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Abstract. A semi-symmetric metric recurrent connection has already been studied. In this paper we
newly discovered geometrical properties and conjugate symmetric condition for the mutual connection of
a semi-symmetric metric recurrent connection in a Riemannian manifold.

1. Introduction

The study of geometries and physics of a manifolds associated with a semi-symmetric metric(no-
metric) connection has been an active fields over the past six decades. There are many celebrated works
related to the semi-symmetric metric (no-metric) connections. For instance, Agache and Chafle [1] in
1992 studied the semi-symmetric non-metric connection, and obtained some physical properties. De,
Han and Zhao [2] described the geometric properties of a manifold with a semi-symmetric non-metric
connection. De and Kamilya [3] studied the hypersurfaces of Kenmotsu manifolds with a quarter-symmetric
connection. Peltrovic and Stankovic [10] studied the geometries of F-planar mappings associated with non-
symmetric connections. For the further characterization of a manifold associated with semi-symmetric
metric connections or Ricci(quarter-)-semi-symmetric metric(non-metric) connections, one can see [4, 5, 9,
11, 12, 16-19, 21, 22] and the references therein.

Recently, many researchers pay attention on the geometric and physics of a manifold with quarter-
symmetric connections or quarter-symmetric recurrent connections. Han, Ho and Zhao [7] considered
the invariant of a manifold with a quarter-symmetric connection transformation. Tang, Ho, Fu and Zhao
[13, 14] investigated the geometric properties of a manifold with a quarter-symmetric projective (confor-
mal) connection. Tang et al [15] studied the geometry of a manifold with a quarter-symmetric recurrent
connection.

Surprisingly, Han, Fu and Zhao [6] investigated the similar topics on Sub-Riemannian manifolds,
and obtained some interesting results. Furthermore, Zhao, Jen and Ho [20] considered the geometric
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and physical properties of a special sub-Riemannian manifold with Ricci quarter-symmetric recurrent
connection.

Motivated by the previous researches we will introduce the mutual connection and study the geometrical
properties of the mutual connection of various forms of a semi-symmetric metric recurrent connection, and
investigate the conjugate symmetric conditions in a Riemannian manifold

2. The mutual connection of the first semi-symmetric metric recurrent connection

In a Riemannian manifold (M, g) the first semi-symmetric metric recurrent connection V is a connection
satisfying the equation

_ k _ k k
Vk!]ij = Za)kg,-]-, Tij = njéi - 71,‘(3]-
for a 1-form w and 7, and the connection coefficient F’]Y]. is

I = {f) - o) -

£ = () = 1)0f + gij(@* = 1)

[
where {i.‘].} is the christoffel symbol of Levi-Civita connection V, and w;, 7t; are components of the 1-form w

and 7. The mutual connection V of the connection V is a connection satisfying the equation
%gzj = gkt + gkt + gij(wk — nk)/Ti‘{j = niél; - 7"1’5?
and the connection coefficient l_"fj is
T = {5} = (@i =)o} — ;0] + gij(@" — 1) 2.1)
and the dual connection % of V is a connection satisfying the equation
%kgij = =gkt — GkjT — 24ij(wk — Tix), T’fj = 2[(wi — 77;‘)5]; - (= 1))

and the connection coefficient 1_"5,‘]. is

T = {5+ (@i =)o} = (@ = 7))0f + gig* (2.2)
From (2.1) and (2.2) we find that the curvature tensor of V and the curvature tensor of V are given respectively
by

—_ _ _

Rijk = Kijkl + 550)]'1( - (3?-&)1']C + g]'k”[g - ‘ql’k’l'i- - 65{@']’ (23)
.l

. — —

Rij = Kig' + 05 — 5;-’51'1( + g — 9@ + 6iBij (24)

and the relation between these curvatures is
ol

1
Rig = Rije +8lpjx = 8\ pix + gixp; = gjep} + 20,8y (2.5)

o0
where K,-]-kl is the curvature tensor of V, and wj, T, Bjk, pjx are denoted, respectively, by

0

ajk = V]‘a)k + W Wk

[
T = Vilwr— ) + (@ — )] — 1)) — gray(@' — ')
Bix = Tk~ T

pik = Tjk~ Wj
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0 —
Lemma 2.1. In a Riemannian manifold (M, g), if the Weyl conformal curvature tensor for the connection V,V and
* 1 *
— 0

— 1 =
V are Cijk , Cijk and Cijk l, then

* 0 l

— 1 =
Cij +Cige' = 2Cije (2.6
where

o |1

= ! lg. — &g,

Czjk = Kl]k + (6 Kix — 6K]k+gsz g]kK) 1)(1’1 )(5,-!]]k 5]gzk)

T = EhL(alﬁ /Ry + guR - AE) N (6lgw—dgw) *)
ijk  — ijk 1 —2\Yj ik Nk + Jik j 9 jk 1)(7’1 2) 9k jglk

Bt = Rl oy ok - .ﬁ.%L(éz -t

ijk = ijk n—2\% ik Nkt Jikl\ Fjki (1’1—1)(7’[—2) iJjk jgzk

Proof. Let Ei]-kl + ﬁijk ! éS,-]-kl,E]-k + Tj=yjk , then from (2.3), (2.4), we have

