about w, then using condition C, we have

1 ) b a+&(ba) a+&(ba)
EA(%(’”)) f w(x)dx < f A@w(x)dx

a+&(ba)
< [A(a) + A(b)] f w(x)dx.

a

ML If y(u) = p~!, then Theorem 3.9 reduces to the corresponding result in the class of s-preinvex function
of Breckner type.

Corollary 3.12. Let A : K — (0, 00) be s-preinvex function of Breckner type with £(b,a) > Oand w : [a,a+&(b, a)] —
R be a non negative, integrable and symmetric function about w, then using condition C, we have

a+&(b,a) a+&(b,a)
25—1/\(%(}””)) f w(x)dx < f A@w(x)dx

a+&(b,a)
< w [(1— ) + ] f wxdx.

a
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IV. If y(u) = 7!, then Theorem 3.9 reduces to the following result in the class of s-Godunova-Levin

preinvex function.

Corollary 3.13. Let A : K — (0,00) be s-Godunova-Levin preinvex function with E(b,a) > 0 and w : [a,a +
&(b,a)] — R be a non negative, integrable and symmetric function about 2“%@’”), then using condition C, we have

5 . a+&(ba) a+&(ba)
zslA(%(’“)) f w(x)dx < f A®)w(x)dx
a a

a+&(b,a)
< w (- )™+ 7] f wx)dx.

V. If y(u) = 1 — u, then Theorem 3.9 reduces to the following result in the class of tgs-preinvex function.

Corollary 3.14. Let A : K — (0, 00) be tgs-preinvex function with E(b,a) > 0 and w : [a,a + £(b,a)] — R be a non
negative, integrable and symmetric function about w then using condition C, we have

b a+&(ba) a+&(ba)
ZA(W) f w(x)dx < f A@w(x)dx

a+&(ba)

< (A0 + AN -] [ oo

Theorem 3.15. Let A : K — (0,00) and w : I — (0,00) be y1 and y,—preinvex functions respectively with
&(b,a) >0, 7/1(%))/2(%) # 0, then using condition C, we have

2 2a+<§(b,a)) (2a+<§(b,a))
A
TS NE ( 2 )\ 2

a+&(ba)
1

30 f A(x)w(x)dx

a

1
+ M@, b) fo u(d = w11 = wya()dp

<

1
+N(a, b) f y1(py2(w)du,
0

where

M(a, b) = A@)w(a) + A(b)w(b)

N(a, b) = A@w(b) + A(b)w(a).
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Proof. Since A and w are y; and y,-preinvex functions respectively, we have

2a+ &(b,a) 2a+ &(b,a)
e

= A+ (1= E,0) + 5@+ psb,a),a+ (1 - E(b,0)

xaw(a + (1~ E(b,0) + 5E@ -+ péb,a),a-+ (1 pE®,2)

< }Lyl (%)yz (%) [AG@ + p&(b,a) + A@ + (1 — w)Eb, )] [wa + pEW, a)) + wia + (1 — p)ED, )]
< 1 (3)12(3) 1@+ pEG @0+ pE®,0) + A+ (1 - G, A0+ 1 - G )]
1

+N@, DI - w?y1(1 = pya(l = @) + @2y (y2()]].

Integrating with respect to u on [0, 1] and using the technique of change of variables, we get the required
result. O

We now discuss some special cases of Theorem 3.15.
L If y1(u) = y2(u) = 1, then Theorem 3.15 reduces to the following result in the class of classical preinvex
function.

Corollary 3.16. Let A : K — (0,00) and w : I — (0, o0) be classical preinvex functions respectively with £(b,a) > 0,
then using condition C, we have

a+&(ba)

ZA(Za + cf(b,a))w(Za + &(b,a)

1
> > )S 0.0 fA(x)w(x)dx

M(a, b) N N(a, b)

6 3
IL If y1(u) = y2(u) = p~!, then Theorem 3.15 reduces to the following result in the class of P-preinvex
function.

+

Corollary 3.17. Let A : K — (0,00) and w : I — (0, 00) be P-preinvex functions respectively with (b, a) > 0, then
using condition C, we have

a+&(ba)

1, (2a+&(b,a) 2a+ &(b, a) 1
EA( 2 ) w( 2 ) Sqpg | A
+ M(a,b) + N(a, b).

L If y1(p) = y2(p) = p¥71, then Theorem 3.15 reduces to the following result in the class of s-preinvex
function of Breckner type.

