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Abstract. In this paper, using the monotone iterative technique and the Banach contraction mapping
principle, we study a class of fractional differential system with integral boundary on an infinite interval.

Some explicit monotone iterative schemes for approximating the extreme positive solutions and the unique
positive solution are constructed.

1. Introduction

The purpose of this paper is to study monotone iterative schemes of positive solutions for the following
fractional differential system with integral boundary conditions

D%u(t) + fi(t, u(t), v(t), DY u(t), D% o(t)) =0, m — 1 < ag <my,
D®o(t) + fo(t, u(t), o(t), DY tu(t), D2 lo(t) =0, no — 1 < ap < ny,

u(0) = uw'(0) = --- = um=2(0) = 0, DY y(+00) = f "~ hi(Hu(t)dt,
0

1)
2(0) = 0/'(0) = - - - = p2D(0) = 0, D% 1p(+00) = f ~ ha(t)o(t)dt,
0

wheret € ] = [0,+), i e CUXRXRXRXIR,]),n € N*, hi(t) € L[0, +00), D% are the standard Riemann-
Liouville fractional derivative of order a;,i = 1,2. Here we emphasize that the nonlinearity terms f; rely on
the lower-order fractional derivative of multiple unknown functions and the fractional infinite boundary
value rely on the infinite integral of unknown functions.

Inrecent decades, there has been a rapid growth in the number of fractional calculus from both theoretical
and applied perspectives, more detailed description of the subject can be found in the books [1-4]. We note
that most of the current results on the existence of fractional differential equations are focused on the finite
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interval, see [5-23]. On the other hand, some authors have also focused on the solvability of fractional
differential equations on the infinite intervals, some excellent results were obtained, see [24-36].

In [27] by applying standard fixed point theorems, the authors obtained the existence and uniqueness
of solutions for a coupled system of fractional differential equations with m-point fractional boundary
conditions

DPu(t) + f(t,v(t)) =0, p € (2,3),

D7o(t) + g(t, u(t)) = 0, q € (2,3),

u(0) =/ (0) = 0, DPtu(+e0) = L1 (&),

v(0) = v(0) = 0, DT o(+00) = L1172 yiv (&),
wheret € ] =[0,4+00), f,g € CUXR,R),0 < & <& <+ < &pp < 400, B4, 7 > 0,such that0 < Zﬁ]z Biu(&;) <
I'(p) and 0 < Z:’;z yiv(&) <T'(g), D?, D7 are the Riemann-Liouville fractional derivatives.

In [30] Zhai and Ren studied a coupled system of fractional differential equations on an unbounded
domain:

D*u(t) + (t, o(t), D" o(t)) = 0, a € (2,3], 71 € (0, 1),
DPo(t) + (¢, u(t), Du(t)) = 0, € (2,372 € (0,1),
h

P~*u(0) = 0, D*2u(0) = f g1(s)u(s)ds, D u(+o0) = Mu(&) +a, ()
0

h
P~Fv(0) = 0, DF20(0) = f g2(s)v(s)ds, DF1o(+00) = No(n) + b,
0

where t € [ = [0,+0), ¢, € C(J X RXR,]), M, N are real numbers satisfying 0 < M&*™ < T'(a),0 < Nnf~! <
T'(B),&,n,h>0,and a,b € R*, g1, 9, € L'[0, h] are nonnegative functions. By applying fixed point theorems,
sufficient conditions for the existence and uniqueness of solutions to the system (2) are provided , which is
a natural expansion of the results in [28].

In [33] Zhang et al. applied a monotone iterative method to study a nonlinear fractional boundary value
problem on a half line

u(0) = 0, D*tu(+o0) = Bu(é), B> 0,
where t € | = [0,+), f € C(J] x R X R,R). The positive extremal solutions and iterative sequence for
approximating them are derived. A similar approach is used in [37-41].

Motivated by the mentioned papers, an interesting and a nature question is if we know the existence of
solution for the system (1), how can we seek it? This thought motivates the research of iterative schemes of
positive solutions for the system (1).

By using the monotone iterative method, in this paper we establish two explicit monotone iterative
schemes for approximating the extreme positive solutions and construct an explicit iterative schemes for
approximating the unique positive solution, which are more interesting and meaningful than the traditional
design route that obtains the existence of solutions. Here we obtain not only the existence of the solution
for the system, but also the iterative schemes of the solution. Furthermore, we extend the iterative solution
problem of a single equation to the system which is different from [11, 26, 30, 34, 37—41]. Finally, the main
results extend the fractional derivative from the low-order to the high-order fractional derivatives.

{ D*u(t) + f(t, u(t), D*u(t)) = 0, a € (1,2],

2. Preliminaries
We first introduce the hypotheses that will play an important role in subsequent proof.
+00

(Hy) hi(t) € L[0, +o0) and f hi()F 7 dE = A; < T(aw), fi(£,0,0,0,0) 2 0,¥t € ], i =1,2.

0
(Hy) The nonnegative functions aj(t), ai(t) € L[0, +c0) and constants Ay > 0 satisfy

4
Ifi(t, u1, u2, us, us)| < ajp(t) + Z ap(t)lul*, Yt € |, ux € R,i=1,2, k=1,2,3,4.
k=1
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and

+00 +00 +oo
f ap(t)dt = aj, < +oo,f ap(t)dt = aj; < +°°rf ay(t)dt = a}y < +oo,
0 0 0

+00 +00
f an(H)(1 + 7 dt = af; < +oo, f ap(t)(1 + 12 1)tedt = a), < +00,i = 1,2.
0 0

(Hz) The nonnegative functions by(t) € L[0, +o0) satisfy

4
Ifi(t, u1, 1o, us, ug) — fi(t, 61, n, i3, fg)| < Z b () 1y — g,
=1

Vie] uy,ireR,i=1,2,k=1,273,4.
and
+00 +00
f ba(H(1 + t“l‘l)dt =b; < +oo,f bp(H)(1 + t2 Hdt = b, < +oo,
0 0

