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Abstract. A semi-symmetric metric recurrent connection has already been studied. In this paper we
newly discovered geometrical properties and conjugate symmetric condition for the mutual connection of
a semi-symmetric metric recurrent connection in a Riemannian manifold.

1. Introduction

The study of geometries and physics of a manifolds associated with a semi-symmetric metric(no-
metric) connection has been an active fields over the past six decades. There are many celebrated works
related to the semi-symmetric metric (no-metric) connections. For instance, Agache and Chafle [1] in
1992 studied the semi-symmetric non-metric connection, and obtained some physical properties. De,
Han and Zhao [2] described the geometric properties of a manifold with a semi-symmetric non-metric
connection. De and Kamilya [3] studied the hypersurfaces of Kenmotsu manifolds with a quarter-symmetric
connection. Peltrovic and Stankovic [10] studied the geometries of F-planar mappings associated with non-
symmetric connections. For the further characterization of a manifold associated with semi-symmetric
metric connections or Ricci(quarter-)-semi-symmetric metric(non-metric) connections, one can see [4, 5, 9,
11, 12, 16–19, 21, 22] and the references therein.

Recently, many researchers pay attention on the geometric and physics of a manifold with quarter-
symmetric connections or quarter-symmetric recurrent connections. Han, Ho and Zhao [7] considered
the invariant of a manifold with a quarter-symmetric connection transformation. Tang, Ho, Fu and Zhao
[13, 14] investigated the geometric properties of a manifold with a quarter-symmetric projective (confor-
mal) connection. Tang et al [15] studied the geometry of a manifold with a quarter-symmetric recurrent
connection.

Surprisingly, Han, Fu and Zhao [6] investigated the similar topics on Sub-Riemannian manifolds,
and obtained some interesting results. Furthermore, Zhao, Jen and Ho [20] considered the geometric
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Corresponding author: Di Zhao
The authors were supported in part by the NNSF of China(No.11671193), Postgraduate Research & Practice Innovation Program

of Jiangsu Province.
Email addresses: jszhaodi@126.com (Di Zhao), jcy19630320@163.com (Talyun Ho), 159043306@163.com (An Jae Hyon)



D. Zhao et al. / Filomat 34:13 (2020), 4367–4374 4368

and physical properties of a special sub-Riemannian manifold with Ricci quarter-symmetric recurrent
connection.

Motivated by the previous researches we will introduce the mutual connection and study the geometrical
properties of the mutual connection of various forms of a semi-symmetric metric recurrent connection, and
investigate the conjugate symmetric conditions in a Riemannian manifold

2. The mutual connection of the first semi-symmetric metric recurrent connection

In a Riemannian manifold (M, 1) the first semi-symmetric metric recurrent connection ∇ is a connection
satisfying the equation

∇k1i j = 2ωk1i j,Tk
i j = π jδ

k
i − πiδ

k
j

for a 1-form ω and π, and the connection coefficient Γk
i j is

Γk
i j = {ki j} − ωiδ

k
j − (ω j − π j)δk

i + 1i j(ωk
− πk)

where {ki j} is the christoffel symbol of Levi-Civita connection
o
∇, and ωi, πi are components of the 1-form ω

and π. The mutual connection ∇ of the connection ∇ is a connection satisfying the equation

∇k1i j = 1kiπ j + 1kjπi + 1i j(ωk − πk),T k
i j = πiδ

k
j − π jδ

k
i

and the connection coefficient Γ k
i j is

Γ k
i j = {ki j} − (ωi − πi)δk

j − ω jδ
k
i + 1i j(ωk

− πk) (2.1)

and the dual connection
∗

∇ of ∇ is a connection satisfying the equation
∗

∇k1i j = −1kiπ j − 1kjπi − 21i j(ωk − πk),
∗

T k
i j = 2[(ωi − πi)δk

j − (ω j − π j)δk
i ]

and the connection coefficient
∗

Γ k
i j is

∗

Γ k
i j = {ki j} + (ωi − πi)δk

j − (ω j − π j)δk
i + 1i jπ

k (2.2)

From (2.1) and (2.2) we find that the curvature tensor of∇ and the curvature tensor of
∗

∇ are given respectively
by

Ri jk
l
= Ki jk

l + δl
iω jk − δ

l
jωik + 1 jkτ

l
i − 1ikτ

l
j − δ

l
kβi j (2.3)