Corollary 3.18. Let A : K — (0,00) and w : I — (0, 00) be s-preinvex function of Breckner type respectively with
&(b,a) > 0, then using condition C, we have

a+&(b,a)
21, (24 + E(b,a) 2a + &(b, a) 1
2 A( > )w( > )S 20,2 f A(x)w(x)dx
I'(1+s) N(a, b)
s Mab) s
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IV. If y1(u) = y2(p) = 7!, then Theorem 3.15 reduces to the following result in the class of s-Godunova-
Levin preinvex function.

Corollary 3.19. Let A : K — (0,00) and w : I — (0, o0) be s-Godunova-Levin preinvex functions respectively with
&(b,a) > 0, then using condition C, we have

a+&(ba)
s 2a+ &(b,a) 2a+ &(b,a) 1
2 1/\( - )w( : )s o f A@uw(x)dy
I'l-s) N(a, b)
+ T M(a,b)+—1_zs.

V. If y1(u) = y2(u) = 1 = u, then Theorem 3.15 reduces to the following result in the class of tgs-preinvex
function.

Corollary 3.20. Let A: K — (0,00) and w : I — (0, oo) be tgs-preinvex functions respectively with £(b,a) > 0, then
using condition C, we have

a+é&(ba)

2a+ &(b,a) 2a+ &(b,a) 1
SA( > )w( > ) < X0, f Alx)w(x)dx

1
+ %[M(a, b) + N(a, b)].
Theorem 3.21. Let A : K — (0,00)andw : I — (0, 00) be y1 and y,-preinvex functions respectively with (b, a) > 0,
then

a+&(ba) 1 1
1
Zb.0) f A(¥)w(x)dx < M(a, b) Of ©2y1()y2(u)du + N(a, b) Of u = wyi(p)y2(1 — wdu.

a

Proof. Since A and g are y1-preinvex and y-preinvex functions and non-negative, so we have
Aa + pé&b, a))w(a + ué(b, a))
< [ = Wy = wA@) + pyr1(AGIIA = @y2(1 = wwla) + py2(wwb)].
Integrating above inequality with respect to 1 on [0, 1], we have

a+&(ba)
1
—5 o) f Ax)w(x)dx

a

1 1
< Aa)w(a) f (1= w)*y1(1 = wyy2(1 — wydu + Ab)w(b) f 2 y1(wy2(wdu
0 0

1 1
+ A@)w(b) f p( = wy1(1 = wWy2(u)du + Ab)w(a) f p = wy1(w)y2(1 — wdy
0 0

1

1
= M(a, b) f 12y (w)y2(w)dy + N(a, b) f p(1 = wy1(w)y21 — wdp.
0 0

This completes the proof. [
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Now we discuss some special cases of Theorem 3.21.
L If y1(u) = y2(u) = 1, then Theorem 3.21 reduces to classical preinvex function.

Corollary 3.22. Let A : K — (0,00) and w : I — (0, o0) be classical preinvex functions respectively with £(b,a) > 0,
then

a+&(ba)
1

&b, a)

M(@a,b) N(a,b)

f Ax)w(x)dx < —5 + 6

a

IL If y1(u) = y2(u) = p~ !, then Theorem 3.21 reduces to the following result in the class of P-preinvex
function.

Corollary 3.23. Let A : K — (0,00) and w : I — (0, 00) be P-preinvex function respectively with £(b,a) > 0O, then
using condition C, we have

a+&(ba)
f AX)w(x)dx < [M(a,b) + N(a, b)].

a

1
&(b,a)

L If y1(p) = y2(u) = p¥~1, then Theorem 3.21 reduces to the following result in the class of s-preinvex
function of Breckner type.

Corollary 3.24. Let A : K — (0,00) and w : I — (0, o) be s-preinvex function of Breckner type respectively with
&,a) >0, then

a+&(ba)

1 M(,b) T(1+5s)
Zb.a) f AWwxdr < 750 + =7

N(a, b).

a

IV. If y1(u) = y2(p) = 7!, then Theorem 3.21 reduces to the following result in the class of s-Godunova-
Levin preinvex function.