+00 +00 +00
f bia()dt = by < +oo, f bu(Hdt = b7, < +oo, f Ifi(t,0,0,0,0)|df = 7; < +o00, i = 1,2.
0 0 0

(Hy4) Functions f;(t, u1, ua, u3, us) are increasing with respect to the variables uy, up, us, ug,Vt € J,i = 1,2.
Next we list some definitions and lemmas that are helpful to the proof of principal theorems.
Definition 2.1(see [1, 3]). The Riemann-Liouville fractional integral of order 4 > 0 for an integrable

function g is defined as

L (e
Pt = 5 [ e=orgma

provided that the integral exists.
Definition 2.2.(see [1, 3]) The Riemann-Liouville fractional derivative of order 4 > 0 for an integrable
function g is defined as

1 N e
D) = ey (3s) [ G- ot

where n = [q] + 1, [a] is the smallest integer greater than or equal to @, provided that the right-hand side is
pointwise defined on (0, +).

Lemma 2.1.(see [1, 3]) Let g > 0 and u € C(0,1) N L(0,1). Then the general solution of fractional
differential equation D9u(t) = 0 is

u(t) = it + ot 4oyt
wherec;eR,i=1,2,--- ,nandn-1<g<n.
Lemma 2.2. Let y; € C[0, +00) with f - hi(H)t% 1At # T(a), n; — 1 < a; < m;,i = 1,2. Then the fractional
differential system boundary value probloem
DYu)+y1(t) =0, m —1<a; <m,

D®o(t) + 12(t) =0, np — 1 < ap < ny,

—+00

1(O0) = #(0) = - -- = um=2(0) = 0, DW= y(+00) = fo I (Hu(Hdt, 3)
v0)=v'0)=---= U(”2_2)(0) =0, D% 1y(+00) = f+°° hy(H)o(t)dt,
has the integral representation 0

uo= | T K 9mEds

o= [ " Kalt, yale)ds,
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where
Ki(t/ S) = Kil(t/ S) + KiZ(t/ S)/i = 1/ 2. (5)
with
1 il — (t—5)% 1,0 <s <t < +oo,
Kil(tl S) - T(a,-) { tag—l/o <t<s <400, (6)
ai—1 +00
Kp(t,s) = —— h;(HKi (8, s)dt. 7
9= = |, OKa 7)
Proof. From Lemma 2.1, we can turn differential system (3) into an equivalent integral system
M(t) =" ]/1(1’) + Clltm_l + Clztal_z +...+ 1y fn—m (8)
o(t) = —Iazyz(f) + Cﬂf“z_l + szta2_2 + .. 4o T,
where c11, €12, ,Ciny,€21,C22, -+, Con, are arbitrary constants. With the help of conditions #(0) = u'(0) =
< =um=2(0) = 0 and v(0) = v'(0) = --- = v(=72(0) = 0, it is easy to know thatciy = c13 =+ =1, = 20 =
€23 =+ = Cop, = 0. From (8) we have
ult) = ——— t— )My (s)ds + cpp 4t
R )f< ¥y (6)ds + e )
o(t) = F( ) f(t —5)*2y,(s)ds + ¢t
Then
¢
D) = enflan) - [ n@ds,
% (10)
D*Yo(t) = enT(az) —f Yya(s)ds.
0
Hence
~+00
D () = cuf@) - [ (o,
0o (11)
D ore) =enllan) - [ va(ods
0
Based on the conditions D%~ lu(+00) = [ hy(Hu(t)dt and D To(+00) = [ Ip(H)o(t)dt, we have
=g f hi(Hu(t)dt + —f yi(s)ds,
( ) (12)
Co = F( > f h(Hot)dt + —— (@) j; ya(s)ds.
Submitting (12) to (10), we know
= —_ al
ut) =-z T f (t-s) yl(s)jis + r @ )[ f i (Hu(t)dt + f y1(5)ds]
= f Ki1(t, s)yi(s)ds + f hy (t)u(t)dt,
0 o | . (13)
o(t) = t—s)* sds+ f htvtdt+f s)ds
0 = -9 m()a igl), Pomoa [ moa
= f Ky (t,s)ya(s)ds + t( > hy(Ho(t)dt.
0
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Multiplying both sides of the above equality by h(f) and £, (t) and integrating from 0 to +c0 , we obtain

+00 B F(D(l) +00 +00
[ monwar= 5 [ [ ks,

+00 ~ r(a2) +00 +00
fo ha(e)dt = s fo ha(t) fo Kau(t, s)ya(s)dsdt.

Combining (13), we have

+00 tal—l +00 +00
t) = Ki(t, ds + ————— hi(t Kqi(t, dsdt
) = [ Kntmedss g [1m [ Kiomeas
:f Kll(t,s)yl(s)ds+f Kia(t,s)ya(s)ds,
0. 0
- [ Komes,
Ao par-1 +00 +00
Z)(t) =L+wK21(t,S)y2(S)dS+Wj()\ hg(t)jo\ Kﬂ(f,S)]/z(S)dei’
- f Kar(t,5)ya(s)ds + f Kaa(t,5)ya(s)ds
0o 0
=f Ky(t, s)yo(s)ds.
0
The proof is completed.

