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Abstract. This paper introduces and focuses on two pairs of concepts in two main sections. The first
section aims to examine the relation between the concepts of strong J,-convergence with respect to a
modulus function f and ],-statistical convergence, where J, is a power series method. The second section

introduces the notions of f-],-statistical convergence and f-strong J,-convergence and discusses some
possible relations among them.

1. Introduction and Preliminaries

The concept of statistical convergence was initially presented by Fast [10] and Steinhaus [25] indepently
and it has received much attention over the last three decades. Especially the papers [6, 8, 12-14, 16, 22, 24]
has provided major contributions on this concept to be an important field of occupation for the researchers.
In fact, the idea of statistical convergence is based on density of subsets of natural numbers. More details
including some new kinds of densities and corresponded types of statistical convergence can be found in
several studies, for instance in [2—4, 9, 17, 20, 21].

Strong Cesaro convergence with respect to a modulus function was introduced by Maddox [19]. Connor
[7] extended this idea by replacing Cesaro matrix with a nonnegative regular matrix A and he proved that
A-statistical convergence involves strong A-summability with respect to a modulus and further these
notions are equivalent for bounded sequences. Connor also established the relationship between statistical
convergence and strong Cesaro convergence in his earlier paper [6]: A real sequence is strongly Cesaro
convergent if and only if it is statistical convergent and bounded. Khan and Orhan [15] improved this result
by repla-
cing the boundedness condition with a strictly weaker condition called uniform integrability. Unver and
Orhan [27] has recently introduced the notions of statistical convergence, strong convergence and uniform
integrability of a sequence defined by a power series method and established the similar relationship in the
power series method setting.

By using the modulus functions, Aizpuru et al. [1] introduced the concept of f-statistical convergence
which depends on the other new concept of f-density of natural numbers (where f is a modulus function).
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It is shown that statistical convergence encompasses f-statistical convergence. Leén-Saavedra et. al. [18]
defined the notion of f-strongly convergence by means of modulus functions. They proved that if a
sequence is f-strongly convergent then it is f-statistically convergent and uniformly integrable, and the
converse statement is true when f is compatible modulus function. Such type of modulus functions are
those for which the concepts of statistical convergence and f-statistical convergence are equivalent.

The present paper is motivated by the above-mentioned papers and it is divided into two main sections.
In both of them, we will consider the power series method J,, that is a sequence-to-function transformation.

The second section introduces the concept of strong J,-convergence with respect to a modulus function
and examines its relation with J, -statistical convergence. We show that J,-statistical convergence strictly
includes strong J,-convergence with respect to a modulus f, and these two concepts are equivalent in the
context of f-J, -uniformly integrable sequences.

In the third section we first define the concepts of f-],-density, f -],-statistical convergence and f-strong
Jp-convergence. We prove some relations between them. For instance, we prove that f-J, -statistical con-
vergence (f-strong J,-convergence) implies ], -statistical convergence (strong J,-convergence) and converse
statements are true when f is a compatible modulus function. Also we will prove that when f is com-
patible, any real sequence is f-strongly ], -convergent if and only if it is f-],-statistically convergent and
Jp-uniformly integrable. Our methods are in line with a variation of that used by Aizpuru et al. [1] and
Leén-Saavedra et. al. [18] with some changes.

Now let us recall the basic concepts and facts used throughout the paper.

Let IN( be set of non-negative integers. Suppose throughout that the sequence (pi), k € Ny, is a sequence
of non-negative numbers with py > 0, that

Py=Y pr— oo (1 o) (1)
k=0
and that
p(t)zZpktk<oo for 0<t<1 (2)
k=0

(in other words p (f) has radius of convergence R = 1). Let x = (x¢), k € Ny, be a sequence of real numbers.
Then the power series method J, is defined as follows:

X — L (]p) , that is (xx) is summable to the number L by the power series method ], (or (xx) is said to be
Jp-convergent to L) if

px(t) = Z prt*x
=0

is convergent for 0 <t <1 and

. Px (t)
Jim P10)

We say that the J,-method is regular if x; — L implies x; — L (],,). It is known that the condition (1) or
equivalently the condition p (t) — oo (ast — 17) ensures the regularity of the method J, (see, [5]). So, by
the assumption (1), we only consider regular J,-methods.

