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Abstract. The main aim of this paper is to prove the existence of the fixed point of the sum of two
operators in setting of the cone-normed spaces with the values of cone-norm belonging to an ordered

locally convex space. We apply this result to prove the existence of global solution of the Cauchy problem
with perturbation of the form

{ X ()= fltx®]+glt,x®)], t € [0, ),
x(0) =x € Fy,

in a scale of Banach spaces {(F;, ||.Il;) : s € (0,1]}.

1. Introduction.

One of the trend in fixed point theory is to extend the structure on which the functions are defined
on. Among several of them, we mention one of the natural extension of metric space:Cone metric space.
Indeed, both cone metric and cone normed spaces (also called a K-metric spaces and K-normed spaces)
are expected extension of the standard metric spaces and standard normed spaces that are obtained by
replacing an ordered Banach space instead of the set of real numbers. The history of the discussion on
cone metric (normed spaces) are back to about 1950. In fact, these spaces have been used in Differential
Equations and Theory Fixed Point in the researches of Kantorovich [15, 16], Collatz [5], P.Zabreiko and
other mathematicians [28]. In 2007, the notion of cone metric is re-introduced by L.G.Huang and X.Zhang
[10], the investigation of fixed point theory in cone-metric spaces (in most cases for contractive mappings)
has again attracted much attention from mathematicians. We refer to the papers [2, 4, 6,9, 14, 25,27,17, 18,
19, 20, 11, 12, 13] for some historical notes, discussion on obtained results and further references. Recently,
it was understood that the cone metric space defined over a normal-cone are equivalent to the standard

metric spaces, see e.g. [1, 7, 21]. On the other hand, for our purpose, we prefer to use the structures of cone
metric (normed) spaces
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The purpose of this paper is to present a type of the Krasnoselkii fixed point theorem for operator T + S
in cone normed spaces with the values of cone norm belonging to an ordered locally convex space. We use
obtained result to prove the existence of global solution of the Cauchy problem with perturbation of the
form

X' (8) = flt,x (O] + gt x (D] 1)

in a scale of Banach spaces {(Fs, ||.Ils) : s € (0, 1]}.
The existence of solutions of (1) with f satisfying Lipschitz-Ovcjannikov condition of the form

c
Ift ) = f@tolls < —llu—ollr, 0<s<r<1

and g(t,u) = 0 were studied by ETreves, L.Ovcjannikov, L.Nirenber, T.Nishida, et al [22, 23, 24, 26]. In

case g is compact, the problem was studied by H.Begehr [3], M.Ghisi [8], these author was proved the

existence of locally solution of (1). However, we study the problem with a condition that seems stronger

than Lipschitz-Ovcjannikov condition, that is,

If tw) = £, 0)]], < 16) llu =l

if [lu — ||, is sufficiently small. Our paper may be the first study on such condition as above.

This paper is organized as follows. In section 2, we give some premilinaries on some definitions of ordered
locally convex space and their properties. In section 3, we state the main results which shows the existence
of the fixed point of the sum of two operators in cone-normed spaces. Section 4 illustrate main results in
Section 3 in order to give applications for concrete equations.

2. Preliminaries.

Let E be a real locally convex space. A subset K of E is called a cone if K is a closed convex subset
satisfying AK C K for all A > 0 and K N (-K) = {6}. Assume that the topology on E defined by a separating
family of seminorms I' satisfying the following condition

0<x<y=9 =<y Ypel. @)

If in E we define a partial order by x < y if and only if y — x € K, then the triple (E, K, I') is called an ordered
locally convex space. An operator g : E — E is said to be positive if g (x) > 0 for all x € K.

A sequence (x,,), x, € E, is called fundamental in the Cauchy sense, if for any (e, ¢) € (0, 00) X T, there exist
no € IN such that

@ (Xpem — xy) < e foralln > ng, m e IN.

The space E is called sequentially complete if each fundamental sequence (in the Cauchy sense) is convergent.

Definition 1 ([28]). Let (E, K, T') be an ordered locally convex space and X be a real linear space. A mapping
p: X — Eis called a cone norm (or K-norm) if

(i) p (x) € K or equivalently p (x) > Og Vx € X and p (x) = O if and only if x = Ox, where O, Ox are the
zero elements of E and X respectively,

(i) p(Ax) =|Alp(x) VA e R, Vx e X,

(i) p(x+y) <p)+py) Vx,y e X.