Si' = 2Ky + 8y jx = Olyix + gyt — g’ (27)
By using a contraction of the indices i and / of (2.7), we find

Sik = 2K + (n = 2)yjx + iy (2.8)
By a further contraction to (2.8) with g/, we arrive at

S =2K+2(n - 1)y}
Thus we get the formula

. 2K-=S
1T Tam o)

Substituting the formula above into (2.8), we obtain

1 2K-S
Vi = (S~ 2K - mgﬂc)

Substituting this formula y j into (2.7) and considering the formula (*), it is not hard to see that the formula
(2.6) is tenable. [

Theorem 2.2. If a Riemannian metric admits a mutual connection whose curvature tensor is constant curvature or
vanishes, then the Riemannian metric is conformal flat in the Riemannian manifold (M, g).

Proof. If a Riemannian metric admits a mutual connection V whose curvature tensor is constant curvature

*

or vanishes, then the Riemannian metric also admits a dual connection V of the mutual connection V whose
* I
0

—_ ] =
curvature tensor is constant curvature or vanishes. Hence C;j = Cij = Using (2.6), we obtain C; = 0.
Hence the Riemannian manifold (], g) is of conformal flat. [
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* *

Lemma 2.3. The tensor Vj Vis an invariant under the connection transformation V. — V, where

* *

X X 1, = x X X
Vig! = Rige' +~(0{Ri = 0Rje + gpRi ' = guR; ')
2 IS Re-Re) -8R —Re) 4 02® - RyY - 0a® — R ) — 8 (R R,

+ o= O Re— R) = iRy = Ri) 4 9xRi = Ri ) = gu®; =Ry ) = nlRyRp)] - 29)

1 x h x x l
- 4<5;Pik — P+ giP ' = gaP; ' - ”‘5§<Pﬁ)

where Ejklgkf 2P;; is called the quasi-Ricci (volume) curvature w.r.t. V, and R; '2R 5%, R j 'Ry g%

Proof. By using a contraction of indices i and / of (2.5), we obtain
Ejk = E]'k +npjx — gjkpf + Z,Bkj (2.10)
and by using the contraction of indices k and / of (2.5), we then get

*

1_31‘]‘ = ﬁi]‘ + 2(p]‘1‘ = p,‘]‘) + 2nﬁﬁ (2.11)
From (2.10) and (2.11), we find
1 R x _ _ _
Bix = m{[z(Rjk = Ryj) + nPj] — [2(Rjx — Ryj) + nij]}
1= —
pic = {Rie =R+ giep} + 2;e)

Substituting this formula into (2.5) and considering the formula (2.9), we obtain

‘_/ijk ! = Vijk l. (212)
This ends the proof of Lemma 2.3. [J

Using Lemma 2.3, we have the following

Theorem 2.4. In the Riemannian manifold (M, g), in order that the mutual connection V of the first semi-symmetric

metric recurrent connection V is the conjugate symmetry, it is necessary and sufficient that the connection V should
be the conjugate Ricci symmetry and the conjugate volume symmetry. If the 1-form w and Tt are of closed 1-forms, in

order that the mutual connection V should be the conjugate symmetry it is necessary and sufficient that the connection
V should be the conjugate Ricci symmetry.

3. The mutual connection of the second semi-symmetric metric recurrent connection
In a Riemannian manifold (M, g), the second semi-symmetric metric recurrent connection V is a connec-

tion satisfying the equation

Vigii = —wigi — @igix, TF = ;08 — 6k

ij i jk iGiks Lij 1% i
for a 1-form w and 7, and the connection coefficient 1"’7?]. is
ko (k k k_ ok

l"l.]. = {ij} + 71]'(51- +gij(cu - Tt )

The mutual connection V of the connection V is a connection satisfying the equation

Vigij = —(w;i - 771‘)5; — (wj — mj)d} - 27"k9ijji'(j = “iélf — 1}
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and the connection coefficient l"i.‘]. is
L5 = () + m0f + gije” — ) (3.1)

*

and the dual connection V of the connection V is a connection satisfying the equation

*

§kgij = (a)i - 7'[,‘)(3’; + (a)j - 7'[]')(3]; + Zﬂkgz‘j,T?j = (a),- - 271,‘)61; - (a)]‘ - 27‘[]‘)5;{

*

and the connection coefficient l_",-]- kis l"i.‘]. is

fll(] = {5(}} - 55((4)] - 7'[]) - 61]?7'[1' (32)
From (3.1) and (3.2) we find that the curvature tensor of the connection V and the curvature tensor of the
connection V are given respectively by

— 1 — _

Rijk = Kijkl + g]'k’[i - gik’[; + 6271,']' (33)

|l

Rij = Kip + 0T jk = 0T = 6,715 (3.4)

and the relation between the curvatures is
ol

I
_ I= 1= = =l I
Rijk = Rijk + 51-’[]‘]{ - 6sz'k + giij — gkt — 2(5,(71,7‘ (3.5)
_ [ [ [
where Ty = Vj(wr — ) + (@i — ;)(wk — T), and 71 = Vim; — V.