A set E ¢ INj is said to have usual (or natural) density 0 (E), if the limit

. |E(n
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exists, where E (n) = {k <n : k € E} and |E| denotes the cardinality of the set E [11]. The number sequence
() is said to be statistically convergent to the number L, and denoted by st-lim x = L, if for each ¢ > 0,

. 1 _
,}gl‘}onJrll{kSn.lxk—LIZe}l—O,
i.e. 0(E;) =0, where E; = {k € Ny : |xx — L| > ¢} and hereafter this set will always be denoted by E,.

The ideas of strong convergence, density and statistical convergence with respect to general power series
methods, namely, in the case p (t) = Y12, pt* has radius of convergence R € (0, ], are introduced by Unver
and Orhan [27] and they called them as P,-strong convergence, P,-density and P,-statistical convergence,
respectively. Note that if 0 < R < oo then it is sufficient to consider the case R = 1, since we may replace
(pr) with (kak) (see [5], Remark 3.6.3). For the sake of simplicity, in this paper, we only deal with the case
R =1, and note that similar ideas can be adapted to the case R = co. So we will use the notation |, instead
of P,.

A real sequence x = (xx) is said to be strongly ],-convergent to the number L if

Ky, _
t—>1 p(t)Zpkt lxx —L| =

Denote the set of all strongly ],-convergent sequences by w ( ]p) , and by wy ( ]p) ifL=0.
Let E C INg be any set. If the limit

oy, (E) = lim — t*
Iy p(® ;5‘ Pk
exits, then 6, (E) is called ],-density of E. From the definition itis clear thatif 0;, (E) exists, then 0 < ¢, (E) < 1
and 0, (E) = 1 - 6;, (No\E). If E is finite, then 6;, (E) = 0. Also if E; C E; and ¢, (E;) (i = 1,2) exist, then
05, (E1) < 0y, (E2). Note that J,-density and natural density of any E C Ny need not to be equal to each
other. For instance, let () = (1,0,1,0,...). Then p(f) = Y70 2k =1/ (1 - tz) for 0 < t < 1. Now if
E = {2k +1:k € No}, then 6;, (E) = 1/2 but 6(E) = 0 (see [27]). Also note that in case py = 1 for all k,
Jp-density is called Abel density introduced by Unver in [26].
The sequence x = (x;) is said to be ],-statistically convergent to L if for any ¢ > 0

k
}ir{‘p()zp"t

thatis 6, (E;) = 0 for any ¢ > 0. In this case, we write st -lim x = L. The set of all J,-statistically convergent
sequences will be denoted by st;,. Note that regularity of ],-method requires the regularity of J,-statistical
convergence, i.e. limx = L implies st -lim x = L. However, the converse is not true in general. For example,
let (pr) = (1,0,1,0,...) and (%) = (0,1,0,1,...), then st]p-limx = 0, but x is not convergent. On the other
hand, statistical convergence and J,-statistical convergence are incompatible methods.

Unver and Orhan also defined the concept of uniform integrability of sequences with respect to a power
series method: The sequence (x;) is J,-uniformly integrable if there exists tq € [0, 1) such that

Z prt* el = 0

[kl

lim sup
€2 yeito 1) P ()

Any bounded sequence is J,-uniformly integrable but not conversely (see [27], Example 2). This notion and
the following result will play a key role to obtain more general results in the second and third sections.

Theorem 1.1. [27] Let x = (xy) be a real sequence. Then the following are equivalent.
(i) x is strongly J,-convergent to L.
(i1) x is Jp-statistically convergent to L and ],-uniformly integrable.
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Recall that a modulus function ([23]) f is a function from [0, +0) to [0, +o0) such that (i) f (x) = 0 if and
onlyif x =0, (ii) f (x + y) < f(x) + f (y) for all x, y > 0, (iii) f is increasing, and (iv) f is continuous from the
right at zero. A modulus function can be bounded or unbounded. Some examples of modulus functions
are f(x) =x" (0 <p <1), f(x) =log(x + 1), f(x) = x +log(x + 1) and f(x) = x/(1 + x).