If p is a cone norm in X, then the pair (X, p) is called a cone normed space (or K-normed space). The cone
normed space (X, p) endowed with a topology 7 will be denoted by (X, p, 7), and it is said to be sequentially
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complete in the Weierstrass sense if each sequence {x,}, x, € X, such that ) p (x,+1 — x,) converges in E is
n=1

convergent in (X, p, 7).

In what follows, we always suppose that (E, K, I') is an ordered locally convex space with the family of
seminorms I' satisfies the condition (2) and (X, p, 7) is a cone normed space with the topology t defined
by the family of seminorms {p o p : ¢ € T'}. It is easily seen that a sequence {x,}, x, € X, converges to x in
(X, p, 7) if and only if {pp (x, — x)} converges to 0 in R for every ¢ € I, or, equivalently,

x, > x e (limpp(x, —x) =0Vp eT).

Definition 2. A operator T : C C X — Xissaid to be uniformly continuous on C if for every (p,€) € I'x(0, 00)
there exists (gb, 6) €I’ x (0, ) such that

pp(Tx—Ty) < eif pp(x —y) <6 (x,y € C).

3. Main results.

Theorem 3. Let (E,K,T) be sequentially complete in the Cauchy sense and (X, p, T) be sequentially complete in the
Weierstrass sense. Assume that C is a closed subset in (X, p,7) and T : C — X is an operator satisfying the following
conditions:

(1) T is uniformly continuous on Cand T, (x) = T(x) +z € Cforall x,z € C,

(2) there is a sequence of positive continuous operators {Q, : E — E},_;,
hold:

(2a) ¥ (¢, &) € T x K, the series Y1 ¢ [Qn (£)] is convergent in R,

(2b) Y (p,¢) € T x (0,00) and z € C, there exists (5,7) € (0,¢) X IN* such that if pp(x —y) < & + ¢, then
op (T ()= L () < ¢ forall x,y € C,

(2c)Vp eI, ¢’ €T (¢’ = @) such that

plp(T ) -T2 <@ (Qulp(x-y)]) Vne N, x,y,z€C.

such that the following conditions

oen

Then the operator (I — T)™" is well defined and continuous on C.

Proof. We first prove that for any z € C, the operator T has a unique fixed point in C. In addition, for any
x € C the iterated sequence {T? (x)}, converges to this fixed point.

Starting with fixed element xy € C, we construct the iterated sequence x, = T: (x,-1), n = 1,2,.... By
induction we have x,, = TZ (o), X441 = T (x1) . For every (¢, €) € I' X (0, ), from the hypothesis (2c), ¢’ €T
such that

Pp (X = Xn41) = @p (T2 (x0) = T3 (x1)) < @"Qup (x0 — x1) -
By the hypothesis (2a) if follows that f @' Qup (xo — x1) < 0. Therefore, there exists 19 € IN such that
n=0
n+m

Z @' Qup (xg —x1) < e forall n > ng, m € IN.

k=n+1
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Lets, = Y. p (xx — Xks1). We have
k=0

n+m
¢ (Sn+m - Sn) = @ Z p (xk - xk+1)}
k=n+1
n+m n+m
< Z Pp (k= Xr1) < Z ¢'Qup (xo —x1) < ¢
k=n+1 k=n+1

for n > ng, m € IN. Hence, {s,} is fundament in E. Since E is sequentially complete, we see that the series

Y. p (xy — xp41) is convergent. By the sequentially complete property (in the Weierstrass sense) of (X, p, 1)
=0

shows that Jx, € X such that x,, — x.. We have

IA

@p (x. = Xpi1) + @p (Xpe1 — T (x.))
pp (x* - xn+1) + Qp (Tz (xn) -T; (X*))
Pp (X = Xpi1) + @'Q1 (p (x4 — X)) - 3)

op (x. = T2 (x.))

IA

By letting n — oo in (3) we conclude that T (x.) = x.. We shall prove that x, is unique. Indeed, if we also
have T, (a) = a, then for every ¢ € I, by condition (2c), 3¢’ € I such that

@ lp (e —a)] = pp(T7 (x) = T7 (@) < ¢’ Qup (x. —a) Yn € N". (4)

Since Z (p "Qup (xo — x1) < oo (by (2a)) shows that lim ¢’ Q,p (x. — a) = 0. It follows that lim ¢Q,p (x. —a) =0

from (4) Hence that p (x. —a) = O, so x. = a. We have thus proved that the operator T has a unique fixed

point for all z € C. From this it follows that (I — T)™ = ¢ is well defined on C, where ¢ (2) is a fixed point of
T..