Corollary 3.25. Let A : K — (0, 00) and w : [ — (0, o0) be s-Godunova-Levin preinvex functions respectively with
&,a) >0, then

a+&(ba)

1 M(,b) T(1-5s)
20.0) f A)w(x)dx < - + -

N(a, b).

a

V. If y1(u) = y2(u) = 1 = p, then Theorem 3.21 reduces to the following result in the class of tgs-preinvex
function.

Corollary 3.26. Let A : K — (0, 00) and w : I — (0, 00) be tgs-preinvex functions respectively with £(b,a) > 0, then

a+&(ba)
—é(bl,a) f A@)w(x)dx < %[M(u, b) + N(a, b)].

a

Theorem 3.27. Let K C R be an open invex subset with respect to & : KX K — R. Suppose A : K — R is a function
such that A exists on K for n € N, n > 1 and A" is integrable on [a,a + &(b, a)], where a,b € K with &(b,a) > 0.
IfIAW| is the y-preinvex function on K, then
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Proof. Suppose n > 2, using Lemma 1.3, it follows that
a+&(ba)

Aa) + A(a+ &b, a)) 1 (=1 (k = 1)EX(b, a)
2 g | A Z TS R C0)

a

< &"(b,a)

1
o | T = 2)IAY @+ pEb @)y

< &"(b,a)

S | T 0= 201 =y (= IA @] + py AT ) ]dp

b,
= 0D pA0 ) f (1= 20)(1 = (1 - g + AV D) f " — 20y (),

which completes the proof. [

Now we will discuss some special cases.

I If y(u) = 1, then Theorem 3.27 reduces to corresponding result in the class of classical preinvex function,
Theorem 2.3 from [10].

IL If y(u) = u™!, then Theorem 3.27 reduces to the following result in the class of P-preinvex function.

Corollary 3.28. Under the assumptions of Theorem 3.27 if |A"™)| is P-preinvex function on K, then

a+&(b,a)
A@) + A@+ (b)) (1) (k — 1)&X(b, a)
2 0, )\f Alxdx - 2: 20 + 1)

AP + &b, a))

_ &=

2D @I+ IAT O

IIL If y(u) = u*~1, then Theorem 3.27 reduces to the following result in the class of s-preinvex function.

Corollary 3.29. Under the assumptions of Theorem 3.27 if |A")| is s-preinvex function on K, then

a+&(ba)

b, (k= DD
Aa) +A(§ +E(b,a) b ) f AQ)dx - Z (-1) ;(k +1§!( ,IZ)A(k)(a+ &b, a))

b,
<& ( EOD A @) + gl a®G),

where

u1 =nB(n,1+s)-2B(1+n,1+5s)
n?+ns—n-2s

B v mrs+1)

IV.If y(u) = u7!, then Theorem 3.27 reduces to the following result in the class of s-Godunova-Levin
preinvex function.
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Corollary 3.30. Under the assumptions of Theorem 3.27 if |A")| is s-Godunova-Levin preinvex function on K, then
a+&(b,a)

A@) + Aa+&(ba)) (1) (k — 1)&X(b, a)
. b 3 f A(x)dx — Z T AP + Eb, a))
< T A0 @)+ A o)),
where
Uz =nB(n,1-s)—-2B(1+n,1-5s)

_n*-ns—-n+2s

SENUERCErESI)
V. If y(u) = 1 — p, then Theorem 3.27 reduces to the following result in the class of tgs-preinvex function.
Corollary 3.31. Under the assumptions of Theorem 3.27 if |A")| is tgs-preinvex function on K, then

a+&(ba)

A@) + A+ E(b,a) (=1 (k = )&k, a)
2 b ) f Almdz - Z e N @)

g"(b,a)(n — 1)
T 2Mm+1Dl(n+3)
Theorem 3.32. Let K C R be an open invex subset with respect to & : KX K — R. Suppose A : K — R is a function
such that A" exists on K for n € N, n > 1 and A" is integrable on [a,a + &(b,a)], where a,b € K with &(b,a) > 0.
IfFIAWY is the y-preinvex function on K for r > Land p~' + r~1 = 1, then

[A® @) + AP ®B)]1.

a+&(ba)

A(a) + Aa + E(b, a)) 1 (=Dfk = 1éEkDB,a)
> o f A(x)dx — Z TSR (@ + &b, a))
; b 1 1 %
<¢ ( a) 7| IA® @) f "1 = )y - pwdp + AP D) f W(u)u”‘ldu] ,
0 0

where )
A = np—l 2F1 (—p,n,‘n + 1,;)

Proof. Suppose n > 2, using Lemma 1.3 and Holder’s inequality, it follows that
a+&(b,a)

A@)+A@+EGa) 1 & (=1 (k - 1)ED, a)
2 T Eba) f AwWdx =) 20+ 1)

AP + &b, a))

a

PR UL

1
= [ W= 2IA @ + (b, @)ldp

0

1 b '
(b, B _
< &) [ [w 1(n—2y)”d#] [ [ 1|A<"><a+ué<b,a>>lrduJ

0 0
1
1 1

Hiv@r [ wa -y - wd+ e [ W(u)u”‘ld#] -

0 0

5”(19 a)
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This completes the proof. [J

Now we discuss some special cases.
I If y(u) = 1, then Theorem 3.32 reduces to the following result in the class of classical preinvex function.

