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Abstract. In this paper, we are concerned with a class of system of nonlinear singular fractional differ-
ential equations with integral boundary conditions. More precisely, we establish sufficient conditions for
existence, multiplicity and nonexistence of positive solutions. The results are derived in terms of different

values of the parameters. Our approach relies on the Krasnoselskii’s fixed point theorem. Some examples
are given to illustrate our main results.

1. Introduction

In this paper, we consider the following class of system of boundary value problems

D*u(t) + wa(t) f(t, u(t),v(t)) =0, in (0,1), n-1<a <n,

DPo(t) + wab(t)g(t, u(t),o(t)) =0, in (0,1), m—1<B <m,

w(0) = w/(0) = ... = u"D(0) = 0, u(l) = Ay [, u(s)ds, @
0(0) = 0/(0) = ... = 0" D(0) = 0, (1) = A [ v(s)ds,

where D? is the standard Reimann-Liouville fractional derivative of order 6 > 0, n,m € N, n,m > 3,
0 <A <a 0< Ay < B, u1 and up are two positive parameters. The functions a,b are continuous
nonnegative on (0, 1) and they are allowed to be singular at f = 0 and/or ¢ = 1. The nonlinearities f, g are in
C ([0,1]x [0,400)X[0, +00), [0, +00)).

Many previous works have studied boundary value problems with integral boundary conditions in the

scalar case, we cite the works [5-7, 22]. Namely, Cabada and Hamdi in [5], gave existence results for the
following boundary value problem

{D“u(t) +ft,u®) =0 in (0,1),
) 1 )
u(0) = w/(0) = 0,u(1) = A [ u(s)ds,
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where2 < a <3, 0 < A <aand f is continuous function.
More recently, in [6], the authors considered the following problem

{D“u(t) +ug®h®)=0  in [0,1],

u(0) = w'(0) = 0,u(1) = A [ u(s)ds, ®)

depending on the real parameter u > 0, where 2 < @ < 3, h and g are nonnegative continuous functions.
Under the condition that g € L!([0, 1]) and fll g(t)dt > 0, they derived various existence and multiplicity
2

results of positive solutions depending on the parameter p > 0.

On the other hand, as a generalization of boundary value problems of differential equation, many authors
treated these kind of problems, we cite [1,9, 11, 14-19, 21]. It is worth to remark that the great importance of
such problems came from their applications. In fact, these problems present efficient models for description
of different systems and process in engineering, science, economy, chemical, thermo-elasticity, population
dynamical and so forth, we refer the reader to [20, 22, 26, 31, 32] and the references therein.

In this work, we shall give sufficient conditions for existence, multiplicity and nonexistence of positive
solutions for system (1). The results derived depending on the positive parameters 1 and p>. We remark
here that we are essentially inspired by the works [6, 21], we will see that severel of Cabada and Hamdi’s
proofs in [6] carry over to some proof’s here, quite nicely.

The rest of the paper is organized as follows. In the next section we recall some tools and we present
properties of the Green’s function. Moreover we state preliminary lemmas. Section 3 and Section 4 are
devoted to establish existence of one or more positive solutions for (1), respectively. However, Section 5
concerns nonexistence results. The final Section of the paper contains examples to illustrate our results.

2. Preliminaries

In this section, we recall some results and we prove key lemmas that will be used to prove our main
results. We begin with the following background on the fractional calculus. We refer the reader to [26, 31]
for more details.

Definition 2.1. The Riemann-Liouville fractional integral of order
a > 0 for a measurable function f : (0, +00) — R is defined as

1 t
I“f(t :—f t—s)* L f(s)ds, t >0,
=55 | €956
where I is the Euler Gamma function, provided that the right-hand side is pointwise defined on (0, +00).

Definition 2.2. The Riemann-Liouville fractional derivative of order
a > 0 for a measurable function f : (0, +00) — R is defined as

a — 1 d n ' n—-a— — d nim—a
D) = ) [ =9 s = (s

provided that the right-hand side is pointwise defined on R*.
Here n = [a] + 1, [a] denotes the integer part of the real number c.

Lemma 2.3. Leta > 0. Let u € C(0,1) N L'(0,1). Then

1) D**u = u.

T'o+1 )
ii) Ford>a—-1,D% = gtb‘“. Moreover, we have D% =0,i=1,2,.., 1.
TG—a+l)
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iii) D*u(t) = 0ifand only if u(t) = cit* L+ pt* 2 + ..+ cut* ", c; €R,i=1,2,.,n.
iv) Assume that D*u € C(0,1) N L'(0, 1), then we have
IDu(t) = u(t) + c1t* 1+ ot 2 + .+t ", €R, i=1,2,..,n.

Now, we give the explicit expression of the Green’s function for the linear fractional differential equation
associated to the problem (1). More precisely, we assert the following result.

