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Abstract. In this paper, we study cyclic codes of length 1 over R = Z, + uZ,, u* = 0, where g is a power
of a prime p and (1,p) = 1. We have determined the complete ideal structure of R. Using this, we have
obtained the structure of cyclic codes and that of their duals through the factorization of " — 1 over R. We
have also computed total number of cyclic codes of length 1 over R. A necessary and sufficient condition
for a cyclic code over R to be self-dual is presented. We have presented a formula for the total number of
self-dual cyclic codes of length 1 over R. A new Gray map from R to Z}" is defined. Using Magma, some
good cyclic codes of length 4 over Zg + uZy are obtained.

1. Introduction

The idea of finding good binary codes via the Gray map has inspired many researchers to study codes
over finite rings. This idea originated with the breakthrough paper of Hammons et al. [13], wherein it
was shown that some well known binary non-linear codes are actually images of some linear codes over
Z4 under the Gray map. Cyclic codes are among the most studied families of codes because of their rich
algebraic structure and their relatively efficient encoding and decoding methods. Cyclic codes have been
also studied extensively over various finite rings. Their structure over finite chain rings is now well known
[8, 16].

Bonnecaze and Udaya [6] have studied cyclic codes over the ring IF, + ulF,, u> = 0, and provided their
basic framework. They have also shown that there exist codes over IF, + ulF, which have better parameters
than the corresponding best known codes over Z,. This initiated the study of cyclic codes over other similar
rings such as I, + ulF; + 0F, + uvlF,, u> = v* = 0,uv = vu, [25]; F, + vlF,, 0* = v, [26]; F, + uF, + - - - + u*'F,,
1k =0, [1, 17] etc. Shi et al. [19] have constructed an infinite family of two Lee-weight codes over the ring
F> + ulF,, u?> = 0. In [20], Shi et al. have constructed two new infinite families of trace codes of dimension
2m over the ring F, + ulF,, u? = u, where p is an odd prime. Recently, the rings such as Z, + uZy, u2 =0
[24] and Z4 + vZ4, v* = v [4, 5] have been introduced to construct good codes. Yildiz and Karadeniz [24]
have studied linear codes and self-dual codes over Z4 +uZ,4. Cyclic codes over Z4 + uZ, have been studied
in [2, 3, 23]. Luo and Parampalli [14] have studied the structure of self-dual cyclic codes over Z, + uZ,
and obtained some good self-dual cyclic codes over Z, via the Gray map. Shi et al. [18] have studied
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constacyclic codes over Z,[u]/ <u2 - 1) with their Gray images. Cao and Li [7] have studied cyclic codes of
odd length over Zy[u]/ <uk>.

In this paper, we study cyclic codes of length 1 over R = Z, + uZ,, u*> = 0, where g is a power of a prime
p with (n,p) = 1. For this, we have first determined the complete ideal structure of R, and then using it,
we have obtained the structure of cyclic codes of length n over R, i.e., the ideal structure of R[x]/ (x" — 1),
through the factorization of x" — 1 over R. We also find the duals of cyclic codes over R and determine a
necessary and sufficient condition for a cyclic code to be self-dual. Formulas for counting total number of
cyclic codes and total number of self-dual cyclic codes of length n over R are presented. We have defined
a new Gray map from R to Z%’. Some good cyclic codes of length 4 over Zg + uZy are obtained using the
computer algebra system Magma.

Gao et al. [11] have also studied cyclic codes of length n over R. Dinh et al. [9, 10] have studied
cyclic codes over the ring Zos[u]/ (uFy as well as over the ring GR(p®, m)[u]/ (u*y. However, our approach
for obtaining cyclic codes over R is different from the ones given in [11], [9] or [10]. We first establish the
complete ideal structure of R and then obtain the structure of cyclic codes over R using this ideal structure.
Moreover, we have also studied self-dual cyclic codes over R and have enumerated the ideals of R, and the
cyclic codes and self-dual cyclic codes of length 1 over R. An ideal structure of R has been presented in [12]
also, but this ideal structure is incomplete.

The paper is organized as follows: In Section 2, we determine the complete ideal structure of R. Section
3 describes the algebraic structure of cyclic codes and gives a formula for total number of cyclic codes over
R. In Section 4, we study duals of cyclic codes over R, and determine a necessary and sufficient condition
for a cyclic code over R to be a self-dual. We also count the total number of self-dual cyclic codes of length
n over R. A new Gray map from R to Zgr is defined and some examples of good cyclic codes of length 4
over Zg + uZy are presented.

2. Thering Z,; + uZ, and its ideal structure

Throughout the paper, R denotes the ring Z, + uZ, = {a + ub | a,b € Z,} with u*> = 0, 4 = p, p a prime
and r a positive integer. R can be viewed as the quotient ring Z,[u]/ <u2>.

In this section, we discuss properties of the ring R and obtain its complete ideal structure. We also
determine the cardinalities of the ideals of R and their annihilators.

Lemma 2.1. An element a + ub € R is a unit in R if and only if a is a unit in Z.,.

Proof. Let a; + uby be a unit in R. Then there exists an element a, + ub, such that (a1 + ub1)(az + uby) =1,
which implies that a;a, + u(aiba + azb1) = 1, from which we get a1a, = 1. Therefore a; is a unit in Z,,.