Corollary 3.33. Under the assumptions of Theorem 3.32 if |A"|" is classical preinvex function on K, then

a+&(b,a) a1
A A b, ~Df(k — 1)EX,
CASCLLILL A ; (bl,a) f A@dx - ;_2( );(Hf!( D AB @ + E(b,0)
é(n(b’a) 1(1 (n) r (n) r%
————Ar(=|A A" (b .
< o (Gav@r o)

IL If y(u) = 7!, then Theorem 3.32 reduces to the following result in the class of P-preinvex function.
Corollary 3.34. Under the assumptions of Theorem 3.32 if |A"|" is P-preinvex function on K, then

a+é(ba)

Mg +Aa+iba) D - DG
2 ) f A(")d"‘; TSRO R G0
<200, (1A @r + |A<”>(b)|f)% :

nlnr
IIL If y(u) = u*~!, then Theorem 3.32 reduces to the following result in the class of s-preinvex function.

Corollary 3.35. Under the assumptions of Theorem 3.32 if |A"™| is s-preinvex function on K, then

a+&(b,a) a1
Aa) + Aa + &(b,a)) 1 (-Dk(k = 1)ék®, a) ®
> o f A(x¥)dx — kz_; TSR (@ + &b, a))
(b, 1 1 ;
< #Av (B(n,s AP @) + mlA‘")(b)V) .

IV.If y(u) = u7!, then Theorem 3.32 reduces to the following result in the class of s-Godunova-Levin
preinvex function.

Corollary 3.36. Under the assumptions of Theorem 3.32 if [A™|" is s-Godunova-Levin preinvex function on K, then

a+&(b,a) n=1 . ki k
e 5(191 2 f Awdr - Y D g;k ﬂi ©D A% a + &(0,0)
, J k=2 '
< 5”2(:,!41)/\% (B(n,l _ s)|A(”)(ﬂ)|r + ﬁlA(ﬂ)(b)V)? .

V. If y(u) = 1 — p, then Theorem 3.32 reduces to the following result in the class of fgs-preinvex function.
Corollary 3.37. Under the assumptions of Theorem 3.32 if |A"|" is tgs-preinvex function on K, then

a+&(ba)

A@)+A@+EB,a) 1 5 CDHR-DEGB g
0 af A(x)dx ; AP @ + Eb,a))

2 2(k + 1)!

1
T

L cba) 1 IAD @) + AW D)
2n! n+1)(n+2)
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Theorem 3.38. Let K C R be an open invex subset with respect to & : KX K — R. Suppose A : K — Ris a function
such that A exists on K for n € N, n > 1 and A" is integrable on [a,a + &(b, a)], where a,b € K with &(b,a) > 0.
If AW is the y-preinvex function on K for r > 1and p™' + 11 =1, then

a+&(ba) el
Aa) + Ala + &(b,a)) 1 (1) (k = 1)&X(b, a)
2 T Eb,a) f Alx)dx = kz;‘ 2(k+ 1)!

AP + &b, a))

a
1

1

1 T
A @) f 1=y - wdy + AP ®) f W(H)dH] ,
0

0

&'b,a) 1
s a0 Y

where
np

2
TR (-pptn- 1+ 1pn-1)42:2).

Proof. Suppose n > 2, using Lemma 1.3 and Holder’s inequality, it follows that

a+&(ba)

A@) + A@+Eba) 1 v DKk - DEBa)
‘ - o f A@)dx - ; i AV e
1
< (b.a) p" L = 2w A (@ + pé(b, a)ldp

2n!
0

1
< &0 [ [ v - 27

0

o ;
{ I yé(b,a»rdu]
0

1 1
IA® (a)]" f (1 - Wy - wdu + AP ) f W(H)dH] :
0 0

<

n&"(b,a) 1
2n! ¥

This completes the proof. [J

Now we will discuss some special cases.
L. If y(u) = 1, then Theorem 3.38 reduces to the following result in the class of classical preinvex function.

Corollary 3.39. Under the assumptions of Theorem 3.38 if |A"|" is classical preinvex function on K, then

a+&(b,a)

A@) +Aa+Eb,a) 1 ¥ DMk -DEG) g
O f Ax)dx kZ_;‘ A® (@ + &b, a))

2 2(k + 1)

1

n 1 (n) r (n) r\r

€0, o1 (IAV@F + AV
2n! 2

IL If y(u) = p7!, then Theorem 3.38 reduces to the following result in the class of P-preinvex function.