We next prove that (I — T)™" is continuous on C. Fix y € C, set x = ¢ (y), for every (¢, ¢’) € I x (0, %), we
shall construct a neighborhood V of 0 such that

ifyeC x =¢)andp(y’ —y) € Vimply thatp (p (x —x")) < €. )
Indeed, by the condition (2b) for ¢ = %8', A(5,7) € (0, ¢) x N* such that

if op (a —b) < 6 + ¢ implies that op (T, (@) — T, (b)) < e Vz € C. (6)

Let o = ¢, 09 = 0 and 0 = %60. By uniformly continuous of T, for the pair (gbo, 6(’)), we find a pair
((Pl, 51) el'x (0, 66) such that

¢1[pa—0b)] <61 = ¢op[T (a) = T (b)] <6 (a,b € C). (7)

By induction, we can construct a family {(cp ir 0, 6;)} satisfying the following conditions

=0,1,...r-1

0; <0

0+, <0V =1,2,.,r -1 (8)

and

pjpa—"b) <0, = ¢j1p[T(a) - T ()] < 6;._1 Vi=12,..,r-1 )
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V={seE: ¢ (&) <6 ¥j=T17],
Clearly, V is a neighborhood of 0. We can prove this by induction that
bri [P (TE @) = TS (2))] < 6rk Y2 € C VK € (1,2, .., 7]
where ¥’ e Cand p(y — i) € V. Indeed, we have

¢ lp(Ty@-Ty )] = daly—v)
Prap(y—y') < b =01
Hence, (10) holds for k = 1. Assume that (10) holds for k € {1, 2, ..., j}, i.e.

br-i[p(T) (2) - T;  @)]<6r-jvzeC.
We have

T @-T0@ = T,(T,@)-Ty (T, @)
T@-TO)+y-vy,

herea = Té (z),b= Til, (z) . Combining the hypothesis (11) with (9) we have

Gr-jap [T @ - T <), ,

Since p (y’ — y) € V, it follows that ¢,_;j_1p (y — y') < 6. < 0;_;_4- From (12) and (13) we deduce that

Or_j1p (T;H (2) - T;rl (Z)) < 5;,]-,1 + 5;,1,1 <Or_j1.
Hence (10) holds. In particular, for k = r we have
olp(T)@-T), @) <svzeC
We now prove by induction that

o[p(T7 @ -T @) <6+eVzeCVneN'.

Indeed, since (15) shows that (16) holds for n = 1. Assume that (16) holds for k = #, i.e.

o[p(TF @ -TE@)|<5+evzeC.

We have
(T80 @ =T @) = p (1 (1) - T4 (7))
<p(Ty@ - T, ®) +p (T, ) - T, ®),

herea := T;" (2),b:= T;’f (z). Combining (17), (6) and (15) gives

op (T;(km (2) - T;f,kﬂ) (z)) < &+ 06 wheneverp(y—y') e V.

4391

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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This completes the induction process. Now, v’ € C, x" = ¢ (y), p(y - y’) € V. From T}] (x) S ¥ (n = )
there exists a number n,, € IN* such that

@ [p (T;‘Y’r (x) - x’)] <e. (19)
We have
px—x)<p (T;W (x) — TZ,W (x)) +p (T;;”'r (x) — x') . (20)

Combining (16), (19) and (20) yields
plpx—x)] <e+d+e<e.

Therefore, (5) holds. This shows that (I — T)™! is continuous on C . The theorem is proved. O

Theorem 4. Let (E,K,T) be sequentially complete in the Cauchy sense and (X, p, T) be sequentially complete in the
Weierstrass sense. Assume that T, S : X — X are operators such that
(1) T is uniformly continuous, S is continuous, S (C) € C and S (C) is relatively compact.

PN

(2c) of Theorem 3.
Then the operator T + S has a fixed point.

Proof. By the Theorem 3 the operator (I—T)™' : X — X is well defined and continuous. The operator

(I-T)'oS:C — Xis continuous, it shows that (I = T)™ 0 S(C) is compact. By the Tychonoff theorem
there exists x € X such that x = (I - T) ™' 0 S (x) or equivalently x = T (x) + S (x). O
4. Application.