2. Strong J,-Convergence with respect to a Modulus and J,-Statistical Convergence

In this section, we first extend the notion of strong J,-convergence by using a modulus function in the
same way as Connor [7]. Then we present a relationship between this notion and the notion of J,-statistical
convergence.

Definition 2.1. Let f be a modulus function and x = (x;) be a sequence of real numbers. The sequence x is
said to be strongly ],-convergent with respect to the modulus function f if

1

lim 0 ;}‘ it f (Ixe — L]) = 0.

t—1- p

The set of all strongly J,-convergent sequences with respect to the modulus function f is denoted by w ( Jo f )

In particular, when L = 0, we prefer to write wy ( Jos f) instead of w ( Jos f) .

Note that if f (x) = x, then the sets w (]p, f ) and wy (]p, f ) are reduced to w ( ]p) and wy (]p) , respectively.

Theorem 2.2. For any modulus f, strongly J,-convergence implies strongly J,-convergence with respect to f (to the
same limit), i.e. w(]p) C w(]p,f).

Proof. Assume that x € w ( ]p) with limit L. Then

1 v 4 _
() = — i —-Ll—=0(—1).
X0 p(t);pk e =Ll =0 (£ = 17)

Let ¢ > 0. By the continuity of f from right at t = 0, we can select a number 6 with the property 0 < 6 < 1
such that f (f) < e forall 0 <t < 6. Let

1 oo
= |xx — L d x(f 1) = z tk :
]/k | k | an P (f ) p(t) i pk f(yk)
Then

1 — 1
pa(f 1) = mkz_épkt"f (i) + Mépkt"f(m = L + 5,
Yk<o Ye>6

If yx < O, then f (yx) < € and hence Z; < e. Now let i, > 6 and [t] be the integral part of the number ¢. Since
Yk < (Yk/0) < [(yx/0) + 1], we have

fwo <[ +1]rm<2rm .
Then from the properties of the modulus function (iii) and (ii) we obtain £, < 2f (1) 5'p.(t). Hence, we get

pe(f ) <e+2f(1) 57 py(t).

Letting t — 17 in this inequality, we conclude that x € w ( Jo f ) O
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The following characterization concerning the ideals in £, where as usual ¢, is the set of all bounded
sequences, was given in [7], and it will be useful for the proof of our next result.

Lemma 2.3. Let x € {», and M be an ideal in £«. Then x belongs to the closure of M if and only if x¢., € M
for all € > 0, where xr denotes the characteristic function of the set E and E. o := {k € INp : |x¢| > €}.

Lemma 2.4. Let f be any modulus function. Then wy ( Jos f) N ¢« is an ideal in €. In particular, wy (]p) N¢
is an ideal in {w.

Proof. Let x € wy (],,,f) and y € {,. Since y € {w, there is a M € Z* such that |yk| < M for each k € INj.
Hence, we have f (‘xkyk|) < f (Mlxxl) € Mf (Ixi]) for all k, thus we obtain

1 . k k
mkzapkt kyk) ") ZPk £ (xl) -

Letting ¢ — 17 in this inequality, we conclude that xy € wy ( Jor f ) This completes the proof of lemma. [J
Lemma 2.5. w (]p> N € is a closed ideal in €.

Proof. From the Lemma 2.4, it is enough to prove that wy (]p) N {s is closed in fs. Let x = (xx) be any

sequence in the closure of wy ( ]p) N . Then there exists a sequence (x") in wy ( ]p) N € such that

(m)

1 =], = suplaf? ] 0 1 e
k

For any ¢ > 0, choose any N € IN such that ”x(N) - me < &. Then we have

(o8]

1
p(t)zpktk bl - < 0) :Optklx}((N)—xk|+ (t)zpkk| (N

{5 S BARY
pid* [
W10 kZ:O‘
Hence we get x € wy (]p) by letting t — 17 in this inequality. So wy ( ]p) N { is a closed ideal in {o,. [

Theorem 2.6. Let f be any modulus function. Then w ( o/ f) Nl =w (],,) N Leo.