Lemma24. Letn >3, n—1<a <nand A € (0,a). Let y € C[0,1]. Then the unique solution of the fractional
differential equation

D%u(t) + y(t) = 0in (0, 1), 4)
subject to the boundary conditions

1
0) = . = u20) = 0,u) = A [ u(ots, ©)
0

is given by

1
umif@mmwm,
0

where for all t,s € [0,1],

111 —5)* Na— A+ As) — (@ — A)((t — s)7)*!
(a—MI(a) '

Gaalt,s) = (6)

Guasa (t,5) is called the Green’s function of the boundary value problem (4)-(5). Here, for x € R, x* = max(x, 0).
Proof. From Lemma 2.3, we have
u(t) = =I*y(t) + 1t + oot + L+ ot

Consequently the solution of (4) is

1 ¢
u(t) = —m | (t- s)“‘ly(s)ds + ot ot L+t

Since u(0) = 0, we find ¢, = 0. So

u(t) = =I*y(t) + et + ot + o+t -

Differentiating (7), we obtain

t
u'(t) = _a-l f (t—9)"2y(s)ds + (@ — DE* 2. + g (@ = + 1,
(@) Jo
By u/(0) = 0, we obtain ¢, = 0. Similarly, we obtain c; = ¢3 = ... = ¢4, = 0. Therefore
1

t
u(t) = — f (t- s)“‘ly(s)ds + ot (8)
0

T(a)
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Now, the condition u(1) = A fol u(s)ds implies that

1 1— a-1 1
c1:f0 %y(s)ds+/\j0~ u(s)ds.

Let A= fol u(t)dt. Then by (8), we obtain
B (1 S)“ 1 f (1—5)0‘ 1 &
A= f al"(a) T(@) ———y(s)ds + aA.
So, we have

a 1 (1-s9)" 1- s)“ 1
A= T j; T(@) y(s)ds + f y(s)ds.

Replacing A in (8), we obtain the followmg expression of the function u

B Lt —s)*! w1 A =9)Ya+A(s - 1))
u(t) = —f(; Wy(s)ds + ¢t 1]; @ - r@ y(s)ds.

Finally, we deduce
ft (1= s)" Na + A(s — 1)) — (= A)(t —5)*!
0 (@ = M)(a)

"1 -5 Ha + As - 1)
gl (@ =A@

u(t)

y(s)ds

y(s)ds

1
f Gar(t,5)y(6)ds.
0

This ends the proof. [

4456

In order to give some estimations on the function G, ., we introduce the function Gy on [0, 1] x [0, 1]

given by

ta—l(l _ S)a—l _ ((t _ S)+)a—1

Go(t, S) = F(OZ)

Lemma 2.5. Letn € N, n >3,n—1 < a < n. Define the function H(t,s) on [0, 1] x [0, 1] by

1 a—=2 a=2 s _
T )t (1 = s)** min(t, s)(1 — max(t, s)).

Then the function Gg has the following property

H(t,s) =

ﬁH(t, s) < Go(t,s) < H(t,s), t,s € [0,1].

To show Lemma 2.5, we recall the following standard results.
Lemma 2.6. i) Let 1, 6 € (0, +00), a, u € [0,1]. Then
min(1, ﬁ)(l —au’) < (1 —au") < max(1, E)(l —au®).

ii) For t,s € [0, 1], we have

ts <min (t,s) < sand (1 —s)(1 —t) < 1-max(t,s) < (1 —s).

©)

(10)

(11)

(12)
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Now we are able to prove Lemma 2.5.

Proof. First, remark that for each t,s € (0, 1),

(t—s)"
K1 —s)

Thus by applying Lemma 2.6 (i) forn=a—-1,6=1,a=1and

D(@)Go(t,s) = 171 (1 =) "1 = (=—=)""].

u= (EE:);) )*~1, we obtain
1 (t—s)" (t=s)" (t=s)"
@ a9 =M hamy i)
Then
1 t(l—s)—(t—s)JfS[1 ((t s)* o1 < f(1=s)—(t—9)"
@1 Hi<s) ) 1= s)

By using the fact that #(1 — s) — (f — s)* = min(¢, s)(1 — max(t, s)), we conclude that

wnH(t,8) < Go(t,s) < H(t,s).

O

The following properties of the Green'’s function play an important role in this paper.

4457

Proposition 2.7. Letn e N,n >3, n—1<a < n,and A € [0, ). Then the function G, , defined by (6) satisfies

the following properties

i) Gg,ais nonnegative continuous function on [0, 1] x [0, 1]
and
Gaa(t,s) >0, forall t,s € (0,1).

it) Forallt e [0,1],s € [0,1], we have
P(OKa(8) < Gaa(t, s) < q(t)Ka(s),
where

s(1 —s)a!