Let (Fs, |I.lls)se01) be a family of Banach spaces such that 1 > > s implies that F, C Fs and ||.||; < ||.I|,. Set
F = Nye0,11Fs and we denote Q) = [0, o). Let f, g : Q X (E|I.II,) = (E |l.lls) be continuous functions for every
(7,5) satisfying 0 < s < r < 1. In this section we study the existence of solution of a Cauchy problem with
perturbation, in the scale of Banach spaces (F;, ||.ls)se( 17 - of the form

) =flLx®O]+gltx®)], teQ,
{ x(0) = xg € Fy, (21)

where f and g satisfy the following conditions:
(A1) For any (r,s) € (0,1) x (0, 1) satisfying r > s, then

||f(t,x) - f(t, y)“s <k(rs) ||x - y”r forall t € Q, (22)

where k (r,s) = c(r—s)™", (c, ) € (0,0) x (0, 1) and
(A2) for every s € (0,1) there exist & (s) > 0 and I (s) > 0 such that

||x - y”s < & (s) implies that ||f(t, x)—f(t, y)”S <I(s) ”x - yHS (teQ,x,yeF), (23)
(A3) for every s € (0,1) the set g(I X F) is relatively compact in (F;, ||.ll;) , where I is an any bounded

segment of [0, o).
The problem (21) is equivalent to the following integral equation

¢ ¢
x(t) =x9+ I) f(@,x()dv+ L g, x©)dv:=Tx(t) + Sx(t). (24)



V. V. Tri, E. Karapinar / Filomat 34:13 (2020), 4387—4398 4393

(where Tx () = xo + [} f (0, x(0))dv, Sx(t) = [ g(v,x (0)) do).

Let us denote by (E, K, I') the ordered locally convex space, where

E= {x = (x(l),x(z), ) 1) e ]R} equipped with the normal algebraic operations;

K = {x = (x(l) x@, ... ) X >0Vje ]N*} and the topology on E defined by a family of seminorms I' =
{pn:E—>R},_,, , where ¢, (x) = |x(”)(. We can verify that (E, K, T') is sequentially complete and the

yeer

condition (2) holds.
Let (s,) € (0, 1) be an sequence such thats; <s; < ... <s, <...and lims, = 1. Set

X={x:Q — (F|.ll;) | xis continuous ¥s € (0,1) }.

For n € N* we write Q, = [0, 7] and define g, (x) = sup,(, lIx(H)ll, and p (x) = {gx (X)},,.-, , .. We will denote
by X, the set of continuous functions from Q, to the Banach space F;,. We can verify that (Xu,qn) is a
Banach space, g, = @,p, and (X, p, 7) is a cone normed space, where 7 is a topology on X defined by family

of seminorms {pop: ¢ €T}.

Lemma 5. 1. Let x : [0, 00) — F be a function such that x|q, € X, foralln € IN*, then x € X.
2. (X, p, ©) is sequentially complete in the Weierstrass sense.

Proof. Fix s € (0,1) and ¢y € Q. We can choose n € IN* so that s, > s and fy + 1 € Q. By the continuity of
Xlg, : Q, — Fs, and inequality ||.|l; < ||.]l;, we can prove that x is continuous at to. Hence, the first assertion
holds. Let {x,} be a sequence in X, and we assume that ), ; p (x,+1 — X,) converges in E. From this we see
that the sequence {S,}, S, = Yi_; p (Xk+1 — Xx), is convergent in E. For every a € N* we have

n+k

Pa [Snak = Sul = Z 9a (X1 — ;). (25)

j=n+1

We conclude from (25) that Y, ; 4, (X441 — X,) converges in R. We have

9o (Xnla, = Xuskla,) = Ga (n = Xpak)
+k—1
= @ap (n = Xpak) < (o [ Z — Xj+1 ]
n+k—1 n+k—1
< Z (Pﬂp x]+1 Z qa\X x]+1 (26)
j=n

It follows from (26) that {x,|q,}, is Cauchy in (X,, g,), hence that Jy, € X, such that x,|q, Uf Ya- Now,

assume thata,a’ € N*, a’ > g, x,q, KN Ya and x,lq,, LN Yo . We will prove that y,|q, = v,. Indeed, we have
Ga (ya - ya’lQa) < Ga (ya - xn|Qﬂ) + qa (xn|Q,Z - ya’lQa)
a (ya - xleﬂ) +qu (xn|Q,,/ - ya’lﬂ,,:) . (27)