∗

Ri jk

l

= Ki jk
l + δl

iτ jk − δ
l
jτik + 1 jkω

l
i − 1ikω

l
j + δl

kβi j (2.4)

and the relation between these curvatures is
∗

Ri jk

l

= Ri jk
l
+ δl

iρ jk − δ
l
jρik + 1ikρ

l
j − 1 jkρ

l
i + 2δl

kβi j (2.5)

where Ki jk
l is the curvature tensor of

o
∇, and ω jk, τ jk, β jk, ρ jk are denoted, respectively, by

ω jk =
o
∇ jωk + ω jωk

τ jk =
o
∇ j(ωk − πk) + (ωk − πk)(ω j − π j) − 1 jkωl(ωl

− πl)
β jk = τ jk − τkj

ρ jk = τ jk − ω jk
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Lemma 2.1. In a Riemannian manifold (M, 1), if the Weyl conformal curvature tensor for the connection
o
∇,∇ and

∗

∇ are
o
Ci jk

l
,Ci jk

l
and

∗

Ci jk
l, then

Ci jk
l
+
∗

Ci jk
l = 2

o
Ci jk

l
(2.6)

where

o
Ci jk

l
= Ki jk

l +
1

n − 2

(
δl

jKik − δ
l
iK jk + 1ikKl

j − 1 jkKl
i

)
+

K
(n − 1)(n − 2)

(δl
i1 jk − δ

l
j1ik)

Ci jk
l

= Ri jk
l
+

1
n − 2

(
δl

jRik − δ
l
iR jk + 1ikR

l
j − 1 jkR

l
i

)
+

R
(n − 1)(n − 2)

(δl
i1 jk − δ

l
j1ik) (∗)

∗

Ci jk
l =

∗

Ri jk
l +

1
n − 2

(
δl

j

∗

Rik − δ
l
i

∗

R jk + 1ik

∗

R j
l
− 1 jk

∗

Ri
l
)

+

∗

R
(n − 1)(n − 2)

(δl
i1 jk − δ

l
j1ik)

Proof. Let Ri jk
l
+
∗

Ri jk
l=̂Si jk

l, ω jk + τ jk=̂γ jk , then from (2.3), (2.4), we have

Si jk
l = 2Ki jk

l + δl
iγ jk − δ

l
jγik + 1 jkγ

l
i − 1ikγ

l
j (2.7)

By using a contraction of the indices i and l of (2.7), we find

S jk = 2K jk + (n − 2)γ jk + 1 jkγ
l
l (2.8)

By a further contraction to (2.8) with 1 jk, we arrive at

S = 2K + 2(n − 1)γl
l

Thus we get the formula

γl
l = −

2K − S
2(n − 1)

Substituting the formula above into (2.8), we obtain

γ jk =
1

n − 2

(
S jk − 2K jk −

2K − S
2(n − 1)

1 jk

)
Substituting this formula γ jk into (2.7) and considering the formula (*), it is not hard to see that the formula
(2.6) is tenable.

Theorem 2.2. If a Riemannian metric admits a mutual connection whose curvature tensor is constant curvature or
vanishes, then the Riemannian metric is conformal flat in the Riemannian manifold (M, 1).

Proof. If a Riemannian metric admits a mutual connection ∇ whose curvature tensor is constant curvature

or vanishes, then the Riemannian metric also admits a dual connection
∗

∇ of the mutual connection ∇whose

curvature tensor is constant curvature or vanishes. Hence Ci jk
l
=
∗

Ci jk
l = 0. Using (2.6), we obtain

o
Ci jk

l
= 0.

Hence the Riemannian manifold (M, 1) is of conformal flat.
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Lemma 2.3. The tensor
∗

Vi jk
l is an invariant under the connection transformation ∇ →

∗

∇, where

∗

Vi jk
l =

∗

Ri jk
l +

1
n

(
δl

j

∗

Rik − δ
l
i

∗

R jk + 1 jk

∗

Ri
l
− 1ik

∗

R j
l
)

+
2

n(n2 − 4)

[
δl

j(
∗

Rik −

∗

Rki) − δl
i(
∗

R jk −

∗

Rkj) + 1 jk(
∗

Ri
l
−

∗

R·i l) − 1ik(
∗

R j
l
−

∗

R· j l) − nδl
k(
∗

Ri j

∗

R ji)
]

(2.9)

+
1

n2 − 4

(
δl

j

∗

Pik − δ
l
i

∗

P jk + 1 jk

∗

P l
− 1ik

∗

P j
l
− nδl

k

∗

P ji

)
where

∗

Ri jkl1
kj=̂

∗

Pi j is called the quasi-Ricci (volume) curvature w.r.t.
∗

∇, and
∗

R j
l=̂
∗

R js1
sl,
∗

R· j l=̂
∗

Rsj1
sl.

Proof. By using a contraction of indices i and l of (2.5), we obtain
∗

R jk = R jk + nρ jk − 1 jkρ
l
l + 2βkj (2.10)

and by using the contraction of indices k and l of (2.5), we then get
∗

Pi j = Pi j + 2(ρ ji − ρi j) + 2nβ ji (2.11)

From (2.10) and (2.11), we find

β jk =
1

2(n2 − 4)

{
[2(
∗

R jk −

∗

Rkj) + n
∗

P jk] − [2(R jk − Rkj) + nP jk]
}

ρ jk =
1
n

{ ∗
R jk − R jk + 1 jkρ

l
l + 2β jk

}
Substituting this formula into (2.5) and considering the formula (2.9), we obtain

∗

Vi jk
l = Vi jk

l. (2.12)

This ends the proof of Lemma 2.3.