Ka(s) = T(a) ’

and

(1-1) A a _((@a=Mt+A)
(t)—( 1 +m)t 1,q(t)—wt 2.

iii) Let 6 € (0,3), t,s € [0, 1], then we have

a, > a,. K
tefg%n Ga(t,8) = Va1Ka(s),

where

A
Ga—l‘
a— /\)

(13)

(14)

(15)

(16)
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iv) Foreacht,s € [0,1], we have
Ga(t,s) < N1 Kals), (17)

where

_ o
Na,x = (0( — /\)

(18)
Proof. i) It is obvious to see that G, (t,s) is continuous on [0,1] X [0, 1]
and Gu.(t,s) > 0.
ii) Let ¢,s € [0, 1], using Lemma 2.6 (ii), we conclude that the functin H(t, s) defined by (10) satisfies
(1=t ts(1 = 5)*t <T(@)H(t,s) < t*725(1 —s)* 7L (19)
Combining (11) and (19), we get
e (1= Dt 's(1 = )" < T(@)Go(t,8) < t*72s(1 —5)*". (20)
On the other hand, the function G, defined by (6) satisfies
(a = ML(@)Gan(t,s) = (@ — A)T(a)Go(t, s) + As(t(1 —s))* L.

Thus, using (20), we obtain

(@-A)1 -t +Aa-1)
(a-1)

19715(1 = 5)* 1< (@ = MT(@)Gy 1t 8) < (@ = At + )t 25(1 — )7L
So, we deduce that

PBKa()<Ga(t, 5) <q(H)Ka(s).

where
1—35) 1
Ka(s)—s( 1“(053 ’
and
(a-n A\ _(a=Mt+A)
0= (1 25 a0 = TR e

(iii) and (iv) are consequences of the inequalities (13). [

Remark 2.8. Note that this estimation on Green'’s function G a(t, s) obtained in the previous proposition improve
those obtained in [5] and [6] in the case where 2 < a < 3.

The proofs of ours results are based upon the following Krasnoselskii’s fixed point theorem.

Lemma 2.9. ([26]) Let P be the cone of a real Banach space E and 21, (2, two bounded open balls of E centered at the
origin with Q) € Q. Suppose that T : P N ( Qy\ Q1) —> P is completely continuous operator such that either

(i) ITx|| = ||x]|, x € PN Iy and ||Tx|| < |Ix|l, x € PN Iy, , or

(i) |Tx|| < ||Ixll, x € PN dQy and ||Tx|| > ||x|l, x € PN .

holds. Then the operator T has at least one fixed point in P N ({\ ().
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Now, let E = C([0, 1]) x C([0, 1]), endowed with the norm
[|(w, 0)|| = ||ull + ||v|l, where ||u|| = SUPe10,1] [u(t)]. Then E is a Banach space.

Let 6 € [0, %), and set Jp = [0,1 — 0]. In the sequel we need the following notations

1-0 1-0
ol = f a()K,(t)dt and ag = f b(t)Ks(t)dt,
6 6
where K,, Kg are defined by (14).
GD, = Ga,,\]and Gﬁ = Gﬁ,/\zr

where G, ,, Gg 1, are given by (6). And

Ya=Yahs V= Ve (21)
Na = Nadis 1 = 1Az (22)
Vo = Valla'r Vg = Vpilg 'y = min(yy, V), (23)

where V4 1., V6,12, Ma,1, @nd 11, are defined by (16) and (18).
Now, we define the cone Q in E by

Q={(u,v)€E: ut) =0, v(t) >0o0n[0,1], rtn}nu(t) >y ||u||,1}1}nv(t) > ;/;3 [lol]},
<Jo €Jo

and forr > 0, let
Q ={(,v) € Q:||(w,v)l <r}
Next, we define the operator T : E — E as follows
T(u,v)(t) = (T1(w, 0)(t), T2, v)(#)), t€[0,1] (24)

where

1
i, 0)0) = fo Galt, $)als) (5, u(s), 0(s))ds,

and

1
To(u, 0)(t) = 2 f Galt, SD($) (s, 1(s), 0(5))ds.
0
In the remainder of the paper, we adopt the following hypotheses:

(Hq) a,b € C((0,1),[0 + 0)), a(t), b(t) # 0 on any subinterval of (0,1) and 0 < 02,02 < oo,

(Hp) f,9 €C([0,1] X [0, +00) X [0, +0), [0, +09)).

(H3) There exist t1, t, € (0,1) such that f(t1,u,v) > 0 and g(f,, u,v) > 0 for each u, v € (0 + o).

We note that our study on the problem (1) remains to the seek of fixed point of the operator T and this is
due to the following lemma.
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Lemma 2.10. Suppose that (Hy)-(H3) hold. Then

(u,v) € C([0,1]) x C([0, 1]) is a solution of the boundary value problem (1) if and only if (u,v) € C([0, 1]) x C([0, 1])
is a solution of the integral equations

1
u(t) = y1]; Gal(t,s)a(s)f(s, u(s), v(s))ds. (25)

1
o(0) =2 [ Gt o)ats,us), 2. 6)
0
That is (u,v) is a fixed point of the operator T defined by (24).
Proof. The proof is immediate from Lemma 2.4, so we omit it. [J

We call G(t,s) = (Ga(t, 5), Gg(t, 5)) the Green’s function of the problem (1).
Now, we state some lemmas which will be used in the proofs of our main results.