IN

Letting n — oo in (27) we obtain yu|o, = Y. We definex : Q — F, x (f) := y, (t) if t € Q,. Then xlg, = y, € X,
for all n € IN*. That x € X follows from the first assertion. Since

Ga (Xn —=%) = qa(xulo, — xla,)
Ga (xnla, — ya) — O foralla € N*,

we conclude that x,, — x. O
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Lemma 6. Let T be defined by (24). Assume that the condition (A2) holds. Then for every (¢,,n) € I X IN* and for
every z € X, there exists 0 (a,n) > 0 such that

(lat') Ga(x — ) if @ap (x —y) <6 (a,n), 28)

(e - T o, <

wherel, =1(s,), x,y € X, t € Q.

Proof. We will prove this lemma by induction. For n = 1. Since condition (A2), 3¢, > 0 such that
|lx @) -y (v)”sa < & implies that ||f (v,x(©)) - f (v, ¥ (v))”sﬂ <L|x@-y (U)Hsa . (29)

Choose 6 (a,1) € (0, &,) and if p,p (x — y) < 6 (4, 1), then (29) holds. Hence that

IA

[ex-rol, < [leso-reyl, @
0

t

lafo (v) — y(v)”su dv < lptg, (x — ).

0

IA

It follows that (28) holds for n = 1.

Suppose that, by induction, there exists {6 (,1)}i=1 5,..,; C (0, %) such that

oip (v =) <0, )) = ||(The = Thy) ) < “‘}?J 9 (x~ v). (30)
Then for any (t,5) € Q% [0,1), z,x, y € X we have
t
||(T£+1x B Tfly) (t)“s < f”f (U, Téx (v)) - f(v, Tiy (v))”s do. (31)
0

Choose 6(a,j+1) € (O, min {(f“;;j, O(a, ])}), then, if

Pap(x —y) <06(a,j+1),

by (30), then
. . lul‘ j
(k- i) < ( j!) P(x=y)
j
< (aa) ga(x —y) < & VtEQ.

j!
This shows that

ap (Tlx - Tly) < &.
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From (31) and (29) we have

t

[-rof, < w [ [rxe- el o
'a O a
[kt
ot
< laqua(x—y)dv

0

Lty

m% (x-y),

which finish the induction process. O

Lemma 7. Let T be defined by (24). Assume that the condition (A1) holds. Then for every a,n € IN* and for every
z € X we have

(kaa)"

n!

9. (TZ (x) = TZ (y)) < Gor1 (x —y) (Vx,y € X), (32)

where k; = k (8441, Sa).

Proof. By a similar argument as that of Lemma 6 we have

kat)"
[(T2x = T2y) ()|, < %qm (x—y) Vr,yeXandteQ, (33)

where a,n € N*, z € X. This assertion (33) completes the proof. O
Lemma 8. Assume that the condition (A1) holds. Then T is uniformly continuous from (X, p,7) to (X,p, 7).

Proof. Fix (¢,, €) € I X (0, 00) (a € IN*). By the Lemma 7 we see that
@ap (Tx = Ty) < kga@ap (x —y) forally, y € X.

Choose 0 € (0, € (kaa)_l) and ¢ = @41, then ¢p (x — y) < 6 implies @,p (Tx — Ty) < e. It follows that T is
uniformly continuous. O

Lemma 9. Assume that g satisfies the condition (A3) and the operator S : X — X defined by (24). Then
1. S is continuous,
2. S(X) is relatively compact in (X, p, 7).

Proof. 1. Let {x,}, C X, and assume that x, — x. We will prove that ¢,p (S (x,) — S(x)) = 0 for all a € IN*.
Indeed, set A = {x,, (t) : n € N, t € Q,}. Let {x,, (tx)} be a sequence in A. We can assume that {f;}; converges
tot € QQ,. We have

EROEN

IA

[en, ) = x |, + 1l () = x Dl,.,
Par1p (X, = x) + llx (te) = x Bls,,, - (34)