Remark 2.1. From (4), (5), (6) and (7), by direct calculation, we have

+00

DY ly(t) = f K;(t,s)y1(s)ds,
0

D% ly(t) = f K5 (t, 8)y2(s)ds,
0

where
Ki(t,s) = K;(t,s) + Ki(t,s), i =1,2.
with +
. _[00<s<t<+o0, _ Iay) ®
Kt s) = { 10<t<s<+co, K, (t,9) = T -2 Jy hi(H)Ki (¢, s)dt.
Lemma 2.3. For (s, ) € | x ], if hypothesis (H;) is satisfied, then
pei=1 Ki(t,s) 1 ,
<K; - < < = .
0= Kilt,s) < T(a))— A"~ 1+t 1~ T(a) - A =12
Proof. From (6) and (7), it is obvious that
ta,'—l
0< Kil(t/s) < MIV(LS) € ]X ]I
and . .
fort [ e At
0 <Kp(ts) < =———— dt = ,Y(t,s)e [ x].
2lt:) [(a) = Ai Jo I(az) L)) — Ai) () €Jx]
So
ta,'—l
0< Ki(t/s) = Kil(t/s) + KiZ(trS) < NN V(t,S) € ] X ]

F(O(,') - Al



Y. Li et al. / Filomat 34:13 (2020), 4399-4417 4404

Furthermore
Ki(t/ S) <
I e I’(ozi) - A,"

V(t,s) €] x].

The proof is completed.
Remark 2.2. From Remark 2.1, by direct calculation, we can easily know that
A T (a)

0 < Ki(ts) = K (¢ Kot s) <1 = d Y(t i=1,2
— 1(15) 11(/S)+ 12(/5)— +r(0€)_Ai F(OCI‘)_AI'I (,S)E]X],l 74y

Let E = {u € C(], R)Isup,, 112@'-1 < 4+oo)and X = {u € E, D% 'y € C(J, R)| SUP,| DY yu(t)] < 400} be
equipped with the norm

-1
llullx = max{lfullo, [ID*~"ull},

where ||ully = supte] 1'““ and ||[D¥ |l = sup,; D~ “lu(t)]. Alsolet F = {v € C(J, R)|sup; 112(;2”1 < 400}

11 1

and Y = {v € FED* v € C(J, R)| SUP;; |D%71p(t)| < +oo} be equipped with the norm

-1
llully = max{llollo, [ID**"oll1},

where [[olly = sup,; 722 and [[D%o||; = sup,; D 'v(#)|. Thus the space (X, - [lx) and (Y, || - lly) are two

1+1%2 1
Banach spaces which+have been shown in [24]. Moreover, the product space (X X Y, || - [|xxy) is also a Banach

space with the norm

Il Hlxr = max{[lullx, l[olly}.

Lemma 2.4. If hypothesis (H;) is satisfied, then for Y(u,v) € X X Y, we have

+00 4
[ 18051090000, D ), D o <y + Yl sy = 1,2

k=1

Proof. For ¥(u,v) € X X Y, by hypothesis (H;), we have

f s, 46), 0(5), DV u(s), D o(e))ds
0
< f (10(5) + a1 O™ + @ +a D) + gD o(s)) )ds
0
ds + f - ap(s))(1 + s>t
0

+00 +00
+ f a(s)|IDY u(s)[*ads + f au(s)|D%Lo(s)| M ds
0 0

A3

Ju(s)|"
(1 + sm ,1)/\“

lo(s)|*
(1 +swTyla

+00
<, + f an(s)(1 + s‘“*l)m1
0

A.
<a; +ﬂﬂ|lu|l "+ allolly? + anlull + ol

<a,0+Z allw, ol i =1,2.

Lemma 2.5. If hypothesis (Hj3) is satisfied, then for Y(u,v) € X X Y, we have

f £, u(8), 006), D u(s), Do < Zb et 0oy + 73, i = 1,2
0
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Proof. For V¥(u,v) € X X Y, by hypothesis (H3), we have
+00
[ 156,06, 0 us), ool
0
+00
= [ 1566, 009, D), D (9 £5,0,0,0,0) + i5,0,0,0,0)ds
0+oo »
Sf I fi(s, u(s), v(s), D™~ ty(s), D% u(s)) - fi(s,0,0,0,0)|ds +f Ifi(s,0,0,0,0)|ds
0
+00 +00
sf b (s)(1 + s '”(Sa” _ds + f 21+ '”(S)' _ds
0 0

+00 +0o +oo
+ f bis(s)ID¥ u(s)|ds + f bi(s)|D%1o(s)|ds + f Ifi(s,0,0,0,0)|ds
0 0

<y llullx + bpllvlly + billullx + byllolly + i

< Z b2, )y + T i = 1,2,
k=1

Lemma 2.6. (see [24]) Let U C X be a bounded set. Then U is a relatively compact in X if the following
conditions hold:
u(t)

1+t

and D% lu(t) are equicontinuous on any compact interval of J;

u(t))  u(t)
1+i.“1“1 1+1571

(i) Forany u e U,

(ii) Forany ¢ > 0, thereisa constant C = C(¢) > Osuch that| | < eand |D* tu(t)—-D* tu(ty)| <

eforany t,t, > Cand u € U.
We define the cone P € X X Y by P = {(1,v) € X X Y[u(t) > 0,0() > 0, D"~ lu(t) > 0,D* 1o(t) > 0,t € J}.
By Lemma 2.2, let T : P — P be the operator defined as

f+°° Ki(t,s) fi(s, u(s), v(s), D“l_lu(s), D"‘Z_lv(s))ds
0

T(M Z))(t) _ (Tl(u/ U)(t)) — (14)
T2l 00 [ Kt 965,109,06), D us), D o
0
By Remark 2.1, we also define
DalflTl(ulv)(t) B L K7 (t S)fl(s M U(S) DY~ 1M(S) D~ 1 (s))ds 5
D ' Ty(u,v)(t)) (1)

f+°<> K;(t,9) fa(s, u(s), v(s), DY " tu(s), D**o(s))ds
0

It is easy to know that the system (1) has a solution if and only if the operator equation (1, v) = T(1,v) has a
fixed point, where T is given by (14). In fact, if (1, v) is a solution for the system (1), by lemma 2.2, we can
obtain

u= f - Ki(t,s)f1(s, u(s), v(s), D*u(s), D 'o(s))ds = Ti(u,v),
0

v= f+°° Ka(t, 8) fos, u(s), v(s), D ~tu(s), D*~Lo(s))ds = Ta(u, v).
0

Thatis, (4, v) is a fixed point for the operator equation (1, v) = T(u, v). On the contrary, the Riemann-Liouville
fractional derivation on both sides of the operator equation is

D*u(t) = DM Ty (u, 0)(t) = — fi(s, u(s), v(s), D¥~Lu(s), D2 1o(s)),
D®u(t) = D2 Ty(u, v)(t) = — fa(s, u(s), v(s), DY Lu(s), D**~1o(s)).
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Combining (11) and (12), we can obtain

D¥ ly(+00) = f +mh1(t)u(t)dt, D* p(+00) = f +mh2(t)v(t)dt,
0 0

That is, (1, v) is a solution for the system (1).