Conversely leta € Z,; be a unit in Z,;. Suppose that a + ub € R is a non-unit for some b € Z,. Then there
exists a non-zero element ¢ + ud € R such that (a + ub)(c + ud) = 0. This implies that ac = 0 and ad + bc = 0.
Now if ¢ # 0, then ac = 0 contradicts the fact that a is a unit in Z,. If c = 0, then d # 0 and ad = 0, which
again contradicts the fact that a is a unit. Therefore a + ub must be a unit. Hence the result. [

Thus the set of units of Ris R* = {a + ub : a is a unit in Z,}. The set of non-units of R forms an ideal of
R, generated by p and u, i.e., the ideal (p,u). For if a + ub is any non-unit in R, with a,b € Z,, thenais a
non-unit in Z,, and so a = pc for some c € Z,. Hence a + ub € (p,u). As (p,u) does not contain any unit, it
contains precisely the non-units of R. Thus R is a local ring with its unique maximal ideal (p, u). Further, R
is a non-chain ring as (p, u) is not a principal ideal.

Now we determine the structure of ideals of R = Z,; + uZ,.

Let I be any ideal of R. Define @ : I — Z, such that ®(a + ub) = a. Clearly @ is a ring homomorphism
with the kernel

Ker®={ubel|beZ,}.
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Define | = {b € Z; | ub € I}. Then | is an ideal of Z;. So, | = (p/) for some j, 0 < j < r, and hence
Ker @ = (up/). It is easy to verify that ®(I) is also an ideal of Z;. So, ®(I) = (p'), 0 < i < r. Therefore,
I ={p" +ua,up’), where a € Z,,0 < i,j <r. Now since up’ = u(p' + ua) € I, we have up' € Ker ®, which
implies that p/ | p and hence j < i. Thus

<
<

Iz(pi+ua,upj>, a€”Z;, 0<i<r,0<j<i.

Now an element a € Z,; can be written in p-adic representation as a = Yilo axp*, where ay € Zy. Ifag # 0,
then « is a unit. Otherwise « is a non-unit. If @ # 0 and ¢ is the smallest non-negative integer such that
a; # 0, then a can be written as a = p'a, where a = ;;} apt*,0 <t <r—1. Clearly a is a unit. Thus any
a € Z, is either zero or can be written as a = p'a, where a is a unit and 0 < t < r — 1. Therefore an ideal I of
R can be written either as

I=(up), O<j<i<r,
or as
[=p +up'a,up’), 0<j<i<r, 0<t<r-1,

where a is a unit. Further, if j = i, then I is a principal ideal — in the first case I = (pi) and in the second case
I = (p' + up'a). Also, when i = r, I is again a principal ideal. Therefore, for I to be a non-principal ideal, we
must have j <i<r—1.

Lemma 2.2. Let I = (p' + up'a), where a is a unit in Z,. Then the smallest non-negative integer T such that up” € I
isT=min{i, r —i+t}.

Proof. We have u(p' + up'a) = up' € I and p"~'a~'(p’ + up'a) = up’~'** € I. Since T is the smallest non-negative
integer such that up” € I, it follows that T < min{i,»—i+t}. Again since up” € I, up” = (p' +up'a)(q: +uqy) for
some g1 + gy € Z, + uZ,. This implies that p'q; = 0, and from this follows that g; = p'~'q3 for some g3 € Z,,.
Now MpT — upiqz + upr—ithan — upmir\{i,rﬂ#t](pi—min{i,r—HtIqZ + aqSPr—Ht—min[i,r—ith})' Therefore pT c <pminli,r—i+t}>l
which implies that p™inti7 =it | pT and so T > min{i,r —i + t}. Hence T = min{i,r —i + t}. O

In Theorem 2.3 and Theorem 2.4 below, we present distinct principal ideals and distinct non-principal
ideals, respectively, of R.

Theorem 2.3. The distinct principal ideals of R are:
1. 0<i<r
2. (uph0<j<r-1
3.(p +uplay, 1<i<r—1,0<t<i-1,wherea=Y, ' ap*" aunitinZ, and T = min{i, r —i +t).

Proof. The first two parts are straightforward. We prove (3). Let I be an ideal of R of the form (p' + up'a),
1<i<r-1 wherea € Z,isaunitand a = ¥_} ;p*". We first show that t < i. Suppose i < t. Then
p'+upta = p'(1+p'~'ua). Since 1+ p'~'ua isaunitin R, (p' + up'a) = (p'). As the ideals (p') are covered in part
(1), for the ideals to be distinct, we musthave t < i. Also,t < r—i+t,asr > i. Therefore, t < T = min{i, r—i+t}.

Now

r—1
prupa = p+up Z apt!
k=t
= p+u (atpt +appt e rarpt + o+ a,_lpr_l)

= p+u (atpt tap o+ aT,lpT‘l) +up’ (aT +ot aHpr‘T‘l)

T-1
= p+up Z ap™ +o(p' + up'a)a’),
k=t
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wherea’ = ar + -+ +a,.1p" 7!, T is as defined in Lemma 2.2, and

6={ u . ifT=1,

Pa fT=r—i+t.
Then we get
' . T-1
0 +up'a)1-06a") = p' +up' Z apt .
k=t

T-1

Since 1 — 6a’ is a unit in R for each of the possible values of §, we get (p’ + up‘a)y = (p' + up' ¥, ap**) =
(p' + up'a), where a = Y,/ ap*™". Clearly a is a unit. Thus I can be written in the required form.
Now we shall show that the ideals (p' + up'a) are distinct for distinct values of i, t and a.

Case 1.

Case 2.

Case 3.

Suppose (pi + up'ay = (pf + up’b) for some i # j, 1 < i,j < r—1, with 4,b units in Z,;. Then
) ((pi + upta>) = (D(<pf + upsb>), where @ is the map as defined above. This implies that (p') = (p/),
which is a contradiction, as (pi) and (pf ) are distinct ideals of Z, fori # j .