Lemma 2.11. Suppose that conditions (H1) and (H, ) hold. Then
T : QO — Qs completely continuous.

Proof. Since G,, Gg, f and g are nonnegatives continuous functions and using (H;) we conclude that T
: QQ — Qs continuous. Let (4, v) € Q, then by Proposition 2.7, (15) and (17), we obtain for all f € Jg,

1
Tiw o) > iy fo Ka(8)a(s) (5, u(s), o(s))ds

\%

1
mlt fo Ga(t, )a(s)f(s, u(s), 0(s))

\%

1
Y max{ylﬁ Ga(t,8)a(s) f(s, u(s), v(s))ds}

7€[0,1]
= VallT1(w, ).
Similarly, it follows that for all ¢ € [y
Ta(u, 0)(t) 2 Yl To(u, V).

Then T(Q) c Q. Now, let S be a bounded set of (2, then there exists a positive constant M > 0 such that
l(w, v)|| < M, for all (u,v) € S. Define now

M;:= max t,u,v)and M, := max t,u,v).
! te[0,1],u+v<M f( ) 2 te[0,1],u+v<M ‘q( )

From hypothesis (H;), Proposition 2.7 and (17), we have for all t € [0,1], u,v € S,

1
Tiw o) < e f Ka(8)als) (s, u(s), 0(s))ds
0

< ymaMlog.
Similarly
1
To(u,0)(t) < ponp fo Kp(s)b(s)g(s, u(s), v(s))ds
<

pangMaa.

So, we have
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IT(u, 0)Il < p1aMiog + oMoy,

Hence T(S) is uniformly bounded.

Now let us prove that T(S) is equicontinuous on [0, 1]. Using Proposition 2.7, we obtain that G,is uniformly
continuous on [0, 1] X [0, 1]. Thus for any ¢ > 0, there exists a constant 6 > 0 such that for any #;,; € [0, 1]
satisfying |t; — tp| < 6 and for each s € [0, 1],

Galt,5) = Galtr, 9)| < m
Then, for u,v € S, we have

T2 (1, 0)(t) — Ti (u, 0)(11)] < g . 27)
Similarly

[T, 0)(t) = Talw, 0)(t)] < 5. 28)

Therefore, by (27) and (28) we obtain
Il T(u, 0)(t2) — T(u, v)(t1) < e.

where ||.|l; is the norm on R? defined by I(u,v)lli = [u| + |[v|. Thus T(S) is equicontinuous. Consequently
by Ascoli’s theorem, we conclude thatT(S) is relatively compact in E. Therfore T : O — Q is completely
continuous. This completes the proof. [

Hereinafter, we introduce the following notations

0 _ 1% f(t/ U, 0)
fr= u}rlgé{gfgﬁ u+ov z (29)
and
fs = lim {min ———— fit,u,0) ). (30)

u+v—6 t€fp U+ OV
where 6 = 0 or +oo.

Lemma 2.12. If conditions (H1)-(H3) hold. Then, for every R > 0, there exist uj(R) > 0 and u;(R) > 0 such that
foreach 0 < py < ui(R) and 0 < pp < u5(R) we have

IT(w, o)l < ll(u, 0)ll, for all (u,v) € IQk.
Proof. Fix R > 0 and let (u,v) € Q with ||(u, )| = R. Let

M; = max f(t,u,v) and M, = max g(t,u,v).
te[0,1 te[0,1
(u,v)E[O,[R]]x[O,R] (u,0)€l0, R ] [0,R]

Notice that from (Hs) we get that M;i,M; > 0 for all R > 0 and (H;) implies that og,ag > 0. Thus define
Hl(R) 21 M 20.M;00 and MZ(R) Zz]ﬁMzg
LetO < <pj(R)and 0 < pp < yZ(R) Then, for all t € [0, 1], we have

1
Tiw o)) < e f Ka(8)a(s) £, u(s), 0(s))ds
0

IA

f17aMi0’

IN

R 1
pinaMiol < 5 = 5l o)l
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So, we obtain
1
IT1(u, 0)ll < Ell(u, o)ll- (31)

Analogously, we prove
1
T2, 0)ll < Sl Ol (32)

Hence, from (31) and (32), we conlude that ||T(1, v)|| < ||(u,v)||, for all (u,v) € 0Qr. O

Lemma 2.13. Assume that conditions (Hy)—(Hs) are fullfilled .
If fo = 00 or gy = oo, then there exists ro(u1, ti2) > 0 such that for every
0 < r < ro(p, o) we have

IT(u, 0)ll = 1|(u, v)ll, for all (i, v) € .

. _ 1 1
Proof. Let uy, yp > 0. Define A = max{ Srredd’ Tl

there exists ry = ro(u1, 42) > 0 such that

} > 0. In addition assume that fy = o0 or gg = oo, then

ft,u,0) >A+v), te]o, 0<u+v<ry. (33)
or
gt,u,v) > A(u+v), tejs, 0<u+v<ry. (34)

First, if fy = oo, then (33) holds. Fix 0 < r < rp and (4, v) € dQ,. Then for all t € Jy, we have

1-60
A fe Ka(a(e)(u(s) + o(s)ds

Ti(u,0)t) =
1-6
> HlVaAf Ka(s)a(s)(yllull 1| +y5lloll)ds
0
> wmyyac?Allw, o).
So, we obtain
u,v
IT1(u, 0)ll > ”(—)”

2
Thus

IT(u, 0l = [I(ue, ).