Corollary 3.40. Under the assumptions of Theorem 3.38 if |A"|" is P-preinvex function on K, then

a+&(ba) -
Aa) + Aa + &(b,a)) 1 (=D = DEb,a)
2 - &(ba) f Al - kZ_; Wy N @reba)

1
r

I’lén(b,ﬂ) i n r n r
< =5 =9 (AP @r + AP @)
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ML If y(u) = u*~!, then Theorem 3.38 reduces to the following result in the class of s-preinvex function.

Corollary 3.41. Under the assumptions of Theorem 3.38 if |A"™|" is s-preinvex function on K, then

a+é(ba)

A@+A@+Eba) 1 ¥ DR =DEGB) g
£0,0) f AR kZz‘ e

2 2(k + 1)!

(n) (n) g
< né”(b,ﬂ)s% A" (@)]" + [A"(b)]" .
2n! 1+s

IV.If y(u) = u=!, then Theorem 3.38 reduces to the following result in the class of s-Godunova-Levin
preinvex function.

Corollary 3.42. Under the assumptions of Theorem 3.38 if |[A™|" is s-Godunova-Levin preinvex function on K, then

a+é&(ba)

A@+A@+Eba) 1 ¥ DR =DEGB) g
£0,0) f AR kZz‘ e

2 2(k + 1)!

(n) (n) ;
< né”(b,ﬂ)s% A" (@)]" + [A"(b)]" .
2n! 1-s

V. If y(u) = 1 — u, then Theorem 3.38 reduces to the following result in the class of tgs-preinvex function.

Corollary 3.43. Under the assumptions of Theorem 3.38 if |AW| is tgs-preinvex function on K, then

a+&(ba)

A@) +Aa+Eb,a) 1 (D= 1)Ep,a)
30 fA(x)dx kzz;‘

2 20+ 1)! AV +&(b, )

n 1 (n) r (n) r %
Sné@mmoAOm+m @W‘
2n! 6

Theorem 3.44. Let K C R be an open invex subset with respect to & : KX K — R. Suppose A : K — R is a function
such that A" exists on K for n € N,n > 1 and A" is integrable on [a,a + &(b,a)], where a,b € K with &(b,a) > 0.
IfFIAWY is the y-preinvex function on K for r > 1, then

a+&(ba)

A@)+Aa+&ba) 1 f AG)dx - i (—1F(k — 1)K (b, a)
k=2

2 £0,a) i ANareea)

a

1
r

1 1
|NWm1fw*m—mma—mwrwmw+mwwhfw*m—Mﬂwwm4-
0 0

L £k

- 1
2nlpl-v
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Proof. Suppose n > 2, using Lemma 1.3 and Holder’s inequality, it follows that

a+&(ba)

A@+Aa+Eba) 1 v D= DB, g
2 ) f Alx)dx - ZH wry N @b
n b !
< EOD 1y 2 A + e, a))ldu

2n!
0

1-1

1 r
&"b,a .
0| [ma

0

1 r
f W = 2u) 1A (@ + ué(D, a))l”duJ

0

1

1 1 '
(b
Lo [|A<”>(a)|* f W= 2p) (1 = (L = wdu + AP @) f uin —ZM)’W(u)du] :

T 2nlnr
0 0
This completes the proof. [J

Now we will discuss some special cases.
L. If y(u) = 1, then Theorem 3.44 reduces to the following result in the class of classical preinvex function.

Corollary 3.45. Under the assumptions of Theorem 3.44 if |A"|" is classical preinvex function on K, then

a+&(b,a)

Mg +AetEba) L & V- D)
? I kZz‘ s ANareb)

a

< £00 (Y (L o)

IL If y(u) = u™!, then Theorem 3.44 reduces to the following result in the class of P-preinvex function.

7

Corollary 3.46. Under the assumptions of Theorem 3.44 if |A"|" is P-preinvex function on K, then

a+&(b,a)

A@+ Aa+Eba) 1 v DMk -DEB,a)
. o f A(x)dx—; TSy (@ + &b, a))
n(p, 1 1
<& 2(71!”) oF; (—r, i+ 1;%)(|A(”)(a)|’ +AD@D))" .

ML If y(u) = u*~!, then Theorem 3.44 reduces to the following result in the class of s-preinvex function.