IA

.,

|
Sincex: Q — (FSM, ||.||Sm) is continuous, from (34) it follows that x,, () — x(t) (as k — c0). From this we

see that A is relatively compact in F,,,. Therefore, B := Q, X A is compact in Q x (FSM, ||.||SM) .Forany ¢ > 0,
since g is uniformly continuous on B, 36 > 0 such that

||g (v,2)-g(v,2)|, < % forallv e Q, if ||z - 2|, <. (35)
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Since x, —> ¥, it follows that @a+1p (X, —x) — 0, hence that there exists Ny € IN such that @,.1p (x, —x) <0
for n > Ny. Therefore,

I () = x ()l ., < & forallteQ, n> No. (36)

From (36) we obtain

t t
IS () (B) = S () (D), < f 9 @, %0 @) - 9 (0, x @), do < f o <5 (37)
0 0

We conclude from (37) that @.p (S (x,) — S (x)) < e.

2. For every a € N*, we set S(X) |, = {S () lq, : x € X}. We first prove two following assertions:
(i) S (X) lq, is equicontinous on €,
(ii) for every t € Q,, the set {S (x) |q, () : x € X} is relatively compact in F;,.
From the assumption (A3), we see that g (Q, X F) is relatively compact in F;,. Therefore, 38 > 0 such that

llg @, x)||, <pforall (v,x) € Q,xF. (38)
Fix 6 € (O, %) , for every x € X and (t,t’) € Q, X Q, satisfying |t — #’| < 0, then, we have

max{t,t’}

5 S f ||g (v,x(v))”sn dv<l|t—Vt|p<e.

IS @) I, () = S @) la, )
min{t,#'}

Hence, S (X) |q, is equicontinous on €),.
Assume that n € IN satisfying n > a. Let

G,=co" [9(Q,xF)]u {QFSH}/

then G, is compact in F;,. We have

t

{S) g, () :xeX}C fg(v,x(v))dv:xeX C tG,.
0

It follows that {S (x) o, (f) : x € X} is relatively compact in F;,. By the results just proved, Theorem Ascoli
now shows that S (X) |q, is relatively compact in (X,, 4,).

Finally, we shall prove that S (X) is relatively compact in (X, p, 7). Indeed, given any {y,}, C S (X), we
can assume that the set {y, : n € IN} is infinite. For a = 1, since S (X) |, relatively compact in (X1, 41), there

exits a subsequence {y,lq} of {y,}, such that y},lg1 N x1 (x1 € Xj). By induction, we can assume that

n=1,2',...
there exist { y}q}n , { yﬁ}n, ey { y]n}n , .... satisfying the following conditions:
ks k-1
(a) {yn}n is a subsequence of {yn }n and
(b) {yklo,} = x (i € Xp), ke N
Assume that 7, j € IN* satisfying j > i. Then we have

IA

qi (x,- - y,ﬁ) * i (yfz - x,-)

qi<xi_;‘/{1)+qj(y1j1_xj) - 0.

o)

IA
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This give x; = xjlo,. The function x : QO — F defined by x(t) = x;(t) if t € Q;. We now consider the

sequence {y;}, . For every a € IN*, then, {y},},., is subsequence of {3}, . Since g, (y; — x) — 0, it shows that

g, (y} — x) = 0. Hence, {y!} = x. O
We are now in position to prove the following theorem.

Theorem 10. Assume that the conditions (A1)-(A3) hold, then the equation (21) has a positive solution.

Proof. We will prove that T + S has a fixed point in X by using Theorem 4. Let Q, : K — K be defined by

[Qu] = dig [(%) ] (e W) (39)
: a=1,2,...

We will verify the conditions of Theorem 4. For any (¢,, &) € I X K, we have

hence that the condition (2a) holds. By Lemma 7 we see that the condition (2c) holds.
For any given (¢,,¢) € T X (0,) (@ € IN*) and x,y,z € X, by the Lemma 6, there exists a sequence
{6 (a,n)},, € (0, ) such that

(l';t!) ga (x — y) Yt € Q whenever @,p (x — y) < 6 (a,n). (40)

[(T2x = T2y 0], <

Since lim,,_, (l”ni,)" = 0, there exists ¥ € IN* such that (l“r—‘,’)r < % Let 6 = min {%,5 (a, r)}. Since (40) we deduce
that

Pap (Tox = Ty) < €.

whenever @,p (x — y) < 6 + e.This shows that the condition (2b) holds. The others assumptions of Theorem
4 are verified easy by Lemma 5, Lemma 8 and Lemma 9. O
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