Now, we suppose that gy = oo, then (34) holds. By the same manner we prove that
IT(u, o)l = 1I(u, ),

which ends the proof. [

Remark 2.14. Note that condition fy and go need only to be satisfied on subinterval Jg of [0, 1] rather the entire
interval as is often required with this type of assumption.
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Lemma 2.15. Suppose that conditions (Hy)—(Hsz) hold. If f° = 0 and ¢° = 0 then there exists ro(u1, pi2) > 0 such
that 0 < r < ro(u1, 4z) we have

IT(u, 0)|| < |I(u, 0)||, for all (u,v) € 9Q2,.

Proof. Since f = 0 and g° = 0, then for ¢ = min{z——, ——
thMa0a” 24121150,
ft,u,v) < e(u+v), and g(t,u,v) < e(u+v), ¥t € [0,1], 0 < u + v < ro(u1, p2). Fix 0 < r < ro(u1, t2) and let

(u,v) € dQ,. Then for all t € [0, 1], we have

} > 0 there exists ro(u1, p2) > 0 such that

1
anﬂsqumemw@WWs
0
1
< WwammW@M@%
0
< naoge(llull + loll)
Thus,

I3, 0l < 518 D)L

By the same manner, we obtain

IT2(w, 91 < 31160
Then it follows that

IT(u, o)l < [I(u, O)II.
Which ends the proof. O

Lemma 2.16. Assume that (H1)-(H3) are satisfied. If we have fo = 00 07 goo = 00, then there exists Ro(u1, p2) > 0
such that for every R > Ro(u1, o) we have

IT(u, o)l = [I(, v)ll, for all (u,v) € IQg.

Proof. Let

1 1
M = max{ }>0.

H1YYa0f 1250,

Assume that fo, = © or go = oo, then there exists Ry = Ry(ui, 42) > 0 such that f(t,u,0) > M(u +
v)or g(t,u,v) > M(u+v),Vt€ Jo, u+v = Ry.

Now, define Ro(p1, p2) = %Rl and let R > Ro(u1, t2). First, iff., = oo, then for any (u,v) € dQg, we get
ft,u®),v(t)) = M(u(t) + v(t)), Yt € Jo. It follows that, for (1,v) € dQg, t € Jg,

1-0
Ti(w,0)t) = my.M L a(s)Ky(s)(u(s) + v(s))ds

\%

1-0
mVaMf a(s)Ka(s)(yallull + ygliol)ds
0

11y Y0 SMII(u, v)||
(e, D).

vV v
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Then
IT1(w, 0l 2 [|(w, ).
Therfore
T, )l = 1|(u, 0)II, ¥ (1, 0) € Ig. (35)

Now, suppose that g., = o, then for any (1, v) € dQr we have for every ¢ € [ g(t, u(t), v(t)) = M(u(t) + v(t)),
By the same manner, we obtain for ¢ € Jy

1-6
T o) > gy [ ORI, o

\%

p2yypo g Mil(u, o)l 2 ll(u, V)l
So

T, o)l 2 1|, 0)II, ¥ (1, 0) € IQp. (36)
Hence, from (35) or (36), we obtain
T, )l = 11w, 0)II, ¥ (1, v) € I
0
Lemma 2.17. Suppose that conditions (H1)-(H3) hold. Assume that
f®° =0and g® = 0, then there exists Ro(u1, t2) > 0 such that for every R > Ro(p1, p2) we have

IT (e, 0)l| < ||(,0)||, for all (1, v) € dQk.

L, —L ) > 0, there exists R;=R;(y1, p2) > 0 such that

Proof. Since f* = g =0, then for ¢ = min(zqu 0’ 2uanpo
alq B

f(t,u,v) < e(u+v)and g(t,u,v) < e(u + v) for each (u +v) > Ry.

Let
M, = max f(t,u,v) and M, = max g(t,u,v)
te[0,1 €[0,1
(,2)El0.R IXIO.R1] (1,2)El0.R IXI0.R1]

Let Ro(u1, t2) > max{2Ry, t11,09Mi (3 — ylognae)‘l,yznﬁagMz(% — yzognﬁe)‘l}. Fix R > Ro(u1, i2) and let
(u,v) € dQg. Let t € [0,1], then we have

1
Tiw o)) < f Ka(8)als) (s, u(s), 0(s))ds
0

1
Mot + e [ KOs + o)
0

<
< naMiod + pnaoSe(lull + [ol)

1 1
<R3- [10970€) + U1N,0%eRy = Sl o)l

So, we have

ITy(w, 91 < 310 O
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Similary, we prove