Lemma 2.7. If the hypotheses (H;) and (H») are satisfied, then the operator T : P — P is completely
continuous.
Proof. Firstitis easy to know T : P — P. Since K;(t,s) 2 0 and f; > 0, we have T;(u,v)(t) 2 0,V(u,v) € P, t €
Ji=12.

Next we prove in three steps that the operator T : P — P is relatively compact.

Step 1 Let U = {(1,v)I(4,v) € P, ||(1, v)llxxy < M}. For ¥(u,v) € U, by Lemma 2.3, Remark 2.2 and Lemma
2.4, we obtain

TG, 0)ll0 = St‘g" f h 1K+1(tta1 T fi(s, u(s), v(s), D u(s), D o(s))ds
ap—1 ar—1
< Wfo | f1(s, u(s), v(s), D"~ “u(s), D™~ v(s))|ds (16)
< F(al) A [ 19 +Z”1k”(” U)“XXY]
and
“Tl(ur Z))“1 = Su]p ' j(; K;(t/ S)fl(sl u(s)l U(S)/ Dal_lu(s)/ Daz—lv(s))ds
r(al) " ar—1 ar—1
< Wf(; |fi(s, u(s), v(s), D u(s), D v(s))|ds (17)
) "
< r(0(1()% . [0 +Za1k||(u oIy |
Thus
T3t 0)lx = max I a, )l I o, )l < L)) +Za M)
1\K, X 1\K, 0s 1\, 1 F(Oé ) A 10 1k
Similarly
ITa(ut, 0)lly = max T2, )l ITa(u, )l | < m;‘(jl) Gl ZakaAzk
Then
TG, sy = max{ITy(, 0)llx, I T2(, 0)llv}
< ax{maX{l'r(al)}(ﬂ* +ia* M"”)
B T(a) = Ay V100 &K ’
max{1, F(az) £ Azk
I'(a2) - ; M

which means that TU is uniformly bounded.



Y. Li et al. / Filomat 34:13 (2020), 4399-4417 4407

Step 2 Let I C ] be any compact interval. Then, for all f1,¢, € I, ; > t; and (1, v) € U, we have

|T1(M U)(tz) _ Tl(u, U)(tl)

1+ 1+ t‘“’1
< ’f Kl(tZI _ Kt s) )f (s, u(s), v(s), D" Lu(s), D*~ 1U(S))ds| (18)
I A T

IA

f |K1(tz,s) Kl(flls)“ﬁ(s u(s), v(s), DM u(s), D2 1U(S))|ds
0

1+ 14607

Noticing that Ki(,s)/(1 + ") is uniformly continuous for any (#,s) € I X I. In the meantime, the function
Ki(t,s)/(1 + t%71) only relys on t for s > t, which infers that Ki(t,s)/(1 + t*171) is uniformly continuous on
IX (J\ I). Therefore, for all s € | and t1, t; € I, we have

Ki(ty,s)  Ki(t,s) '
+#7! 1+t"‘1

Ve > 0,306(e) such that if |t; — t,| < 6, then (19)

By Lemma 2.4, for all (4, v) € U, we can obtain

+00 4
f | f1(s, u(s), v(s), D*7tu(s), D Lo(s))lds < [“;o + 2 a’ikMﬂlk] < oo,
0

k=1

together (18) and (19), which means that T; (1, v)(t)/(1 + t*17!) is equicontinuous on I.
Note that

DIy (u, v)(t) = j:m K;(t,9) fi(s, u(s), v(s), DY tu(s), D*o(s))ds

and the function Kj(t,s) € C(J X ]) doesn’t rely on ¢, which means that D*~1Ty(u, v)(t) is equicontinuous on
I. In the same way, we can show that T»(u, v)(t)/(1 + t*271) and D**~'T,(u, v)(t) are equicontinuous. Thus T;
and T is equicontinuous on I.
As a natural result, the operator T is equicontinuous for all (#,v) € U on any compact interval I of J.
Step 3 We show the operator T is equiconvergent at +oo. Since

L Kits) 1 1 f“’" 1 .
1 Ki 7 S ,1=1,2,
B Tt = T T Ty A Jy MO9S T e

by knowledge of limit theory, we can deduce that for any € > 0, there exists a constant C = C(¢) > 0, for any
t,t, > Cand s € J, such that

| Ki(ta,s)  Ki(t,s) | 12

1+ tg"‘l 1+

Therefore, by Lemma 2.4 and (18), we conclude that T;(u, v)(f)/1+t%~1(i = 1,2) are equiconvergent at +co. As
the function K (t,s)(i = 1,2) don’t rely on ¢, we can easily infer that D1 Ti(u, v)(t)(i = 1,2) is equiconvergent
at +oo.
From the above three steps, Lemma 2.6 is satisfied. So the operator T : P — P is relatively compact.
Finally we show that the operator T : P — P is continuous. Let (u,,v,),(1,v) € P, such that (u,,v,) —
(u,v)(n — o). Then ||(1,, vp)llxxy < +9, [[(4, V)||xxy < +00. Similar to (16) and (17), we have

T Ki(t, s
ITa(at, 0)llp =sup| f B 610460, 04(9), DY ), Dy 5
te]