Suppose for any fixed i and t # s, (p' + up'a) = (p' + up*b), where a, b units in Z,. We may assume that
t <s. Then (p' + up'a) = (c + ud)(p' + up°b) for some c + ud € R. This implies that ¢ = 1+ p"~g’ for some
q € Zy, and p'a = p’b(1 + p"'q’) + p'd . Then

pta _psb — pr—i+sbq/ +pid ,
which implies that
pt(ﬂ _ bps—t) — pr—i+sbq/ + pzd )

Since t < s and a is a unit, a — bp* ' is a unitin Z,. Asr —i+s> tand i > t, the above relation leads to
a contradiction. Therefore, we must have (pi +plauy + (pi + p°bu).

Suppose for some fixed i and ¢, we have
(p' +plauy = (p' + p'bu),

where a = Y[ aypt, b = Y7 byp™" are units in Z,;. Clearly 0 < a, b < p™' — 1. We have
(p' + p'au) = (c +du)(p' + p'bu) for some ¢+ du € R. This implies thatc = 1+p"~'¢’ for some g’ € Z,, and
pla = p'b(1 + p"~'q’) + p'd. Tt follows that p™int =+ | pt(a — b), i.e., pT' | (a = b). Since 0 < a, b < p"™,

we must have a = b.

Now we show that none of the ideals in part (1) and part (2) are covered by the ideals in part (3). Let
I = (p' + up'a), with above conditions on 7, t and a. First we observe that I is not the zero ideal (p"), as i > 1.
Now suppose I = (p/) for some 0 < j < r — 1. Then (¢’ + up'a) | p/ and p/ | (p' + up'a), from which we get
i < jand j < t, respectively. Thus we get i < j < t, a contradiction, as f < i. Thus ideals in part (1) are not
covered by the ideals in part (3). Next it is easy to see that I cannot be equal to an ideal of the form (up’),
0 <j<r-1,asi> 1. Therefore, the ideals in part (2) are also not covered by the ideals in part (3). Hence
the result. O

Now we consider the non-principal ideals of R.

Theorem 2.4. The distinct non-principal ideals of R are

1.

(p', uply, where0 < j<i<r-—1.
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2. {p' +upla, up’y, 2 <i<r-2,0<t<i-2, t<j<T, whereT =minfi, r—i+t], anda—zktakp
unit in Z,,.

Proof. From Section 2, a non-principal ideal of R is either of the form (p’, up’) or of the form (p' + up'a, up/),
where 0 < j <i <r—1and ais a unit. Since (p', up/) is always non—pr1nc1pa1 for j < i, case (1) is therefore
clear. For case (2), let I be an ideal of R of the form I = (p' + up'a, up’), where 0 < j<i<r-landa
is a unit. Then from Lemma 2.2, up” € (p' + up'a). Therefore, if j > T, then up/ € (p' + up'a) and hence
(p" + up'a, up’y = (p' + up'a) is a principal ideal. Hence for I to be a non-principal ideal, we must have j < T.
Now suppose j < t. Then (p' + up'a, up/y = (p', up’), as up'a € (up’). Since the ideals (p’, up/) have already
been considered, for I to be distinct from such ideals, we must have j > t. Thus t < j < T. Now we show
that for any j with t < j < T, I cannot be a principal ideal. First we observe that any principal ideal of R can
be expressed as I; = (p’ + up°b), 0 < € < r,0 < s < {, where b is a unit or zero. Now suppose I = I;. Then
p’ +up'b € I implies that i < ¢, and p' + up'a € I; implies that £ < i. Thus we get £ =i, and so I; = (p' + up°b).
Now if b = 0, then I; = (p') and then upj €eh implies that j > ¢ = i, a contradiction, asi > Tand T > j. Now
let b be a unit. Then I = I; implies that p’ + up'a = (@ + up)(p’ + up°b) for some a +up € R. From this follows
that @ = 1 + p"'y for some y € Z, and p'a = Bp’ + ap°b. This implies that p'a = p*(Bp'™ + ab). Since v and
b are units and s < i, fp'* + ab is a unit. As a is a unit, it follows that s = ¢, so that I; = (p’ + up'b). From
Lemma 2.2, T is the smallest non-negative integer such that upT € I;. Then upf € I; implies that j > T, a
contradiction. Hence I # I;.

Nowifi=r—1,thenT = min{r—1,7—(r—1)+t} = t + 1, and so there is no integer j in this case satisfying
t < j < T. Therefore, we must havei < r—2. Also,asi > T, it follows fromt < j < T thatt <i—2andi>2.

0

Summarizing the above results, we present the complete ideal structure of R in the following theorem.

Theorem 2.5. The distinct ideals of R are:

1. Principal ideals:
() (¢, 0<i<r.
(ii) (upf), 0<j<r-1
(iii) (p'+up'a), 1<i<r—-1,0<t<i—1, wherea = }:,Z:_tl ap"" is a unit in Z,, and T = min{i, r —i + t}.
2. Non-principal ideals:
i) ¢, wpl), 0<j<i<r-1
(i) (p' +up'a, up/),2<i<r-2,0<t<i-2,t<j<T,whereT =min{i, r—i+t},anda = ,’;akpk‘t
a unit in Z,,.

Now we determine the cardinalities of the ideals of R.