1
IT2(w, v)l| < Ell(u,v)ll'
Thus, we obtain
IT(u, o)l < 1I(u, )|, ¥(u,v) € Q.

This completes the proof. [J

Lemma 2.18. Suppose that conditions (H1)-(Hz) hold. If fo, geo € (0,00), then there exist uj, iy > 0 and Ry > 0
such that for each R > Ro and for each piy > 3, ua > w; we have

TG, o)l = Nl(, 0)I, ¥ (1, 0) € I

Proof. Suppose that fo, goo € (0, 00). Then for € = min( fzﬁ, £2) there exists Ry > 0 such that for each t € Jo,
u+7v > Ry, we have

flt,u,v) 2 (fo —€)(u+v)and g(t, u,v) = (goo — €)(1 + v).

Define

* 1

— 1 > 0.
1= 3o

* 1
>0 and u; = 27507 ( geo—e)

Let pg > pj and pp > u5. Fix R > % and let (1, v) € IO, t € Jg, then we have

1-0
Tiwot) > e f@ Ko ()a()( fro — €)(u(s) + o(s))ds
2 1yYa0y( fo =€l o)l
JC
> S
Similary, we get
L, 0X0) > ”(”;’)”-

Thus
IT(w, )l = [|(u, 0)ll, Y(u,v) € IQk.

Which ends the proof. [

By the same manner we prove the following lemma.

Lemma 2.19. Suppose that conditions (Hy)-(Hy) hold. Assume that fo, go € (0, c0). Then there exist iy, 5 > 0 and
ro > 0 such that for each 0 < r < rg and for each py > uj, po > p3, we have

T, o)l 2 11(u, 0)ll, Y(u,0) € I
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3. Existence of positive solution

This section is devoted to give existence of postitive solution for the nonlinear boundary value system
(1). By a positive solution of problem (1), we mean a pair of functions (1, v) € C([0, 1])x C([0, 1]) satisfying
(1) with u(t), v(t) = 0 for all t € [0, 1] and u(t), v(t) > 0 for all t € (0, 1).

Theorem 3.1. Suppose that conditions (Hy)—(H3) hold. In addition, suppose that {fy = oo, f* = g = 0} or
{g0 = 00, f* =g> =0}, then for every us, to > 0, the system (1) has at least one positive solution.

Proof. First, suppose that {fy = oo, f* = g* = 0}.
Choose R > max( ro(u1, p2), Ro(u1, 42)), where ro(u1, p2) and Ro(u1, p2) are given by Lemmas 2.13, 2.17
respectively. So we obtain

T, )l = 11w, 0)I, (1, v) € Iy, (37)
and
||T(1/l, U)” < “(”r ’0)”, (1/{, U) € aKER (38)

Thus Lemma 2.9 implies that the operator T has a fixed point in Qg\Q,. So by Lemma 2.10, the system (1)
has at least one nonnegative solution (1, v) € Q.
We suppose now that {gg = oo, f* = g = 0}, then by the same manner, we deduce that the problem (1) has
at least one nonnegative solution
(u,v) € Q.

Now, we shall prove that (1, v) is positive solution of problem (1) that is u(t) > 0 and v(t) > 0 for each
t € (0,1). Assume, on contrary, that there exists t* € (0,1) such that u(t") = 0 or v(t*) = 0. Suppose that
u(t*) = 0. Lemma 2.10 implies that

1
) = [ Gt a6, ), (9.
0
Since the function G,, 2 and f are nonnegative and continuous, we obtain
Ga(t',s)a(s)f(s,u(s),v(s)) =0 a.e.(s).
From hypothesis (H;) and the fact that G, is positive on (0,1) X (0, 1) we deduce that

f@s,u(s),v(s) =0 aels). (39)

Further, from hypothesis (Hsz) and the continuity of the function f, we claim the existence of subset I C (0, 1)
with m(I) > 0, where m is the Lebesgue measure on (0, 1) such that f(t,u,v) > 0 on I, which contradict (39).
The proof is complete. [

Theorem 3.2. Suppose that conditions (H1)—(Hs) hold. In addition suppose that {f° = ¢° = 0, foo = oo} or
{f'=¢° =0, g = o0}, then for every pq, o > 0, the system (1) has at least one positive solution.

Proof. We assume that {f° = g° = 0, fx = o0}, then for 0 < r < ro(u1, y2) and R > max{rg, Ro(p1, 42)}, where
ro(u1, p2) and Ro(u1, p2) are given by Lemmas 2.15 and 2.16 respectively, we have

IT(u, 0l < ll(u, v)Il, for (u,v) € IQ,
and
IT(u, o)l = l(, O)Il, for (u,v) € IQk.

Thus, Lemma 2.10 implies the existence of a nonnegative solution for problem (1). Now, if {f° = ¢° =
0, goo = o0}, then by a similar approach, we conclude that problem (1) has at least one nonnegative solution
(u,v) € Q. The positivity of (1, v) is shown as in proof of the previous Theorem. [
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Remark 3.3. We note here that Theorem (3.1) and Theorem (3.2) are generalisations of Theorem (3.2) stated in the
work [5] concerning the scalar boundary value problem (2).