SW o+ Z Ayl Gy, v”)”XxY]
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and

+00
IT1 (2, va)ll =sup | K (t,9) f1(5, 4n(5), U (), DY 1ty (5), D0y, (s))ds|
te] 0

4
['(a1) + . Mk
STy = A+ kz; a3l o) |

By continuity of function f; and the Lebesgue dominated convergence theorem, we obtain

+00
Ki(t, s
lim 1(49)
n—o o 1+t041*1

_ f TGS ) o), DY), D o(s)ds,
0

F1(5,1n(5), 0u(5), DYy (s), D*0,,(s))ds

1+ t-t
and
+00
lim Ki(t,s) fi(s, un(s), va(s), D%, (s), D“Z_lvn(s))ds
n—00 0
= f Ki(t,s)fi(s, u(s), v(s), D“l_lu(s), D“z_lv(s))ds.
0
Then
Kyt s B _
T (2tn, 02) = Ta(at, 0)lo <sup f B9 |5 10(5) 0(5), D0, (5), D )
te] Jo 1+t
= fi(s, u(s), v(s), D" 'u(s), D> v(s))|ds — 0, n — oo,
and

+00
I3 (t, ) = Ta(at, )]l < sup f K (t,9)| (5, 16n(5), 0a(6), D1 (5), D10, (5))
te] JO

— fi(s, u(s), v(s), D" u(s), D" 1o(s))|ds — 0, n — oo.
So,as n — oo,
IT1 (14, ) — T1(u, 0)llx = max{[|T1(un, vn) — T1(1t, O)llo, IT1 (14, V) — T1(w, V)h} — O.

This means that the operator T; is continuous. At the same way, we can show than the operator T, is
continuous. That is, the operator T is continuous.

In view of the above all arguments, we deduce that the operator T : P — P is completely continuous.
Therefore proof is completed.

3. Main results

For convenience, we set

1

L= m,i =1,2, L =max{Ly, Ly, I'(a1)L1,T(az)Lo}.

Define a partial order over the product space:
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)=

01 (%)

if w1 (£) 2 up(8), v1(t) = va(t), DY ug (£) = DY Mup(t), Dty (t) 2 D op(h), £ € .

Theorem 3.1. Assume that (H;),(H) and (Hy4) hold. There exists a positive constant R such that the system
(1) have two positive solutions (u*,v*) and (w"*, z*) satisfying 0 < ||(1*, v")llxxy < Rand 0 < [[(w", z°)llxxy < R.

Moreover, lim,_,c(Un, v,) = (u*,v*) and limy e (wy, 2,) = (W*,2"), (Un, v4) and (wy, z,) can be given by the
following monotone iterative schemes

_ _ T1(Un-1,Vn-1)(t) _ . _ Rt*
(1, 0n) = T(ttn-1, V1) = (Tz(un-1,vn_1)(t))'n =1,2,..., with (uy(t), vo(t)) = (Rt“Z) (20)
and
_ _ Tl(wnflr Zn—l)(t) _ ) B 0
(Wn,zn) = T(Wyp-1,2p-1) = (Tz(wn—l,zn_ﬂ(t))'n =1,2,..., with (wy(t),zo(t)) = (0) 1)

In addition

(wO(t)) 3 (wl(t)) o (wna)) o (w) 3
20 ) "\ )T T )T )T

..<(“*)<...<(“n<f>)
o) =7 = o

ce (uz(t)) < (ul(t)) < (uo(t)) (22)
va(t)) ~ \vi(t)) ~ \vo(t)
and
DY wo(t)) (DY wn(t) D, (1) DY’ DY
[D“Z_lzo(t) } (D“Z_lzl(t) J (D“Z‘lzn(t) ] (D“Z_lz* ] D1y
0[1—1 0('1—1 0(1—1 0(1—1
el DY Ly, (t) c < DY luy(t) L Dty (t) L D Mug(t) ‘ (23)
D* 1y, (1) D oy (t) | T D o)) T D og(t)

Proof. First, Lemma 2.7 leads to the fact that T(P) C P for any (4,v) € P,t € J.
Next, for 0 < Ay, Ay < 1(k = 1,2, 3,4), choose

R 2 max {5a},, 5a3, (5Lay,) /0, (5Lay )0} k= 1,2,3,4,

and define Ug = {(1,v) € P : [|(u, v)llxxy < R}. For any (u,v) € Ug, similar to (16) and (17), we obtain

4 4
* * A * * A
IT1G0, )l < La[ah + Y ay i o)y | < L[ajo + Y a3 R < R
k=1 k=1

and

4 4
IT1@, 0 < Lafaiy + ) a0ty | < L[ay + ) a3 R ] < R.
k=1 k=1
This implies that [|IT1 (4, v)l[x < R for all (1, v) € Ug. In the same way, [|IT>(u, v)lly < R. Consequently we have

1T, 0)llxxy = {I1T2 (1, 0)lx, T2, 0)ly | < R.

That is, T(UR) C Ug.
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According to (20) and (21), it is obvious that (ug(t), vo(t)), (wo(t), zo(t)) € Ur. By the complete continuity
of the operator T, we define the schemes (u,, v,) and (wy,, z,) by (4, V) = T(Un-1,Vn-1), (Wn, zu)= T(Wn-1, Zn-1)
forn =1,2,.... Since T(B) C B, we can know that (u,,v,), (W, z,) € T(B) forn = 1,2,.... Hence we need
show that there exist (u*,v") and (w", z*) satisfying lim, e (s, v,) = (%, v*) and im0 (W, z,) = (W*,2%),
which are two monotone schemes for positive solutions of the system (1).