Using Lemma 2.3, we have the following

Theorem 2.4. In the Riemannian manifold (M, 1), in order that the mutual connection ∇ of the first semi-symmetric
metric recurrent connection ∇ is the conjugate symmetry, it is necessary and sufficient that the connection ∇ should
be the conjugate Ricci symmetry and the conjugate volume symmetry. If the 1-form ω and π are of closed 1-forms, in
order that the mutual connection∇ should be the conjugate symmetry it is necessary and sufficient that the connection
∇ should be the conjugate Ricci symmetry.

3. The mutual connection of the second semi-symmetric metric recurrent connection
In a Riemannian manifold (M, 1), the second semi-symmetric metric recurrent connection ∇ is a connec-

tion satisfying the equation

∇k1i j = −ωi1 jk − ω j1ik,Tk
i j = π jδ

k
i − πiδ

k
j

for a 1-form ω and π, and the connection coefficient Γk
i j is

Γk
i j = {ki j} + π jδ

k
i + 1i j(ωk

− πk)

The mutual connection ∇ of the connection ∇ is a connection satisfying the equation

∇k1i j = −(ωi − πi)δl
j − (ω j − π j)δl

i − 2πk1i j,T k
i j = πiδ

k
j − π jδ

k
i
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and the connection coefficient Γk
i j is

Γ k
i j = {ki j} + π jδ

k
i + 1i j(ωk

− πk) (3.1)

and the dual connection
∗

∇ of the connection ∇ is a connection satisfying the equation

∗

∇k1i j = (ωi − πi)δk
j + (ω j − π j)δk

i + 2πk1i j,
∗

T k
i j = (ωi − 2πi)δk

j − (ω j − 2π j)δk
i

and the connection coefficient
∗

Γi j
k is Γk

i j is

∗

Γ k
i j = {ki j} − δ

k
i (ω j − π j) − δk

jπi (3.2)

From (3.1) and (3.2) we find that the curvature tensor of the connection ∇ and the curvature tensor of the

connection
∗

∇ are given respectively by

Ri jk
l
= Ki jk

l + 1 jkτ
l
i − 1ikτ

l
j + δl

kπi j (3.3)

∗

Ri jk

l

= Ki jk
l + δl

iτ jk − δ
l
jτik − δ

l
kπi j (3.4)

and the relation between the curvatures is

∗

Ri jk

l

= Ri jk
l
+ δl

iτ jk − δ
l
jτik + 1ikτ

l
j − 1 jkτ

l
i − 2δl

kπi j (3.5)

where τik =
o
∇ j(ωk − πk) + (ωi − πi)(ωk − πk), and πi j =

o
∇iπ j −

o
∇ jπi.

Lemma 3.1. The tensor Ui jk
l

is an invariant under the connection transformation
o
∇ → ∇, where the tensor Ui jk

l
is

denoted by

Ui jk
l

= Ri jk
l + 1 jkR

l
i − 1ikR

l
j +

R
n − 1

(δl
j1ik − δ

l
i1 jk) +

1
n − 2

(1 jkP
l
i − 1ikP

l
j − δ

l
kPi j)

+
1

n − 2

[
1 jk(R

l
i − R

l
·i) − 1ik(R

l
j − R

l
· j) − δ

l
k(Ri j − R ji)

]
(3.6)

(20) If 1-form ω and 1-form π are of closed 1-forms, then formula (3.6) is

Ui jk
l
= Ri jk

l + 1 jkR
l
i − 1ikR

l
j +

R
n − 1

(δl
j1ik − δ

l
i1 jk) (3.7)

Proof. By using a contraction of the indices i and l of (3.3), we get

U jk = R jk + 1 jkτ
l
l − τ jk + π jk (3.8)

And by contracting (3.8) with 1 jk, we obtain

R = K + (n − 1)τl
l.