Theorem 3.4. If conditions (H1)—(H3) hold. Suppose also that one of the following conditions { fy = co or gg = oo}

*

o7 {fo = 00 07 goo = oo} is satisfied. Then there exist uj, u5 > 0 such that for each 0 < py < uj and 0 < up < 3, the
system (1) has at least one positive solution.

Proof. Choose R > 0. From Lemma 2.12, there exist ], yt; > 0 such that for 0 < y; < uj and 0 < up < 3, we
obtain

IT (e, 0)|| < ||(u,v)||, for all (1,v) € dQk.

If the first condition holds, that is we have {fy = oo or gy = oo}, then by Lemma 2.13, there exits ro(u1, ti2) > 0
such that for 0 < r; < min{%, ro(u1, 42)}, we have

IT(u, o)l = |(u, 0)l|, for all (u,v) € IQY,.

Now, if we have {fo = o0 or g, = o0}, then from Lemma 2.16, there exits Ro(u1, t2) > 0such that for
2 > max{ Ro(u1, t2), 2R} we have

1T, o)l = ll(w, 0)ll, for all (u,v) € Iy,

Therefore Lemma 2.9 implies that the operator T has a fixed point in Q_R\er or Q_Q\QR whether the first
assertion or the second one is satisfied, respectively. Thus by Lemma 2.10, the system (1) admits at least
one positive solution forall 0 < yy < pj and 0 < up < pj. O

Theorem 3.5. Assume that conditions (H1)—(H,) are fullfilled.
If {feo, Goo € (0,00), fO = g° = 0} then there exist 7, iy > 0 such that for each py > i and pz > 5, the system (1)
has at least one positive solution.

Proof. Let uy >y, p2 > 5, R > Ro, where pj, u3 and Ry are given by Lemma 2.18. Then we have
IT(u, 0)ll 2 1I(, 0|, ¥ (1, 0) € OO (40)
On the other hand, let r < min{Ry, 7o((t11, p2)} where ro(u1, t2) is defined by Lemma 2.15, then we obtain
IT(u, v)|| < ||(u, v)|l, for all (u,v) € IQ,. (41)
Therfore, by applying Lemma 2.9 to (40) and (41), the system (1) has a positive solution for g > uj and
H2 > e O

Theorem 3.6. Assume that conditions (Hy)—(Hy) are fullfilled.
If{f° =9 =0, fo, go € (0, 00)}, then there exist yi;, i, > 0 such that for each py > yj and u > @, the system (1)
has at least one positive solution.

Proof. Using Lemma 2.19 combined with Lemma 2.18, by the same manner as the proof of Theorem 3.5, we
prove that problem (1) has at least one positive solution for every y; > pj and up > p3. O

4. Multiplicity results

In this Section, we state two existence results.

Theorem 4.1. Suppose that conditions (H1)— (Hz) hold. In addition, suppose that { fo = oo or gg = oo} and {foe = o0
0r Joo = 00 }, then there exist uj, iy > 0 such that for each 0 < py < uj and 0 < up < y3, the problem (1) has two
positive solutions.
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Proof. Choose two numbers R; > R; > 0. By Lemma 2.12, there exist u] > 0and u; > Osuch that0 < p; < 3,
0 < up < u; we have

IT(u, )| < |I(w, V)ll, for (u,v) € IQp,,i =1,2. (42)
Since fp = o or gy = oo, then by Lemma 2.13, we can choose 0 < r < min{%,ro(yl, tz2)} such that

IT(u, )| = |(u, v)ll, for (u,v) € 9Q,.
Moreover, since {fe = 0 0Or goo = 0 }, by Lemma 2.16 we can choose R > max{2R;, Ro(t1, p2)} such that

T (u, 0)ll > ||(, v)l|, for (u,v) € IQk.

Then, from Lemma 2.9, T has two fixed points (u1,v1) and (12, v2) such that (u1,v1) € Qr,\Q, and (uz,v2) €
Qr\Qg,. Thus (u1,v1) and (uz, v7) are the desired distinct positive solutions of system (1) for 0 < py < uj
and 0 < pp < p; satistying

r < l(uy, o)l < Ry < Ry < |[l(u2, )l < R.
This complets the proof. [

Theorem 4.2. Suppose that conditions (H,)—(H3) hold. In addition, suppose that {f° = g° = 0, f* = g = 0}, then
there exist uj, us > 0 such that for each 0 < 1 < uj and 0 < yp < s, the problem (1) has two positive solutions.

Proof. By combining Lemma 2.17 and Lemma 2.15, we follow the result of Theorem (4.2) by the same
manner as the proof of Theorem (4.1), so we omit it. [J
5. Nonexistence of positive solutions

We give in this Section nonexistence results for the system (1).
Theorem 5.1. Suppose that conditions (Hy)—(Hj3) are fulfilled. In addition assume that £, f°, g%, g° € (0, ),
then there exist yj, w; > 0 such that problem (1) has no positive solution for all 0 < py < pj and 0 < ua < y3.