Theorem 2.6. The cardinalities of the ideals of R are given as follows:

1. Principal ideals:
(i) KpH = p*2, 0<i<r.
(i) KupHl=p~, 0<j<r-1.
(iii)

i+ t — 2r=i-T _
prupol=p {PH, for i > lTJ’
where a is a unit.
2. Non-principal ideals:
() Kp',up)l=p>I.
(ii) Kp' + up'a, up’y| = p* 1, ais a unit.
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Proof. Let I be any ideal of R. Recall the map ® : I — Z,; such that ®(a + ub) = a. Since ® is a ring
homomorphism, I/Ker @ = ®(I). This implies that |I| = |[©(])||[Ker ®| = |P(I)||J|, where | is as defined in
Section 2, namely | = {b € Z, | ub € I}. Since both ®(I) and | are ideals of Z,, ®(I) = (p") and ] = (p") for
some l; and I, 0 < I;,1, < r, and so |®O(I)| = p"’l and |]| = pr‘lz. Now we compute the cardinalities of ideals
as follows.

1. IfI = (pi>, then ®(I) = (pi), and Ker @ = (upi>. SoJ = (pi). Therefore |I| = er—Zi'
2. If I = (up’), then O(I) = (0), and Ker @ = (up/), and so | = (p/). Therefore |I| =

3. If I = (p’ + uap'), where a is a unit, then ®(I) = <p "y, and from Lemma 2.2, Ker D= (upT> So J = (p7),
where T = min{i, ¥ — i + t}. Therefore |I| = p"~ lp pzr =T

4. If I = (p' + uap', up’), where a is a unit or zero, then ®(I) = (p'y and Ker ® = (up’), and so | = (p/).
Therefore |I| = p? /.

In the following theorem we count the ideals of R.

Theorem 2.7. The number of distinct ideals of R is

plile2 4 3pr-Lile _ g2 (2 \_%J - r) pf—L%J + @B -2rp

N= P17 ¥ -1

+2r+1.

Proof. We count the total number of ideals of R in the following cases. For convenience, we denote [%J by v.

Case (i): The number of ideals of the form (p'), 0 <i <, isr+ 1.
Case (ii): The number of ideals of the form (up’}, 0<i<r-1,isr.

Case (iii): The number of ideals of the form (p' + up'a), witha = ¥/ ayp* ", a unitin Z,, 1 <i<r-1,0<t <i-1
and T = min{i, r—i +t},is

v oi-1 r=1 [2i-r-1 i—1
N = =D+ Y =D ) —1WH*l
i=1 t=0 i=v+1 [ t=0 t=2i-r
= —1y+2:[@—1WFFRZ—rH4ﬂ4—1ﬂ
i=1 i=vt1
el A N | et
= 7 v+2 p( =1 r-+@w+1Dp r(p 1)

Pr-p
o (A

pr—v—Z -1 r-v—1 r—v—1
= +2ppT -r=-1)+@+1p —rp +

Case (iv): Any non-principal ideal of R can be expressed as (p' + up'a, up),2 <i <r- 2 0<t<i-2,
r(r 1)

T=min{i, r—i+t},t<j<Tanda = Z,{i ap*" is a unit or zero. When a = 0 there are Y./ i = ideals
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of this type. When 4 is a unit, the number of such ideals is given by

v -2 i-1 r=2 |2i-r-1 r—i+t-1 ' -2 i-1
N = Y YN p-op e Y Y (p-Dp "+ (p - Dp/!
i=2 =0 j=1+t imv+l | =0 j=1+t t=2i—r j=1+t

v -2 ' r—=2 [2i-r-1 . i-2 '
= Y-+ [ ¢ =D+ ) e -1
=0 t=0

~
S

i=2 t i=v+1 t=2i—r
v i r=2 r—2 r—i
_ p-r .. r—i-1 _ . p_-r_
- — - 1)] +1-:m [ 1)(2i r)]+i§1[ = r—i 1)]

i ) 1 r—v-1 _ ,,2
i f 0—14+p_1k{v)p_lp)—0—2W+%v+nﬂ”4}—dﬂw4_pﬂ

. 2((r—2)2(r—1) (V)(V2+1))+r(r_v_2)+,.r>;1[pp -p (r_l_l)]
(e
+ 11P{Uf;ilﬁ)—w—2m+0#+Dﬂ”*}—r@““l—ﬂ]
2((r—2>2(r—1>_(v)<v2+1))+r(r_v_2)]

p
|-
r—v _ 2 . B 1
A om0 (252
1 r—v=1 _ ;2 - N o

B e R R A R

p r=2-D\ p-p p
+(—;Tl+l)(r—v—2)—(r Zr )+ =17 —(p_l)(v—l)+v.

Therefore total number of non-principal ideals of R is

rir—1)

N>, =N, + 5

Adding the number of ideals in Case (i), Case (ii), Case (iii) and Case (iv), and substituting [%J for v, we
get the total number of ideals N of R. [J

Example 2.8. Ifp =2, =2, then R = Z4 + uZy4. Then from Theorem 2.7, we have N = 7. It can be easily verified
from [24] that R has 7 distinct ideals which are: 0),(1),(2), (u), (Qu), (2 + u), and (2, u).

Example 2.9. If p = 3,r = 2, then from Theorem 2.7, there are total 8 ideals of R = Zo + uZy, which are:
(0),<1), (3), {up, (Bu), (3 + u), (3 + 2u), and (3, u).