Thus we have

τl
l =

1
n − 1

(R − K).
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On the other hand, by using contraction of the indices k and l of (3.3), there holds

Pi j =
o
Pi j + τi j − τi j + nπi j (3.9)

From (3.8) and (3.9) we find

πi j =
1

n − 2

[
(Ri j − R ji + Pi j) − (Ki j − K ji +

o
Pi j)

]
τ jk = K jk − R jk +

1
n − 1

(R − K)1 jk + π jk

Substituting these formulas above into (3.3) and considering

o
Ui jk

l
= Ki jk

l + 1 jkKl
i − 1ikKl

j +
K

n − 1
(δl

j1ik − δ
l
i1 jk) +

1
n − 2

(1 jk
o
P

l

i − 1ik
o
P

l

j − δ
l
k

o
Pi j)

+
1

n − 2

[
1 jk(Kl

i − Kl
·i) − 1ik(Kl

j − Kl
· j) − δ

l
k(Ki j − K ji)

]
= Ki jk

l + 1 jkKl
i − 1ikKl

j +
K

n − 1
(δl

j1ik − δ
l
i1 jk) (3.10)

we obtain

Ui jk
l
=

o
Ui jk

l
(3.11)

if 1-form π is a closed 1-form, then π ji = 0. Hence the formula (3.6) becomes (3.7). This completes the proof
of Lemma 3.1.

Using lemma 3.1, we have the following

Theorem 3.2. If a Riemannian metric admits a mutual connection ∇ of the second semi-symmetric metric recurrent
connection ∇ whose curvature tensor is constant curvature or vanishes, then the Riemannian metric is of constant
curvature(or projective flat).

Proof. If Ri jk
l
= k(δl

i1 jk − δl
j1ik) or Ri jk

l
= 0, then Ui jk

l
= 0. Hence from (3.11), there holds

o
Ui jk

l
= 0. By (3.10)

we obtain

Ki jk
l = 1 jkKl

i − 1ikKl
j +

k
n − 1

(δl
i1 jk − δ

l
j1ik) (3.12)

By using Ki jkl = −Ki jlk, we arrive at

1 jkKil − 1ikK jl + 1 jlKik − 1ilK jk = 0.

By contracting the expression with 1il, we find

K jl =
k
n
1 jl.

Substituting these expressions into (3.12), then we have

Ki jk
l =

(2n − 1)k
n(n − 1)

(δl
i1 jk − δ

l
j1ik).

Hence the Riemannian manifold (M, 1,
o
∇) is a manifold with constant curvature.
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4. 3. The mutual connection of the third semi-symmetric metric recurrent connection

In a Riemannian manifold (M, 1), the third semi-symmetric metric recurrent connection∇ is a connection
satisfying the equation

∇k1i j = −2ωk1i j − 2ω j1ik − 2ωi1 jk,Tk
i j = π jδ

k
i − πiδ

k
j

For a 1-form ω and π, and the connection coefficient Γk
i j is

Γ k
i j = {ki j} + π jδ

k
i − 1i jπ

k + ωiδ
k
j + ω jδ

k
i

The mutual connection ∇ of the third semi-symmetric metric recurrent connection ∇ is a connection satis-
fying the equation

∇k1i j = −2(ωk + πk)1i j − (2ω j − π j)1ik − (2ωi − πi)1 jk,T k
i j = πiδ

k
i − π jδ

k
i

and the connection coefficient Γ
k
i j is

Γ k
i j = {ki j} + (ωi + πi)δk

j + ω jδ
k
i + 1i j(ωk

− πk) (4.1)

and the dual connection
∗

∇ of the ∇ is a connection satisfying the equation
∗

∇k1i j = 2(ωk + πk)1i j + (2ω j − π j)1ik + (2ωi − πi)1 jk,
∗

T k
i j = 2(π jδ

k
i − ωiδ

k
j)

and
∗

Γ k
i j is

∗

Γ k
i j = {ki j} − (ωi + πi)δk

j − (ω j − π j)δk
i − 1i jω

k (4.2)

From (4.1) and (4.2), we find the curvature tensor of ∇ and the curvature tensor of
∗

∇ are given respectively
by

Ri jk
l
= Ki jk

l + δl
jωik − δ

l
iω jk + 1 jkΦ

l
i − 1ikΦ

l
j + δl

kβi j (4.3)

∗

Ri jk

l

= Ki jk
l + δl

iω jk − δ
l
jωik + 1ikΦ

l
j − 1 jkΦ

l
i − δ

l
kβi j (4.4)

and the relation between these curvatures is
∗

Ri jk

l

= Ri jk
l
+ δl

iρ jk − δ
l
jρik + 1ikρ

l
j − 1 jkρ

l
i − 2δl

kβi j (4.5)

where ωik =
o
∇iωk −

1
2ωiωk, Φik =

o
∇i(ωk −πk) + (ωi −πi)(ωk −πk) + 1ikωl(ωl

−πl), βik =
o
∇i(ωk −πk)−

o
∇k(ωi +πi),

ρik = ωik + Φik
The expressions (4.3), (4.4) and (4.5) are nor different in the forms from the expressions (2.3), (2.4) and

(2.5). Hence the geometrical properties and conjugate symmetry condition of the mutual connection of the
third semi-symmetric metric recurrent connection coincide with those of the first semi-symmetric metric
recurrent connection.
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