Proof. 1t is sufficient to prove that wy (]p,f) N Lo = wp (],,) N {e. We have wy (],,) N Lo C wo (]p,f) N € from
Theorem 2.2. Now let x € wj (]p,f) N {e and € > 0. Define the sequence y = (yx) by

1 .
]/k — x_k 7 |xk| =€
0 ,otherwise.

Since y € {, we have xy = xg,, € wp (]p,f) N {e from Lemma 2.4. Thus

1

lim ") kZO it f (XEL,O (k)) =0. 3)
Since

LY (e ®) = f—i P, (), @

P(t) P &0 ( = &0
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according to the definition of modulus function and characteristic function, we have x¢ , € wy ( ]p) from (3)

and (4). Hence xg,, € wp (],,) N {w. Thus, we have x € wy (]p) N s by Lemma 2.3 and Lemma 2.5. This
completes the proof. [

Motivated by [27] we can give the following definition.

Definition 2.7. Let f be any modulus function. Then a sequence (xx) is said to be f-],-uniformly integrable if there
exists ty € [0, 1) such that

lim sup pktkf () =0
e l‘G[tU 1) p( ) f(%‘zc

The following theorem is an extension of Theorem 1.1 and it characterizes strongly J,-convergence with
respect to a modulus via J,-statistically convergence.

Theorem 2.8. Let f be any modulus function and x = (xx) be a real sequence. Then the following are equivalent.
(i) x is strongly ],-convergent to L with respect to f.
(i1) x is ],-statistically convergent to L and f-],-uniformly integrable.

Proof. (i) = (ii). Letx e w (]p,f) with limit L, that is

1y k —
fim 5 k;pkt fla—L)=0

Then for any given ¢ > 0, we have

p(t)Zpktkf lxx = L)) > (t)Zpktkfﬂxk—LD

keE,

since f is increasing. If we take the limit for # — 17 in this inequality, we get stj -limx = L. Letting
Yx == f (Ixx]), one can get from Theorem 1.1 that x is f-J,-uniformly integrable.

(i1) = (i). Assume that stj -limx = L and x is f-J,-uniformly integrable. Let ¢ > 0. First observe that if
|x¢ — L| > ¢ implies that f (Jxx — L[) > f (¢). On the other hand, lim,_,o+ f (¢) = 0 since f is continuous at zero.
This implies that any J,-statistically convergent sequence satisfies the condition

k _

where E, = {k€ Ny : f (xx — L|) > f (¢)} . Now, f-],-uniformly integrability and (5) imply by Theorem 1.1
that x is strongly J,-convergent to L with respect to f. This completes the proof. [

Remark 2.9. The condition of f-J,-uniformly integrability can not be omitted in Theorem 2.8. Indeed, let
f(x) = x and define (pr) and an unbounded sequence x = (xi) by

o
.

Jk=2j+1
Jk=2j

[k [

,i=0,1,2,...

and

Jk=2j+1ork=0,j=0,1,2,...
k=2j,j=1,2,...

t o
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respectively. In this case,

0= = 3in() 12

for 0 < t < 1 and then we get 6;,(E1) = 1 and 0y, (Ez) = 0 for the sets E; := {2j:j€No} and E; :=
{2j+1:j €Ny} Since

{k € INp : |xx| = €} C E» U {finite set}

for all € > 0, we have 6, ({k € Ny : |x| > ¢€}) = 0. Hence st},-lim x = 0. However, since

LN K K
tllrlrl 0 ;‘pkt e = 11 o) [Z Pt x| + Zpkt IXk|]

keEq keE,

1
—tli)r? m( ln(l—t2)+

x is not strongly J,-convergent to the number L = 0 with respect to f. On the other hand, for any ¢, € [0, 1)
we have