For t € ], by Lemma 2.3 and (20), we know

ua(t) = Tr(uo, vo)(t) Zf Ki(t,9) fi(s, uo(s), vo(s), DY ug(s), D wy(s))ds
0

4
<ty o) Za R
k=

<Rt971 = (1)

—_

and
01(t) = Ta(uo, vo)(t) = fo - Ka(t, 5) fa(s, to(s), vo(s), D~ ug(s), D vg(s))ds
<t 1L2 a20 iu RM
<Rt = vg(t)l,(ﬂ
that is
B e e o

And then we study the monotonicity of the fractional derivative of (1, v). By (24) we know
+00
D% Yuy (t) =D T (ug, vo)() = f K3 (t,8)1(s, o(s), vo(s) D™~ ug(s), D™ "o (s))ds
0

4
<T(ay)La[a} + Z ay, R < T(an)R = DM ug(t),
k=1

D 1oy (t) =D™ ' Ta(ug, vo)(f) = f K5 (t,5) fa(s, 1o(s), vo(s) D™~ 1o (s), D* ' wo(s))ds
0

4
<T(@2)Lafayy + ) a5 RY | < T(az)R = D™ oy (),
k=1

that is

(25)

T(u, U)(i’) _ (Da1—1u1(t)J _ (Dal—lTl(Mo, Uo)(t)) < (F(U(1)R) ~ (Dal—luo(t)]

D®=loy(t)) (D ' Ta(ug, v0)(H)) ~ \T(@2)R) (D% log(t) )

Thus, from (24) and (25), for V¢ € |, by the monotonicity hypothesis (H4) of the functions f;, we do the
second iteration

uz(t))_ (Ta(ur, 01)(£)) _ (T1(u0, v0)(t) _(ul(f)
va(t)) \T2(u1,01)(t)) = \Ta(uo, vo)(t)]  \v1(t) )’

DYy (8)\_ (DM Ty (uq, 01)(E) < DTy (ug, vo)(£)\ _ (D™ ua(t)
D o) |7 \D* 1 To(ug, v1)() | = \D2 ! To(uo, vo)(£)) ~ \D* oy (t) )
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By recursion, for ¢ € ], the scheme {(u,, v,)};", satisfies
(un+1(t)) < (Mn(t)) (Dal_lun+1(t)) < (Dm_lun(t))
vns1(t)) = \oa(®))” \D% Mo (t)) = \D= o ()]
By the aid of the iterative scheme (1,41, p+1) = T(1,, v,) and the complete continuity of the operator T, it is

easy to infer that (u,,v,) — (u*,v*) and T(u", v*) = (u*, v") .
For the scheme {(wy, z,)};. ), we use a similar discussion. For t € ], we have

(wl(t)) (Tl(wo,zo (t)) fo Ki(t,9) fi(t, wo(t), zo(t), DY~ wy(t), D2 'zo(t))ds
z1(t) | \T2(wo, zo)(t) f Ka(t, s) fo(t, wo(t), zo(t), DY Ly (t), D*> " zo(t))ds

0\_(wo(®)
= o)

(Dm Wy t)) fO Ki(t,9) fu(t, wo(t), zo(t), D*1~wo(t), D* 71z (t))ds
D1z (t I, K3 (t,9) falt, wolt), zo(t), D wo(F), D zo(t))ds

S [0\ D~ Lawy(t)
=10/ \ D zo(t) |
Using the the monotonicity hypothesis (H,) of the functions f;, we have
(wz(f))_ (Tl(wl,zl)(t)) S (Tl(wO/ZO)(t)) _(w1(f))

zo(t) | \Ta(w, z1)(t)) = \Ta(wo, z0)(t)) \z1(t) )

DYty (1)) _ (DM T (wy, z1)(F) S DTy (wo, zo)(1)\ _ (D~ w (F)
D% zy(t) |~ \D¥ ' Ta(ws, z1)()) = \D* 1 Ta(wo, 20) (1)) ~\ D> z1(8) |

Analogously, forn =0,1,2,...and t € ], we have

(wn+1(t)) > (wn(t)) (Dal_lwnﬂ(t)) > (Dal_lwn(t))

Zp1 () ) T\ z, ) |7 \ D%z, 0 (t) | =\ DY 1z,(0) |

Combining the iterative scheme (wy+1, zu+1) = T(wy, z,) and the complete continuity of the operator T, it is
easy to infer that (w,, z,) — (w*,z*) and T(w",z") = (w*,z") . Finally we show that (1*,v*) and (w"*, z*) are the
minimal and maximal positive solutions of the system (1). Suppose that (£(t), n(t)) is any positive solution
of the system (1), then T(&(t), n(t)) = (E(t), n(t)) and

o
zo(t)) ~\0) = \n(®)] = \Re2~1 )~ \wo(t) )

Duang(h) _ (DUE®) _ (D9 uo(t)
Dty ) =\ Do) = Dot () f

Applying the monotone property of the operator T, we know that
(wl(f) _[Ta(wo, z0)()) _ (E(B)) _ (Ta(uo, v0)(t)) _(ua(t)
z1(t) ) \Ta(wo, z0)(H)) ~ \n())) ~ \Ta(uo, v0)(t)] \01 (D))

DYl () _ (D& _ (DM (h)
Daz—lzl(t) = Daz—ln(t) = Daz—lvl(t) .

Repeating the above steps, we have
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wa®)) _ (E®)\ _ (1a®)
(zna)) = (n(t)) < (vn(t))

D~ lw,(t) < DY7LE() < D1y, (1)
D71z, () ) = \D% () ) = \D* Lo, (t) )

From the above results, combine %1_{{)10 (wy, zy) = (w*,z*) and &1_1;1(;10 (tn, un) = (u*, v*), we get the results (22) and
(23).

Again f(t,0,0,0,0) # 0 for all t € |, we know that (0,0) isn’t a solution of the system (1). By (22) and
(23), it is obvious that (w*,z*) and (u*,v*) are the extreme positive solutions of system (1), which can be
constructed by means of two monotone iterative schemes in (20) and (21).