Example 2.10. Consider Rwithp = 3,r =5, i.e., the ring Zss + uZss. Then the ideals of R are as given below:
Principal ideals:

@) ¢ 0<i<r: @) 0<is<5.
() (up)y, 0<j<r-1: (B, 0<j<4
(111) <p' + uptEI)/ 1<i<r- 1, 0<t<T- 1, where T = mln{l, r—i+ t} and a = Zf:_tl ﬂjpj_t is a unit in Zq- These
ideals are given in Table 1.
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i|r—i|t| T Ideal a

11 4 [0]1] Gtaw 1,2

2| 3 1 0 | 5 B%+au)y | 1<a<8,a+3,6
1 37+ 3au) 1,2
0] 2] B+aw

3 5 L X 3+ 3a0) 1<a<8, a#3,6
2 (3 + 3au) 1,2
0] 1] G*+aw)
1121 3*+3au)

Y1 a3 (3% + 3%au) 12
314 | (3% + 3au)

Table 1: Principal ideals of Z35 + uZs5

Non-principal ideals:
(i) The non-principal ideals (p' + up'a, plu) when a = 0, i.e., (p', p/u) are :
(3,u), (3%, u), (3%, u), (3%, u), (3%, 3u), (3%, 3u), (3%, 3%u), (3*, 3u), (3*, 3%u), (3%, 3%u) .
(i) (¢p' +up'a, pu), 2 <i<r-2,0<t<i-2,t<j<T,whereT =min{i, r—i+t},anda = Zgakpk‘f is a
unit in Z,. These ideals are given in Table 2.

i |r—i|t | T]|j Ideal a
2 4 [o[2 [1] (3%+au3u)

0 1] (3®+au,3u)
3 2 1] 2 2 | (3° + 3au, 3%u) 12

Table 2: Non-principal ideals of Z35 + uZss.

3. Cyclic codes over R

In this section we study the structure of cyclic codes of length n over R, where (1, p) = 1. This structure
is established by using the ideal structure of R and the factorization of x" — 1 into monic pairwise coprime
basic irreducible polynomials over R.

A cyclic shift on R" is a permutation ¢ of R” such that

O(COI Cl/ e /Cnfl) = (Cnfl/ CO/ e /Cn72) .

A linear code C over R is called a cyclic code, or an R-cyclic code, if it is invariant under the cyclic shift ¢,
i.e., 0(C) = C. If the elements of R" are represented as polynomials of degree at most # — 1 over R, then it is

well known that a subset C of R" is a cyclic code over R if and only if C is an ideal of the quotient ring ; fn[f]l)'

Recall that R is a local ring with the unique maximal ideal {p, ). We denote the residue field ﬁ of Rby

R. Further, we have R = <pR—u> = IF,. The image of any element 2 € R under the projection map u : R — Ris
denoted by a. The map u is extended to R[x] — R[x] in the usual way. The image of an element f(x) € R[x]
in R[x] under this projection is denoted by f(x). A polynomial f(x) € R[x] is called basic irreducible if f(x) is
an irreducible polynomial in R[x].
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Lemma 3.1. [11, Lemma 3] Two polynomials f(x) and g(x) of R[x] are coprime if and only if f(x) and g(x) are
coprime over R.
Now we present the ideal structure of the Galois extension ring lzj[f;] ~ &[;61 +u Z( &

basic irreducible polynomial of degree d over Z;, and enumerate the total number of ideals of 7 fJ;] We use

the ideal structure of R to obtain the 1dea1 structure of IE%] Now, as in the case of ideals of R (described

in Section 2), for an ideal I of Z( f[;c L < f> , | define a surjective ring homomorphlsm V:l— Z&[)] such that

of R, where f is a

W(a(x) + ub(x)) = a(x). It is well known that the ideals of the ring < f> are given by (p'), 0 <i <r-1.
Therefore, as in the case of ideals of R, the ideal I takes the form

, , Z,x]

I = (p' + uh(x), up’), where h(x) € .
H
Using p-adic expansion, every element h(x) of <"f[> can be written uniquely as h(x) = Y j_p hp(x)p*, where
hi(x) € Fpa = %[)x]. Therefore,

. r—t=1 '

=" +up 2 I (xX)p*, up’y, where Iy (x) € Fu, 0<i<r—1,0<j<i.
k=0

Using similar argument as in Theorem 2.5, we have the following theorem.

Theorem 3.2. If f is a basic irreducible polynomial of degree d over Z,, then any ideal of the ring % is of the
following form:

1. Principal ideals:
() "), 0<i<r.
(i) <up’), 0<j<r-1
(i) '+ up'h(x)), 1<i<r—1,0<t<i—1,hx) = Yoo Ie(x)p, where hi(x) € By Yk with ho(x) # 0,
and T = min{i, r —i + t}.
2. Non-principal ideals:
() @', up’), 0<]<z<r—1
(ii) @' +upth(x) up’), 2 <i<r-2,0<t<i-2,t<j<T whereT = min{i, r — i+ t}, and
h(x) = Zk , hk(x)pk t where hy(x) € Fpa ¥ k with ho(x) # 0.

It can easily be observed that total number of ideals in % f> can be obtained by simply replacing p in
Theorem 2.7 by p, where d = deg f. Therefore we have the following theorem.

R[x]

Theorem 3.3. The number of distinct ideals in XX

where d = deg f, is
~ pd(L§J+2) + 3pd(r—|_§J+1) _ 4P2d (2 l%J — r) pd(r_l_ﬂ) + (3 - Zr)pd

NG = +
(p? -1y =1
Now we consider the ideal structure of (5[X]1> As (n,p) = 1, it follows from [15, Theorem XIII.11] that
x" —1 factorizes uniquely into monic pairwise coprime basic irreducible polynomials over R. For any factor
fof x* =1, define f = 1. The following result gives the structure of ideals of -

+2r+1.