! k 2k+1
a0 £ = 2 + I
ety P ® Lt = sup [Z put bl + ) parat™ ol

1_ﬂ):1¢a

sup
xl>c telto1) P akl>c Pk ¢
c t
> su ( 1-#£)+ )
te tﬁ) p(t) ( ) 1-#
=l o ((-R) )= o)

where we can replace sup with lim;_,;-, since the ratio Iﬁ (— In (1 - tz) 1 tz) is an increasing function of ¢
on the interval [fto, 1) . Thus (xx) is not f-]J,-uniformly integrable.

3. f-Strong ]J,-Convergence and f-],-Statistical Convergence

Let f be any unbounded modulus function. The f-density of a set E C INj is defined by
¢ FUE@)D
o7 (E) = lim ey

if the limit exists. A sequence x = (xy) is said to be f-statically convergent to L if for each ¢ > 0
oy flksni -1z el
O (E) = Jimy Fi+1) 0

(see, [1]). Itis also known from [1] that any f-statistically convergent sequence is also statistically convergent
but not conversely. We also recall that a sequence x = (x;) is said to be f-strongly Cesaro convergent to L if

f (Z e L|]
lim —+=0

i f(n+1)

=0

(see, [18]). We remark here that if f is bounded modulus function, then these definitions hold only for
trivial cases (for empty set and constant sequences).

Throughout this section, we only consider the unbounded modulus functions as in [1] and [18]. We first
define the concept of f-],-density of subsets of INy and f-],-statistically convergence for any real sequence.
After that some inclusion relations will be investigated.
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Definition 3.1. Let f be an unbounded modulus function and E € INy. If the limit

f — k
6y, (E) = lim = (t)) (Zpkt]

keE

exits, then 6{p (E) is called f-],-density of E.

Definition 3.2. Let f be an unbounded modulus function and x = (x;) be a sequence of real numbers. The
sequence (xx) is said to be f-],-statistically convergent to L if for any ¢ > 0,

i o [Z’]" ] i ow [Zpk xe. (")]

keE

that is 6£ (E¢) = 0 for each ¢ > 0. In this case we write f-stj,-limx = L.

If f(x) = x in these definitions, then we have the concepts of J,-density and J,-statistical convergence,
respectively. It is clear that 0 < 6;; (E) < 1for any E c INy. If E is any finite set, then 6£ (E) = 0. For this, let

={n(j):j=1,2,...,k forsomek € N}. Thenf(ZjeE pjtj) < le»zlf(pn(j)t”(j)) < Zllef(pn(j)) for0<t<1.
From this, we have

1 )
_f(P t)) [ZP]] m;f(lﬂnm)—w (ast—17).

Hence 6{? (E) = 0. Therefore, if lim x; = L, then f-stj,-lim x; = L. In other words, f-],-statistical convergence
is regular.
If 6}; (E) =0, then 6}; (INo\E) = 1. Indeed, since

f [; Pkf"J f [Z Pkt"] f {Z Pkfk] f [Z Pkfk)

keE INo\E keE

O S fe® T fe® S fem -

by taking limit as t — 17, we deduce that 6{ (INo\E) = 1. On the other hand, analogously to f-density, the
P

converse is not true in general. For instance, let f(x) = log(1+x), (px) = (1,1,1,...) and E = {2k : k € Ny} .
Then

log (1+1t/(1- tz))
—1- log(1+1/(1-14)

5f (No\E) = lim

and

log (1+1/0- tz))
t—>1* log(1+1/(1-1))

(E)

This also means that the sequence (xr (k)) is not f-],-statistical convergent.
The following example exhibits that the concepts of f-],-statistical convergence and f-statistical conver-
gence can not be compared.
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Example 3.3. Let f(x) = log (1 + x), J,-method be determined by the sequence

1 ,k=n?
pk—{O , otherwise €Ny

and consider the sequence x = (x;) defined by

0 ,k=n?
xk_{ 1 , otherwise ,1 € No.