With regard to the difference scope of parameters Ay(i = 1,2,k = 1,2,3,4), the method is similar, so we
omit the details, thus the proof is completed.

Theorem 3.2. Suppose the hypotheses (H;) and (H3) are satisfied. If

4
m = Lmax Z by, Z bu) <1, (26)

4
k=1 k=1

then the system (1) has a unique positive solution (u(t), v(t)) in P. Moreover, there is a iterative scheme
(ttn, vy), such that (u,,v,) — (4, u) as n — oo uniformly on any finite interval of ], where

Tl(un—lr Z71/1—1)(1’)
Uy, =T(up_1,05-1) = n=12,.... 27
(tn, On) (Un-1,0n-1) (Tz(un—lrvn—l)(t) (27)
In addition, there is an error estimate for the approximation scheme.
n
G, 0n) = (1, O)llxxy = (1, 01) = (o, vo)llxxy, 7 = 1,2,.... (28)

1-m

Proof Choose
r>Lt/(1—-m),

where m is defined by (26) and t = max{t1, 72}, 7; is defined by the hypothesis (H3).
First we prove that TU, c U,, where U, = {(4,v) € P,||(u, v)llxxy < r}. For any (u,v) € U,, by Lemma 2.3,
Remark 2.2 and Lemma 2.5, we have

4
IT1, o)l < L( Y By + 1)

k=1

and

4
IT1, o)l < L( ) Byyr + 1),

k=1
which implies

4
IT1Ge,0)llx < L( Y byyr + ) < mr + Lay, V(u,0) € U,

k=1
Similar )
IT2(u, 0)|ly < L(Z bo,r + Tz) <mr+ L1y, Y(u,v) € U,.
k=1
So we have

IT(u, v)llxxy < mr+Lt < 1. ¥(u,0) € U,.
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Now we show that T is a contraction. For any (u1,v1), (42, v2) € U,, by hypothesis (H3), we obtain
1Ty (11, 01) = T1 (12, 02)llo

<su "~ MV (s, 11(5), v1(s), D" Y11 (s), D> 101 (s))
= P 1+ tal_l 1\, H1ke), U1\5), 1\°), 1
te] Jo

= fis,102(5),02(6), D a(s), D™ ()|

[01(s) — va(s)|

+oo o J1(8) = 1a(s)] ot
<L fo (b0 + )= 4 ba(s)(1 s T

1+sm-1

+ bi3(8)ID" 111 (5) = DM M ua(s)[ds + bra(s) D™ o1 (5) — Do (s)l[ds

4
<L Y ByliGur, 01) = (12, 02) ey
k=1

and

1T (11, v1) = T1(u2, v2)ll1 < supf Ki(t, S)|f1(S,M1(S), 01(s), D" tuy (s), Doy ()
0

te]

— fi(s, u2(s), v2(s), D" M ua(s), D* Loy(s))|ds

4
<L Y Byllu, 01) = (2, 02) e,

=1
which implies
4
IT1 (1, v1) = T1(uz, 02)llx < LZ bill(ur, v1) = (2, 02)llxxy- (29)
k=1
In the same way, we have
4
IT2(u1,01) — To(uz, v2)lly < L Z by ll(ur, v1) = (2, 02)llxxv- (30)
k=2
From (29) and (30), we have
T (u1,01) = T(uz, v2)llxxy < mll(u1,v1) = (42, V2)lxxy, , Y (U1, 01), (42, 02) € U, (31)

Since m < 1, then T is a contraction. Hence the Banach fixed-point theorem ensures that T has a unique
fixed point (#,v) in P. That is, the system (1) has a unique positive solution (i, v).

Furthermore, for any (uop, vo) € P, ||(4y, vn) — (U, 0)llxxy — 0 as n — oo, where u, = T1(Up-1,0-1), 0y =
To(tp-1, Vp-1),n =1,2,.... By (31), we obtain

(1t 0n) = (U1, On1)llxscy < "\ (11, 01) = (140, V0)lxxy,

and

A

nsYn) — \Hj, Oj)lIXxYy = nsYn) — \Un-1, Un-1)lIIXXY n=1,Yn-1) — \Un-2, Un-2)IIXxY

1, 0n) = (uj, 0))ll 1@, On) = (1, On1)llxy + 11, On1) = (2, Oa2)l
+o (21, 0541) — (4, 0)lIxxy (32)
m™(1 —m/™™)

= (21, 01) = (10, vo)lxx-
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Letting j — 400 on both sides of (32), we have

n

(ttn, n) = (1, 0)llxxy < [[41 = uollxxy-

1-m
Hence the proof of theorem 3.2 is completed.

Now we give two examples to illustrate the application of the main results.

Example 3.1. Consider the following fractional differential system on an infinite interval

D = — 2y COPT | ROP 24D Do)t
0+82 (1 +VAPL  (1+VH03 B+ ) 1+£2 7
_D1~5U(t) _ 1 e—3t|u(t)|0.2 e—4t|v(t)|0.4 3t2|D1'5u(t)|0'2 2|D0'50(t)|0'6
0+1° +‘/t_3)0'ioo (1+VH)o4 (3 +13)2 1+ (33)
1(0) = 1/(0) = 0, DPu(+00) = f ety () dt,
0
+00
u(0) = 0, D%y(+00) = f 17952ty () dt,
0

where a1 = 2.5,a7 = 1.5,h1(t) = t_1'56_t,h2(t) = t_0'5€_2t,A11 =01,A1p =03, 13 = 02, 14 = 04,1 =
0.2, /\22 = 0.4, /\23 = 0.2, /\24 = 0.6 and

2 M0 e upPd 2Hu0? gl

tlu s U2, U3, U = + + =+ + ,

fl( 1, U2, U3 4) (10+t)2 (1 +1/t3)0_1 (1 +\/E)0_3 (3+t2)2 1+ 2
folt, un, uz, u3, uy) = 1 Ml e HMup™t 38usl? | 2fug)*