— I, . . . .0 = — I,
Lemma 3.1. The tensor U;j is an invariant under the connection transformation V. — V, where the tensor U is
denoted by

— I I R 1 — - —
Ui = R = Ry 4 5 @0 000 + 575 0wP = 0w, = 8P

LR R - gal®, - R)) ~ o}y - Ky (3.6)

(20) If 1-form w and 1-form 1t are of closed 1-forms, then formula (3.6) is

aijkl = Rij' + gjkﬁi' - gikﬁé + L(él-gik - &g i) (3.7)

n—1"J

Proof. By using a contraction of the indices i and / of (3.3), we get

Uj = Rjx + gy — Tjx + T (3.8)
And by contracting (3.8) with g/, we obtain

R=K+(n-1)71.
Thus we have

_ 1 =
= ——(R-K).
T n—l( )
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On the other hand, by using contraction of the indices k and ! of (3.3), there holds

Pi]‘ = P,']' + %ij - %,']' + nTj (3.9
From (3.8) and (3.9) we find

1
n—2

j— — — 0
[(Rij = Rji + Pyj) — (Kij — Kji + Pij)]

T(ij
_ - 1 —
Tik = Kjk_Rjk"'m(R_K)gjk"'njk

Substituting these formulas above into (3.3) and considering

o ! I I 1 K g I 1 of of 0
Ui = Kijc + gicK; = 9K + ——= (0301 = 019 ) + - —= (9jxPi = gixPj = 6,Pyj)
1
+ = [ = K)) = ga(K} ~ K1) = 8Ky ~ K;)
K
= K,']'kl + g]kKi — gikK;' + m(égglk — 65g]k) (310)
we obtain

— ] o !
U,-]-k = ui]‘k (3.11)

if 1-form 7t is a closed 1-form, then 7;; = 0. Hence the formula (3.6) becomes (3.7). This completes the proof
of Lemma 3.1. O

Using lemma 3.1, we have the following

Theorem 3.2. Ifa Riemannian metric admits a mutual connection V of the second semi-symmetric metric recurrent
connection V whose curvature tensor is constant curvature or vanishes, then the Riemannian metric is of constant
curvature(or projective flat).

— _ _ I
Proof. 1f Rijkl = k(éggjk - 6§gik) or Rijkl =0, then Uijkl = 0. Hence from (3.11), there holds lolijk = 0. By (3.10)

we obtain
Kix' = giK: — gikK; + L((ng ik = gi) (3.12)
n—-1 /
By using K;juy = —Kjji, we arrive at
9ikKii — 9aKji + 91Kk — guKj = 0.
By contracting the expression with g, we find

k
Kji = —gj-

Substituting these expressions into (3.12), then we have

2n -1k

N P il
Kije n(n—1)

©Olgu — 6;9%)-

[
Hence the Riemannian manifold (¥, g, V) is a manifold with constant curvature. O
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4. 3. The mutual connection of the third semi-symmetric metric recurrent connection

In a Riemannian manifold (M, g), the third semi-symmetric metric recurrent connection V is a connection
satisfying the equation

ngij = —Zwkgij - Za)jgik - Zwigjk, Tﬁ-(]- = ﬂjé? - 77,'(51;
For a 1-form w and 7, and the connection coefficient I“fj is
k _ (k <k ok <k <k
I =)+ 7507 — gy + wid] + w;b;

The mutual connection V of the third semi-symmetric metric recurrent connection V is a connection satis-
tying the equation

Vigij = 2wk + 10gij — Qwj = )i = Qe; = i)gie, T §; = 75 — ;0]
—k
and the connection coefficient I';; is

T = {5+ (@i + m)df + ;0] + gij(@" = 1) 4.1)
and the dual connection V of the V is a connection satisfying the equation

*

Vigij = 2wk + 10gij + Qw; = 1)gix + Qa; = 1), T §; = 2(m6f — wid)
and T is
ij

1_"5(] = {f‘]} —(w; + 7'(1')61; —(wj - 7'6]')5? - gijwk (4.2)

From (4.1) and (4.2), we find the curvature tensor of V and the curvature tensor of V are given respectively
by

— ] —
Rijk = Kijk] + 6i.a),~k - (Si.a)]‘k + %kq’f - gikq); + 6;{[31] (43)

.1
Rij = Kijl' + 8wy — 6;wik + ,t]ikCD; - g @} - 5£ﬁij (4.4)

and the relation between these curvatures is
o 1

Rie = Rije +0ipj — 4pi + gup — gep) — 2615 (4.5)

0 0 —

where wi = Viwk — wjwg, Pi = Viwi — 1) + (wi — 1)@k — 78) + gixewy (' — ), B
Pik = wix + Dy

The expressions (4.3), (4.4) and (4.5) are nor different in the forms from the expressions (2.3), (2.4) and

(2.5). Hence the geometrical properties and conjugate symmetry condition of the mutual connection of the

third semi-symmetric metric recurrent connection coincide with those of the first semi-symmetric metric

recurrent connection.

[ [
ix = Vilwr —11¢) = Vi(w; + 1),
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