Then for any ¢ > 0, observe that
o7 (p ®) [,2 Pt ]

Hence, f-stj,-limx = 0. Also we know from Example 2.1 in [1] that x is not f-statistically convergent. On
the other hand, for the same (py), if we take f(x) = x and consider the sequence x = (x;) defined by

1 ,k=n?
xk_{ 0 , otherwise ,1 € No.

we see that x is f-statistically convergent to 0, but not f-],-statistically convergent.

Note that for any unbounded modulus f and E C INy, 6{? (E) = 0 implies 6j, (E) = 0. Indeed, if (S{p (E) =
then for each n € IN we can choose 9, with 0 < 0,, < 1such thatif 0 <t <1 - §,, then

f [_k; Pkt"] < %f (p () < %nf (%P (t)) =f (%P (t))~ (6)

From this, we get Y.icr prt* < (1/n)p (t) for the same #'s, hence 65, (E) = 0. This observation leads naturally
to the following corollary.

Corollary 3.4. Let f, g be unbounded modulus functions and (xy) be a sequence of real numbers. Then,
(i) f-],-statistical convergence implies |,-statistical convergence with the same limit.

(i1) f-]p-statistical limit is unique whenever it exists.

(i) If f-stpp-lim x; = L and g-stj,-lim x; = M then L = M.

Definition 3.5. A sequence (xi) of real numbers is said to be f-strongly J,-convergent to L if

A (P o [Z‘pktk |Xk_L|]

Theorem 3.6. If (xi) is f-strongly |,-convergent to L, then (xy) is strongly J,-convergent to L.

Proof. Assume that (x;) is f-strongly J,-convergent to L. Then for each n € N, there exists an 6 = 6 (n) with
0 <0 <1suchthatif0 <t <1-0then

f|\ L —L|} < f®) <7 (5p0).

from (6). Since f is increasing, we have

. 1
Y Pl =L < ~p () )
k=0
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forall f € (1 —6,1). Now for any ¢ > 0 choose 1y € IN such that (1/n) < €. Since the inequality is valid for
all n € IN, it is also valid for ny. Hence

Zpktk o — L] < —p (B <ep ()
k=0

forall t € (1 —6,1), where 0 depends on 1y and so depends on ¢. From this, we obtain that (xy) is strongly
Jp-convergent to L. This completes the proof. [J

Now as in [18] we define the idea of compatible modulus in a slightly modified form.

Definition 3.7. [18] Let f be a modulus function. We say that f is compatible provided for any ¢ > 0 there

exist & > 0 and xg = xq (¢) such that i (“)) < ¢ for all x > xo.

For example, f(x) = x + log(x + 1), g(x) = x/ V1 + x and h(x) = x/(log x + ¢*) are unbounded compatible
modulus functions, where logarithm is to the natural base e. Inded, for the last one, let ¢ > 0 and choose
any & > 0 such that 2€ < ¢. Since

x&/(log (x&) + €?)
x—e0 x/(logx + €2)

:gl

there exist xg = xp (¢) such that ’2%:)) < ¢ for all x > xp. On the other hand the unbounded modulus function

f(x) = log(x + 1) is not compatible modulus (see [18]). Here, we present a new example of unbounded
modulus function that is not compatible. Consider the function f(x) = log(log(x + ¢)) defined on the
interval [0, 00). The modulus function properties hold for this function. In particular, (ii) property of

subadditivity can be checked by showing that f (x) /x is decreasing on [0, o). Now, let 0 < ¢ < 1. Then,

since limy—,co f();é)) =1 for all € > 0, we can not find any & > 0 such that L ((x;)) < ¢ for sufficiently large x. So

we obtain that f is not compatible.