Corollary 3.47. Under the assumptions of Theorem 3.44 if |A"| is s-preinvex function on K, then

a+&(ba)

A@) + A(; +ba) q bl 3 uf A(x)dx - :Z:‘ (_1)kgzk_+1§f(b’ 9) AP@ + &b, a))
< SO (A )
where
T R
my = nistl (—r,n;n+s+1;%).
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IV.If y(u) = u=7!, then Theorem 3.44 reduces to the following result in the class of s-Godunova-Levin
preinvex function.

Corollary 3.48. Under the assumptions of Theorem 3.44 if |[N™|" is s-Godunova-Levin preinvex function on K, then

a+é&(ba)

A@ + M@+ LG L & k=D g
2 " b0 f Aldx - kz; e AV Eb)
n b, 1; 1;
< —é (zna!)n (m3|A(”)(a)|r +m4|A(”)(b)|r) ,
where
_ImIra -s) ) 2

3= mzﬂ (—r,n,n—s + 1,5)

my = L 2F1 (—V,H;n -5+ 1;2),
n—s 1

V.If y(u) = 1 — p, then Theorem 3.44 reduces to the following result in the class of tgs-preinvex function.

Corollary 3.49. Under the assumptions of Theorem 3.44 if |A"|" is tgs-preinvex function on, then

a+&(ba)

A@) +A@+&b,a) 1 v (—Dfk - 1)k, a)
5 " E6. f A(x)dx — 2% D) AP + &b, a))
p k=2
bt 2\ (IAD@) + AD@B)
S (_r'”+1’”+3’5)( n+ D +2) )

Theorem 3.50. Let K C IR be an open invex subset with respect to & : KX K — R. Suppose A : K — R is a function
such that A exists on K for n € N, n > 1 and A" is integrable on [a,a + &(b, a)], where a,b € K with &(b,a) > 0.
IfFIAWY is the y-preinvex function on K for r > 1, then

a+&(b,a) el
Aa) + Aa + &(b,a)) 1 (=1)(k — 1)ek(b, a)
2 - E(b/ ﬂ) f A(x)dx B kZ;‘ 2(k + 1)! A(k)(a + é(b/ u))
< 2(n,!a) AP @r f pD = 2u) (1 =y = pdp + AP ) f =Dy — 2y)’w(#)dﬂ] -

0 0
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Proof. Suppose n > 2, using Lemma 1.3 and Holder’s inequality, it follows that

a+&(ba) 1
Aa) + Ala + &(b,a)) 1 D k= 1)E DB, a) g
. o f A(x)dx—kzzz‘ v AV )
n b !
< S0 010 201A @ + pé (b, i

0
1
1 1-4

7 1 ];
< £ f wJ [ f W‘”(n—2u>r|A<”><a+ué(b,a»lrdu]
0

0

1
r

1 1

"0, ) ]

< S A [ - 201 - iyt - i+ A [ 1)(n—2y)’u7/(y)du] .
0 0

This completes the proof. [J

Now we will discuss some special cases.
I. If y(u) = 1, then Theorem 3.50 reduces to the following result in the class of classical preinvex function.

Corollary 3.51. Under the assumptions of Theorem 3.50 if |A"|" is classical preinvex function on K, then

a+&(ba) 1
Mo+ Marebam) L V- DEGA g
2 ) f Ale)dx = ; Ve Eba)
cfn(b,a) . . . . 1
= 2.@n-1) (HIAP @I +kIAPOI)",
where
= ﬁ 2F1 (—N(n -D+Lrn-1)+2 %)
ko = (ri—z)fl (—W(” -D+2r(n-1) +3;%).

IL If y(u) = p~!, then Theorem 3.50 reduces to the following result in the class of P-preinvex function.

Corollary 3.52. Under the assumptions of Theorem 3.50 if |A®|" is P-preinvex function on K with respect to &(.,.),
then

a+&(ba)

A@+Aa+Eba) 1 ¥ DAk =DEG)
300 af A(x)dx kZZ‘

2 20+ 1)! A+ &(b,a)

1
’

&Mb,a)  (IAD @ + AP D)
T 2.2n-1)! rin—1)+1

IIL If y(u) = u*~!, then Theorem 3.50 reduces to the following result in the class of s-preinvex function.
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Corollary 3.53. Under the assumptions of Theorem 3.50 if |A"| is s-preinvex function on K, then

a+&(ba)

Aa) + Aa + é(b, a)) 1 n-l1 (_1)k(k _ 1)5k(b, a) "
2 SO f A<X>dx—; AV o)
E"(b, {1) Y . . . 1
< STy (BAY@F +KIAYEN),
where
CT(r(n—1) + DI(s + 1) o 2
b= [(r(n—1)+s+2) 2F1 (—r,r(n D+ Lrn-1D+s+2 n)
ky = mzﬂ (—1’,7(11— 1)+s+ 1;r(n—1)+s+2;%)'

IVIf y(u) = u7!, then Theorem 3.50 reduces to the following result in the class of s-Godunova-Levin
preinvex function.