(X” 1>

Lemma 3.4. [21] Let x" —1 = fifo--- fi, where f;,1 < i < m, be the factorization of x" — 1 into monic pairwise-
coprime basic irreducible polynomials over R. As fi(x) and fi(x) are coprime, let u;, v; € Z,[x] such that u; fi+voifi=1,
and let e; = u,f? + (x" — 1) € R[x]/{(x" — 1). Then
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1. ey, ey, -+ , ey are mutually orthogonal non-zero idempotents of R[x]/{x" —1).
2.e1+e+---+e,;, =1.
3. R[x]/(x"=1)=R1®R, ®---®R,,, where R; = Re;, 1 <i<m.

Theorem 3.5. Let (n,p) =1,and x" =1 = fif,--- f, be the factorization of x"* — 1 into monic pairwise-coprime basic
irreducible polynomials in R[x]. Then any cyclic code C over R is of the form

C=Pce,
i=1
RIx]

where C;, 1 < i < m, is an ideal of the ring T

Proof. Since x" —1 = fifs--- fu is the factorization of x" — 1 into monic basic irreducible pairwise-coprime
polynomials over R, by the Chinese Remainder Theorem we get

Rlx] _ Rx] _ T\ R
@ =1 L @ {fi)
Rlx]

It follows that any ideal of the ring (Jf,[f is a direct sum of the ideals of the 7' o Define a map @y : % — R;

such that g + (f;) = (g + (x" — 1))e; = u;f;g. It is clear that @y is an isomorphism. The result then follows
from the properties of direct product of rings. [

3.1. Number of cyclic codes
In this subsection, we enumerate the cyclic codes of length n over R.

Theorem 3.6. Let (n,p) =1,andx"—1 = fifp--- fi, be the factorization of x"" —1 into monic basic irreducible pairwise-
coprime polynomials in R[x]. Then the number of distinct cyclic codes of length n over Ris g, X g, X - X A

where N}, is the total number of ideals in <][c> as defined in Theorem 3.3, 1 <i < m.

m’

Proof. Every ideal of R g of the form I®---®I,, where I; is an ideal of % The number of ideals of

-1
12}:] is equal to .44, as defined in Theorem 3.3. Hence the result. [J

Example 3.7. Letn =7, p=2,andr =2, i.e., R = Zys + uZy. Then x’ — 1 factorizes into monic pairwise coprime
basic irreducible polynomials over Ras x” =1 = (x +1)(x®* +x+ 1)(x* + x>+ 1) = fifaf5. So,d1 = land dy = d3 = 3.
From Theorem 3.3, we get Ay, = 2% + 5 for all i, i = 1,2,3. From Theorem 3.6, the total number of cyclic codes of
length 7 over R is g, X N, X Ng, = (21 + 5) X (2% + 5) x (2° + 5) = 1183, which can also be verified from [7].

Example 3.8. Let p = 3,7 = 2, so that R = Zg + uZs. Then from Theorem 3.2, there are total 8 ideals of R. These
are: {0),(1),(3), (uy, (3uy, (3 +u), (3 + 2u), (3, u). Further, for any basic irreducible polynomial f of degree d over R,

there are total 37 + 5 ideals of <[x] which are presented in Table 3.

H’
Ideal (C) Number of ideals
3H,i=0,1,2 3
(Biuy,i=0,1 2
(3 + uh(x)), h(x) € Ex, 3 -1
3, u) 1

Table 3: Ideals of (Zg + uZy)[x1/ {f)-
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4. Duals of cyclic codes over R

For a linear code C of length # over R, the dual of C is defined as
Ct=xeRx-c=0,Yce(C}.

In this section, we study duals of cyclic codes of length n over R, where (n,p) = 1. We first note the
following result.

Proposition 4.1. The number of codewords in any linear code C of length n over R is p*, for some integer k €
{0,1,...,2rn}. Moreover, the dual code C* of C has pl codewords, where k + 1 = 2rn.

Proof. It can be easily verified that R is a Frobenius ring. Therefore, we have |C||C*| = |R|" = ern [22]. The
result follows. [

In [7], Cao and Li have given the structure of duals of cyclic codes of length n over Z4[u]/ ¥y, In this
section, we obtain the structure of the duals of cyclic codes of length n over R using their approach.

R we have a*(x) = a(x™) = ag + X5 g

For any polynomial a(x) = Y//-) a;x' € 5

Proposition 4.2. Let a, b be any two elements in R" and a(x), b(x) be their respective polynomial representations.

Then a-b = 0ifa(x)b*(x) = 0 in the ring <5[x1>

Since x" — 1 also factorizes uniquely into monic pariwise coprime basic irreducible polynomials over Z,,
and Z, is a subring of R, we may consider such a factorization of x" —1 over R as a factorization over Z,,. Let
x"—=1= fifo--- fin be the factorization of x" — 1 into monic pairwise-coprime basic irreducible polynomials
in Z4[x]. Then x" —1 can also be writtenas x" =1 = (g — 1) fifa:++ fm, where fi is the reciprocal polynomial of
f;, which is defined as fi(x) = x38) f(x~). fi, fo,++ , fu are pairwise-coprime basic irreducible polynomials
in Z,[x]. Therefore, for every positive integer i, 1 < i < m, we have ( ﬁ(x)) = (fr(x)), for some unique
positive integer i/, i.e., fi(x) = w; fy (x) for some w; € Z;, where1 <i’ <m.