Theorem 3.8. Let f be a compatible modulus function. If (xi) is J,-statistically convergent to L, then (xi) is
f-Jp-statistically convergent to L.
Proof. Let f be a compatible modulus function and st -lim x = L. Since f is compatible for any given ¢ > 0,

there exist &€ > 0 and fy = t (&) such that J;(tf)) < eforall t > t5. Also the assumption p(t) — oo (t = 17)

implies that there exists 01 = 01 (to) (thus 01 = 01 (¢)) such that for all t € (1 — 61,1) we have p (t) > to. Hence,

we obtain that % < eforallt € (1-01,1). Now, let 0 > 0 and fix &. Since st]p—limx = L, there exists

0, > 0 such that
Z pitxe,0 <p ()€
k=0

for all t € (1 — 0,,1). Since f is increasing, we get

fr®)
f(p(t)) [ZP" - “] Fe®) ©

forallt € (1 - 09,1), where 69 = min {01, 6>} . Thus, f—st]p-lirnx = L and this completes the proof. [
With the same manner we can prove the following.

Theorem 3.9. Let f be a compatible modulus function. If (xy) is strongly ],-convergent to L, then (x) is f-strongly
Jp-convergent to L.
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Theorem 3.10. Lef f be a modulus function.
(i) If all J,-statistically convergent sequences are f-],-statistically convergent, then f must be compatible.
(i1) If all strongly ],-convergent sequences are f-strongly |,-convergent, then f must be compatible.

Proof. Let (x;) be any sequence such that it is J,-statistically convergent to L , but not f-],-statistically
convergent to L. Then there exists €9 > 0 and a constant a > 0 such that

(e8]

. 1
imsen | By 0]

Thus, there exists a sequence (t,) with f, € (0, 1) for all n and t, — 1~ such that

[

1
mf (kZ:;A PrEXE. (k)] >a.

On the other hand, by the assumption stj,-limx = L, for all ¢ > 0 there exist 6 > 0 such that

(9]

Z pkthEé.(k) <p(t)e
=0

forall t € (1 —6,1). Since f is increasing, we have

f (Z PkkaEg(m] <flp®)e)
k=0

forallt € (1 -06,1). In particular for all ¢, € (1 — §,1), we have

1 flp(ta)e)
P ) [Z”k e ‘“] T

Thus, f is not compatible and this completes proof of (i). Since the proof of (ii) is similar to that of (i), we
omitit. O

Corollary 3.11. Let f be an unbounded modulus. Then the following statments are equivalent.
(i) All J,-statistically convergent sequences are f-],-statistically convergent.

(ii) For any E < No if 8y, (E) = 0, then 6] (E) =
P
(iif) f is compatible.

Theorem 3.12. Let x = (xx) be a real sequence and f be a compatible modulus. Then the following are equivalent.
(i) x is f-strongly J,-convergent to L.
(i1) x is f-],-statistically convergent to L and [,-uniformly integrable.

Proof. (ii) = (i). Let x be f-],-statistically convergent to L and J,-uniformly integrable. Then from Corollary
3.4, x is J,-statistically convergent to L. By Theorem 1.1, x is strongly J,-convergent to L. Finally, since f is a
compatible modulus, x is f-strongly ],-convergent to L by Theorem 3.9.

(i) = (ii). Assume that x is f-strongly J,-convergent to L. Then applying Theorem 3.6 and Theorem 1.1 we
obtain that x is J,-uniformly integrable. Now prove that x is f-],-statistically convergent to L. Let ¢ > 0 and
choose any n € IN such that (1/n) < ¢. Since E, C E1;, we have

k
ol [,;EP" ] ow [k;f"t]
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and so it is enough to prove that
kt" | =0 (8)
e (p Fp®) k; P

for any n € IN. Hence for any n € IN, we can write

s 1
f Zpktk|xk—L| > Z pet b = LI > f - Z prt"
k=0 keEq, keEn
> 1f Z pki’k
= n .
kEEl/”

From this, we have

f(p(t)) fl L » < 7om f(p(t)) th b~ L|

k€Eq/n
Thus, by the assumption we obtain (8) and this completes the proof. [

Note that in the second part of proof, the modulus function f need not to be compatible. This part is
valid for any unbounded modulus function. On the other hand, Remark 2.9 also shows that the condition
of J,-uniform integrability cannot be omitted in Theorem 3.12.
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