(20 + ¢)3 A +VE)P2  (1+Vho4 B+ B2 1+’

It is easy to know that I'(2.5) = 1.32934 > A; = foﬂx’ m®ESdr = 1, T(1.5) = 0.88623 > A, =

foﬂo ho(H192dt = 0.5, £i(t,0,0,0,0) £ 0,i = 1,2. So the hypothesis (H;) is satisfied.
Noting that

2 e—t|u1|0.1 e—2t|u2|0.3 2t|u3|0'2 |u4|0.4

+ + + +
(10+12  (14+VB01  (1+VH03 GB+12)F  1+#
= mo(t) + an Ol ™! + a2l + aa(®)lus|*? + ara(t)lug*?,

[fi(f v, up, 1z, )] <

1 e—3t|u1|0.2 e—4t|u2|0.4 3t2|u3|0'2 2|u4)|0.6

+ + + +
(20 + 1)3 (1+VR)P2 (1 +vho4 B+ £8)2 1+
az0(t) + ax (B)lu|*? + an ()2 + ans(#)us]®? + ara(t)|ual®®

Lfo(t, 11, up, uz, us)] <

and

+00 1 +00 oo 1
@y, = fo mo(t)dt = 2, 4y = fo an()(1 +#2)Mdt =1, a}, = fo ap(t)(1 +1°°)03dt = 5

—+00 1 +00 7_[
aj; = f a3(t)dt = 3 ay = f a4(t)dt = 5
0 0
+00

. +00 1 . +00 1 ) 1
Ty = fo ao(t)dt = =55, @y = fo an (H)(1 + #2)2dt = 3 Mo = fo an(H)(1 + 19°)4dt = T

+00 1 +00
Iy = f axs(t)dt = 3 ay, = f ay(t)dt = m.
0 0

which means that the hypothesis (H,) is satisfied.
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From the expression of the function f;, it is obvious that f; is increasing respect to the variables
uy, Uy, us, ug, ¥t € J,i = 1,2. Thus the hypothesis (Hy) is satisfied. By Theorem 3.1, it follows that the
system (33) have two positive solution, which can be given by the limits means of two explicit monotone

iterative scheme in (20) and (21).
Example 3.2. Consider the following fractional differential system an infinite interval

2 —20¢t t —15t 1.5 0.5
DSy — 2y Ol o) ADY ) A0
10+62 " 14vB | 1+vE 5B+£22 1001+ P)
1 —18t —-16t t 2 D1.5 D0.5
ool = — L, SO o) SPID ) D00t
@+17 " 14vE _14VE  TGHPR T 20(1+P)

u(0) = u’(0) = 0, D" u(+e0) = f e u(t)dt,
0

+00
u(0) = 0, D*?v(+00) = f t79%e 2ty (1) dt,
0

where @y = 2.5, a1 = 1.5, h1(t) = t7 1%, hy(t) = t705e72 and

fit, ur, up, U3, uy) = 2 | e tus)| tuay|
UV 04 T B 1eVE 5B+ 2P 100+ B
folt, ur, g, uz, ug) = 1 e M| e Mua  3Pus| lig)l

Q0+1P  14vB  14vi  7G+B2 201 +8)

Similar to the example 3.1, it is easy to verify that the hypothesis (H;) is satisfied.
Observing that

|f1(tl Uy, Uz, Us, 1/[4) - fl(tl H1/H2/ 53/ ﬂ‘l)l

e—ZOt _ —15¢t _ t _ t _
< U =+ ——up — |+ ————|us —Us| + ——————|uy —u

1+\/t_3| 1— 1] 1+\/f| 2 — 1o 5(3+t2)2| 3 — U3 10(1+t2)2| 4= Uy
= bu(B)lur —ur| + bia(t)up — ua| + bia(f)luz — uz| + bra(f)lus — s,

|fot, 11, U, Uz, us) — fo(t, U, s, Us, Us)|

18t ” 16t " 312 B 1 B
< w — | + Uy — o + ————us — 3| + ————|us —

1+\/t—3| 1— ] 1+\/¥| 2 — s 7(3+t3)2| 3 — gl 20(1+t2)| 4= Uy

= bo(B)|ur — w1l + boo(B)lup — 1ol + baz(B)lus — uz| + boa(t)lug — ual,

and

+eo 1 +00 1
b, = f b1 (H(1 + tl.S)dt =—, b}, = f bi(H(1 + t0'5)dt =
N 20 2T J e G
oo 1 +00 1
bis = f bis(t)dt = 30 by, = f bia(t)dt = 20’
0 0
—+00 L5 1 oo s 1
b = fo bu()(1+ £t = 15, by = fo ba(B)(1+ ")t = =,
+00 1 o0 .
b, :f bas(t)dt = 5, b, =f ap(t)dt = —.
B )® o1 T 1

0
A—foo (tOOOO)dt—f+DO 2 =l
1= 0 flrrrr - o (10+t)2 _5/

+00 oo 1 Tt
Ay = t dt = dt =
5 jo‘ fz( ,0,0,0,0) L (20 + i’)3 8000’

(34)
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which means that the hypothesis (Hj) is satisfied. By direct computation, we have
4 4
m = Lmax | Z bik, Z ba} = 4.03638 x max {0.2,0.24422} = 0.98576 < 1.
k=1 k=1

So all conditions of Theorem 3.2 are satisfied. Then the system (34) has a unique positive solution, which
can be obtained by the limits from the iterative sequences in (27).

4. Conclusions

In this paper, we apply the monotone iterative technique and the Banach contraction mapping principle
to study a class of fractional differential system with integral boundary in an infinite interval. We first trans-
form the system (1) into an equivalent operator equation (14), and then construct some norm inequalities
related to nonlinear terms f;(i = 1,2) by means of hypothesis conditions. Finally some explicit monotone
iterative schemes for approximating the extreme positive solutions and the unique positive solution are
established.
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