We define an automorphism « on (R,,[XD by

a(a(x)) = a'(x),

R[x
(x"— 1)

for any a(x) € This isomorphism induces a permutation of the set {1,--- ,m} such that a(i) = 7. So,

Rlx] R[x] 2 _
the component ring 7= f> of 777y is permuted to the component Th f > by a. Itis clear that o = 1.
Now let ¢; = u; f, =1-v9fi, 1 < i < m, be the mutually orthogonal idempotents of <5”[f]1>’ as

defined in Lemma 3.4. Then ¢/ = u(x")fi(x™") = x"u(x™)fi(x!) = x(”‘deg(“")‘deg(fj))ﬂi(x)ﬁ(x) = yifs,

m
where y; = x{("~des() ~deg() g, {(X)@;, and @; = l_[ w. It can also be observed that ¢! = u;(x”!)fi(x7") =
k=1 ki
1 - x"o;(x D fi(x™) = 1 — x(1~des@)=degDg(x) fi(x) = 1 — 6; f», where §; = x"~4e8)~de8fD)5;(x);. This implies
that y,fy = e =1-0ifr, ie, yi fo +6if = 1. From the definition of ¢; as given in Lemma 3.4, we get

677 = yifi’ = e:.

Theorem 4.3. Let C be a cyclic code of length n over R such that C = @Zl Ciei(x), where C; are ideals of the ring
IZ}’;], 1 <i < m. Then the dual code C*+ of C is given by C+ = EB:L Dyeaqiy(x), where D; is an ideal of % as
presented in the Table 4.

It can be observed that in Table 4 ideals C; such that C; = D; appear only in the cases (i), (ii), (iv), (v) and
(ix), when r is even; and in the cases (vii), (ix), when r is odd. Now we have the following theorem.
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Case C; ICil D; Dl
@) v 0<i<r p@r-2 ) 2
(”) <u> pdr <M> pdr
(iii) (up) 1<i<r-1 pAr=d P, u) pred
(iv) <(pz + p’h(x)u)) i< [(V;f)J h(x) = ZL tU 1 Te(x )P pd(Zr—Zi) <(pr—i + upr—2i+t(pi—t _ h*(x)))) pzdi
(v) (0" + p'h(x)u)) i> 52| he) = Tif ot pe? (P + u(=h(x)), up™) pre
(i) (p' +uh(x), up’) (i, jas in Theorem 3.2) h(x) = L2 he)p* perh P+ up i (pl (%)) preD
(vii) <pi + up'h(x), upf>(i,j as in Theorem 3.2) Z] 1y I (x)p* pd(z"_i_ﬁ (py_j + upy_i_j” (pj_t - h*(x)), up"i> pdﬁﬂ)

(UZZI) <p,', I/l> 1< i <r-1 pd(ZV—i) <upr—i> pdi
(zx) <p[, Mp]> ] <i pd(Zr—i—j) <pr—j/ upr7i> pd(i+]')

Table 4:

Theorem 4.4. The total number of ideals C; in 12})] such that C; = D; is given by

Noor = N+ (r—v), if ris odd,
= JV'+d'%+%, if ris even, where

N = ﬁ [(df(v+1)+3d’;’/‘:1)_3d'2—d') T (—21’+ 7)d' + (2(1/+ 1) _ r)d;(r—v—l)] 4 (21, - 4) _ (r—2)2(r—1) Zfd' £ 1, and

A" =0ifd" =1, where d’ is the total number of polynomial p(x) € I, such that p(x) +p*(x) = 0in Fp and v = | 5.

Proof. Suppose d’ is the total number of polynomials p(x) € F,« such that p(x) + p*(x) = 0 in [F,». We note
that d’ > 1, as the zero polynomial satisfies the given condition.

(a) If ris even, then C; = D;, if C; is one of the following cases of Table 4.
(1) Case (i), C; = (rﬁ). Number of ideals in this case is 1.
(2) Case (iv), C; = (p? + up'h(x)),0 < t < £ — 1 with

* . r
hi() + 1) =0, 0<j<5—t-1.

Total number of ideals in this case is Zf;ol d@ - 1)(d’(§_t_1)) =d?-1.
(b) If r is either even or odd, then following three cases are common:
(3) Case (ii), C; = (u),
(4) Case (vii), C; = (p' + up'h(x),up’™"), t # 0, and

hj/(x)+h;,(x):0, t<j<r—i+t-1,1<t<i-2.

Total number of ideals in this case is
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r=2 [2i-r-1 r—i+t-1 -2 i-1

- [ Y @ - Z( 1)d'<f‘f‘1>]
i=v+1| t=1 j=1+t t=2i—r j=1+t
r=2 [2i-r-1 i-2

_ Z [ (d/(r—i—l) 1)+ Z (d/(i—t—l) _ 1)}
i=v+1 | t=1 t=2i—r
= d (r—i-1) d/(r ) — d’

= Y _Ri-r-1 ——(r—-i-1
,-;1 [¢ ) )]+ ;1 1 ( >]

y(r—v=1) _ 4,2
= a 1_ 1 |:2 {(d — d ) _ (r - Z)d’ + (V + 1) d/(r—v—l)} _ r(d/(r—v—l))]

a d;v + d;(r—v—Z) —d -1 (1’ — 2)(7’ - 1)
+d'—1[( @1 )‘”3]+(2r_v_4)_ 2
1 d,(v+1) + Bd/(r—v—l) _ 3d’2 —d @ 1(r=v-1)
_ d,_l[( —— )+(—2r+7)p + 2 +1)-nd ]
+(21’ —y - 4) — (1,_2)2&

(5) Case (ix),C = (p, up’™"), 1 < i < r—1,r < 2i. Total number of ideals in this caseis Y'/_},; 1 = r—v—1.
By adding corresponding cases, we have the result. [J

We can rearrange e1(x), e2(x), - - -, €,,(x) in this manner such that a(i) =i’, 1 <7 <y, and a(i) = T2 yii=
y+1,-, 2 7

. Now we have the following theorem.
Theorem 4.5. The total number of self-dual cyclic codes of length n over R is given by
Nifa) % - X N a) X Ay X X ANy

where N, 4y and N, are as given in Theorem 4.4 and Theorem 3.3, respectively.