Corollary 3.54. Under the assumptions of Theorem 3.50 if |[A™|" is s-Godunova-Levin preinvex function on K, then

a+&(ba)

A@ + Aa+ &G ) 1L & k-0 g
2 B &, a) f A)dx - kZ_;‘ 2(k + 1)! A(a+ &E(b,a))
< E0 (AD @ +KIAOO))
where
T -1)+DI(s +1) _ 2
ks = T(r(n 1) =5 +2) 2F1 (—r,r(n -D+Lrin—-1)—-s+2; Z)

1 2
k6 = mzlsl (—7,7’(7’1— 1)—S+ 1,7’(71—1)—54'2,%).
V. If y(u) = 1 — p, then Theorem 3.50 reduces to the following result in the class of tgs-preinvex function.
Corollary 3.55. Under the assumptions of Theorem 3.50 if |A"|" is tgs-preinvex function on K, then

a+&(b,a) n—1
Aa) + Ada + &b, a)) 1 (=DF(k — 1)&x(b, a)
2 T E0,a) f Alx)dx = kZz« 2(k+ 1)!

AP + &b, a))

&'ba) 1
S Zam— (

. 2 AC@F +IA B\
—r,r(n—=1)+2;r(n —1) + 4; E)((’”(” -1 +2@r(n-1)+ 31)) '

Theorem 3.56. Let K C R be an open invex subset with respect to & : KX K — R. Suppose A : K — Ris a function
such that A" exists on K for n € N, n > 1 and A" is integrable on [a,a + &(b,a)], where a,b € K with &(b,a) > 0.
IfFIAWY is the y-preinvex function on K for r > Land p~' + r~1 = 1, then

a+&(ba)

A +Aa+Eba) 1 k- DED,0) g
2 - &(b,a) f Alx)dx - k; 2(k + 1)! AT+ (b))
En b 1 1 T
= z.(z;g ':ai)!“’; A @l f pD = )y = pdp + AP @) f u“”‘”w(u)du] ,
0 0
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where
o[- 2y -1]
YT T o+
Proof. Suppose n > 2, using Lemma 1.3 and Holder’s inequality, it follows that
A@+A@rEb) 1 & Dk - DEDa)
a) + Aa+&b,a) B ~ - NG
> =00 f A(x)dx ;‘ 2 Ao
&b (
" /a n— n
s% p" = 2w AP (@ + pé(b, a)ldp
0
" 1 P ;
= éz(n?a) [f (n—2p)'dy [ f u““”|A<“><a+ué<b,a»|’du]
. 0 0
1 1 %
LOD_han@r [ w0 - wy( - wdu + ADEL [ gDy oprd
S Tam-n? ol | u @y = wdu gy dp |
0 0

This completes the proof. O

Now we will discuss some special cases.
I If y(u) = 1, then Theorem 3.56 reduces to the following result in the class of classical preinvex function.

Corollary 3.57. Under the assumptions of Theorem 3.56 if |A"|" is classical preinvex function on K, then

a+&(b,a) -
Aa) + Aa + &b, a)) 1 1)k - DX, a)
? TEw ) NN kZz‘ s ANareb)
L ' L @ (@) + A r)r
P A A b )
B 2,(271—1)!(;’(71_1)_,_2)}0) (r(n—1)+1| @[ +|A™(D)]

IL If y(u) = u™!, then Theorem 3.56 reduces to the following result in the class of P-preinvex function.
Corollary 3.58. Under the assumptions of Theorem 3.56 if |A"™|" is P-preinvex function on K, then

a+&(ba)

AQ+Aa+Eba) L & Dk - DEG) g
2 ) f A<x)dx—; TSR L)

&"(b,a)
T 2.@2n-DI(r(n—-1)+ 1)

w? (1A @ + 1A @)

IIL If y(u) = u*~!, then Theorem 3.56 reduces to the following result in the class of s-preinvex function.
Corollary 3.59. Under the assumptions of Theorem 3.56 if [N is s-preinvex function on K, then

a+&(ba)

A@+ Aa+Eba) 1 v (D= DEBa) g
. s f A(x)dx—kzz;‘ e AV Ew)
< %w;’ (B(r(n -1 +1,5+1)AD@) + mm(“)(b)r By
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IV.If y(u) = u=7!, then Theorem 3.56 reduces to the following result in the class of s-Godunova-Levin
preinvex function.

Corollary 3.60. Under the assumptions of Theorem 3.56 if |[A™|" is s-Godunova-Levin preinvex function on K, then

a+&(b,a) a1
A A b, —l k k - 1 k b/
o (Z - 5(13, ) f Awdx- Y ED ;(k T ﬁ!( D A+ £(b,)
p k=2
n(p 1 %
< —z.le(q Lai)‘!‘”” (B<r<n ~D+11-9AY@ + ﬁ AN -

V. If y(u) = 1 — u, then Theorem 3.56 reduces to the following result in the class of tgs-preinvex function.

Corollary 3.61. Under the assumptions of Theorem 3.56 if |\ is tgs-preinvex function on K, then

a+&(ba) _
A(a) + A(ﬂ + é(b, ﬂ)) 1 (_1)k(k _ 1)5k(b, ﬂ) ®
2 i) f Ao kzz‘ v @rEb)

E0a) 1 (_IAD@F+AOBr |
T 2.2n-1)! ((r(n -1D+2)rn-1)+ 3)) ’

Theorem 3.62. Let K C IR be an open invex subset with respect to & : KX K — R. Suppose A : K — R is a function

such that A exists on K for n € N, n > 1 and A" is integrable on [a,a + &(b, a)], where a,b € K with &(b,a) > 0.
IFIAWY is the y-preinvex function on K for r > 1, then

a+&(b,a)

Mg +Ae+Eba) L D E- D0
2 RO f A(")dx‘; A

a
1
r

1 1
n(p, _1\-F _ _
PR (—" 1) AP @) f W = 20)(1 — w)y(1— p)dy + AP G f u" 1(n—2#)w(u)d#] :
0

2n! n+1
0

Proof. Suppose n > 2, using Lemma 1.3 and Holder’s inequality, it follows that

a+&(ba) -1
A@) + A@+EDb,a) 1 (=D k= )& Db, a)
T g | e SRR o0
p k=2
n b !
< S0 [ 10710 2IA @ + (b, i

0
1
1 T

&b, a) (n— 1)1—,

1 T 1 ’
n(p, _ _
<& én!a) [ f w(n — 2u)du] [ f u (= 2p)IAM @ + ué(b,a))lrdu]

=
+
—

1 1
AP [ =200 - wya - i+ A0 [ u”‘l(n—Zu)W(u)du] .
0 0

This completes the proof. [



M. U. Awan et al. / Filomat 34:12 (2020), 4137-4159 4158

Now we will discuss some special cases.

I If y(u) = 1, then Theorem 3.62 reduces to the corresponding result in the class of classical preinvex
function, Theorem 2.4 from [10].

IL If y(u) = p7!, then Theorem 3.62 reduces to the following result in the class of P-preinvex function.

Corollary 3.63. Under the assumptions of Theorem 3.62, if [\ is P-preinvex function on K, then

a+é&(ba)

A@+A@+EB) 1 ¥ DR =DEGB) g
£0b,0) f AR kzz‘ e

2 2(k + 1)!

1
P

L & a)n-1) AP @) + A @)
2.(n+1)! rin—1)+1

IIL If y(u) = u*~!, then Theorem 3.62 reduces to the following result in the class of s-preinvex function.

Corollary 3.64. Under the assumptions of Theorem 3.62 if |A"W| is s-preinvex function on K, then
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where 1y and iy are given in Theorem 3.27.

IV.If y(u) = u7!, then Theorem 3.62 reduces to the following result in the class of s-Godunova-Levin
preinvex function.

Corollary 3.65. Under the assumptions of Theorem 3.62 if |[A™|" is s-Godunova-Levin preinvex function on K, then
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where uz and g4 are given in Theorem 3.27.
V. If y(u) = 1 — p, then Theorem 3.62 reduces to the following result in the class of tgs-preinvex function.

Corollary 3.66. Under the assumptions of Theorem 3.62 if |\ is tgs-preinvex function on K, then
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4, Conclusion

We have introduced the notion of y-preinvex functions. We have shown that the class of y-preinvex
functions unifies several other new and known classes of preinvexity. Several new integral inequalities of
Hermite-Hadamard'’s type are obtained. New and known special cases are also discussed in detail. These
results may be useful where bounds for natural phenomena described by integrals such as mechanical
work are frequently required and are also helpful in the feld of numerical analysis where error analysis is
required. We hope that the ideas of this paper will inspire interested readers. One can also obtain fractional
and quantum analogues of the obtained main results. This can be an interesting problem for future research
work.
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