Proof. Let x" —1 = fif,--- fu be the factorization of x" — 1 into monic pairwise-coprime basic irreducible
polynomials in Z,[x]. Since a(i) = i’, 1 < i <y, total number of ideals C; in 5,[;] such that C; = D; is given

by Ny, :1) For remaining m — y values of i, ideals of ‘*[;( and 7 f” i 3 occur in pairs. Total number of these

pairs is 2. Hence the result. [

Example 4.6. Let n =8,p =3,r =2,ie., R = Zo + uZy. The factorization of x — 1 into coprime basic irreducible
polynomials is x — 1 = (x + 1)(x + 8)(x2 + 1)(x? + 4x + 8)(x*> + 5x + 8) = fifafsfafs. Then (f1) = (fi),{fo) =
), ) = (fa), {fu) = {fs), and (fs) = (fu), which implies that m = 5,d, = 1,dy = 1,d3 = 2, and y = 3. As defined
in Theorem 4.5, we get d = d}, = 0, and d}, = 3. From Theorem 4.5 total number of self-dual codes of length 8 over R
are 2 X 2 X 4 x 14 = 224. These self dual cyclic codes will take the form

C= é Ciel-(x)

where each of C1 and C, is one of the ideals (3) and {u) of R; Cs3 is one of the ideals (3),{u) and (3 + uh(x)) of 0 > ,

where h(x) is a polynomial of degree 1, i.e. h(x) = ax, a € IF} which satisfies h(x) + h*(x) = 0; ideals C4 and Cs of ?Eg

and & 7 f > , respectively, occur in pairs as given in Table 5.
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Cy Cs Number of ideals
(3"h,i=0,1,2 (3%7) 3
(u) (u) 1
Bu) (3, u) 1
3 + uh(x)), h(x) € ]F;2 3 —uh*(x)) 8
3, u) Bu) 1
Table 5:

Now we present some examples of cyclic codes of length 1 over R = Z,; + uZ,. For this we first define
the Lee weight on R”.

For any element a = ):;;(} (a; + ubi)pi € R, we define the Gray map ¢ from R to Zgr as

r—1 r—1 r—1 r—1
p@=|Y (bi+a), Y b, Y (bi+a), Y by ba+a,bo

i=0 i=0 =1 i=1
@ can be extended to a map from R" to Zf,”‘ componentwise. ¢ is a non-linear isometry from R” to Zg"”.
For any element a € R, we define the Lee weight of a as

wi(a) = w(p(a)) -

The Lee weight of any element v of R" is then defined as the rational sum of the Lee weights of its coordinates.
The Lee distance d;(C) of a linear code C over R is defined as the minimum Lee weight of any non-zero
codeword in C.

All the computations to determine minimum distance of codes were performed in Magma [27].

Example 4.7. Letn =4,p = 3,7 = 2, s0 that R = Zg+uZy. The factorization of x® — 1 into coprime basic irreducible

polynomials is x* =1 = (x + 1)(x + 8)(x + 1) = fifofs. Then {f1) = {f1),{fa) = (fo), {f3) = {f3). Some cyclic codes
of length 4 over R are shown in Table 6. We have

a(x) = 73+ 7+7x+7,
e(x) = 28 +7x°+2x+7,
es(x) = 4x*+5.

Any cyclic code C of length 4 over R is given by

C = Ciei(x) ® Caea(x) @ Caes(x) ,

where C1, C, are ideals of Zy, and Cs is an ideal of Z 1deqls of Ll e listed in Table 5. The Gray image of C

21y (2+1)
under @ is a non-linear code of length 4n over Zs.
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C C, Cs Parameters
(0) (0) (1) (16,3%,2)
(3) (u) (Bu) (16,3'¢,8)
(3) (u) (3 + ux) (16,3'2,8)
G W  @+ul+x)  (16,3128)
G W G+ u) (16,316, 4)
B) G+uy G+ul+x) (16,3128)
@y (G+uy G+ul+x)  (16,312,8)
Gu)y B+uy G+ul+x) (16,3%,8)
@) G+u)  G+ux)  (16,3128)
W G+u Gt (16,316, 4)
M @+ G+uw (16,312, 4)
Gu) G+u) 3+ ux) (16,3'2,8)
@) Guwy  @+ul+x)  (16,3128)
@ Guy @+ul+x)  (16,3128)
A Guwy  @+ul+x) (16,312 4)
Guy  Buy  B+ul+x) (16,32,4)
(3) 3u) (3 + ux) (16,312, 4)
@  Gu G+uxy  (16,312,4)
Guy  {(3u) (3 + ux) (16,312, 4)
Gy (1) @+ul+x) (16,312 4)
(u) (u) BG+u(l+x)) (16,3'2,4)
Bu) (u) BG+u(l+x)) (16,32,4)
(3) (u) (3 + ux) (16,312,4)
(1) (u) (3 + ux) (16,312, 4)
(Bu) (u) 3+ ux) (16,312, 4)
wy (1)  @+ul+x) (16,312 4)
Guwy (1) G+ul+x) (16,3124)
(3) (1) (3 + ux) (16,312, 4)
(u) 1) 3+ ux) (16,312, 4)
(Bu) (1) (3 + ux) (16,312, 4)

Table 6: Cyclic codes of length 4 over Zg + uZy.
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