Proof. Suppose the contrary that is the problem (1) admits a positive solution. Since f*, f* € (0, o), then
there exist €1, €, [1, I such that
Iy <, and for each t € [0,1] we have

flt,u,v)<erlh, 0<u+v <h.

and

ft,u,v) <ely, u+ov>I.
Let

b= gy S

h<u+osh
Thus, we obtain
ft,u,v) < Li(u+0), Yu,v > 0.
By the same manner, there exists L, > 0 such that

g(t,u,v) < Ly(u+v), VYu,v=0.
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1
ZTIHUg Ly

Define uj = and 5 = mﬁm Let 1 € (0, u}) and s € (0, p3). Then, by using Lemma 2.10, we get

(1/[, U) = (Tl (1/[, U)/ TZ(u/ U))
So
11700 Ly (|l + lloll)
10200 Lal(u, o)l
NG, 0)II
I
Similarly, we obtain

1, I
T

u(t)

A IA

o(t) <

Therfore, we get |[(1, v)|| < [|(, v)||, which is a contradiction. The proof is complete. [

Theorem 5.2. If (H1)—(H3) hold. If {fo > 0, foo > 0} o7 {go > 0, goo > 0} then there exists u1 > 0 or pp > 0 such
that problem (1) has no positive solution for all yy > pg or pp > Uo.

Proof. Suppose that {fo > 0, f > 0}, then there exists L; > 0 such that f(f,u,v) > Li(u+v) forallu > 0,v > 0.
Define

1
yyaL109

Ho

Let 1 > po and suppose that (1) has a positive solution (1, v) then, by Lemma 2.10, (u, v) satisfy (25) and
(26). Thus (u, v) is necessary in the cone Q. From Proposition 2.7 (iii), we have for each t € Jy

1-0
ut) > ylyaf; Ka(s)a(s) f(s, u(s), v(s))ds

V

1-6
el fe Ka(&)a(s)(u(s) + ofs))ds

pyaLiad(llull + yyllol)
> poyalaoyll(u, o)l = ll(u, 0)II.

V

Thus
[[el| > |I(e, D).

Which is a contradiction. Now, suppose that {g0 > 0, g > 0}, then there exists L, > 0 such that
g(t,u,v) 2 Ly(u +v) for all u > 0, v > 0. Define

!
Vyplaoy

Ho

Let yy > po, by the same manner, we obtain
[l > 1I(, 0|l

Which is a contradiction.
Consequently, we conclude that there exists 119 > 0 such that the system (1) has no positive solution if either
H1 > o Or Up > to. O
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6. Examples
In this section, we present some examples in order to illustrate our results. We remark that in the

following examples, it is immediate to verify that conditions (H;), (Hz) and (H3) hold.

Example 6.1. We consider the following nonlinear fractional differential equations

D u(t) + g (u(®)? =0, in (0,1),
Dio(t) + pa i @()F =0, in (0,1),
u(0) = w'(0) =0, u(l)=2 [ us)ds,

0(0) = '(0) =0, o(1) =2 [ v(s)ds.

(43)

Let f(t,u,v) = u§, g(t,u,v) = vg, a(t) = b(t) = ﬁ, A1 = Ay = A = 2. By direct calculation, we obtain fy = oo

and f* = 0. From Theorem 3.1, we deduce that problem (43) has at least one positive solution for every pq, to > 0.
In particular for u1 = po = y, the problem (43) admits a positive solution. Consequently, the following boundary

value problem

{ Diu(t) + pg u(®)s =0 in (0,1), (44)

u(0) = w'(0) = 0,u(1) = 2 [, u(s)ds,

admits at least one positive solution for each u > 0.
We remark here that problem (44) can not be treated by Theorem (3.2) in [6] concerning problem (3). This due to the

fact that the conditions on g(t) = s are not required.

Example 6.2. Consider the following boundary value problem

Diu(t) + i i (1 + ) exp(Vu+0)) =0, in (0,1),
D3o(t) + o2 ((2 + 1) Vu + v cos?(u +v)) = 0, in (0,1),
w0) = w'(0) =0, u(l)=2 [ u(s)ds,
0(0) = v'(0) =0, o(1) =1 [ v(s)ds.

Seta=3,B=1%a(t) = t(ll—_t),b(t) =1 Let f(t,u,v) = (1+t*) exp(Vu + v) and g(t, u, v) = (2+t) Vi + v cos(u+v).
So, we get fo = oo and gy = oo, then we can apply the first assertion of Theorem 3.4. Let R = 1. Then, by Lemma
2.12, we get (1) = 9.6952 x 1072, y13(1) ~ 1.4855. According the proof of Theorem 3.4, we get 0 < ||(u, v)|| < 1.
So, problem (45) admits a positive solution for 0 < pq < 0.096952 and 0 < pp < 1.4855.

(45)

Example 6.3. Consider the following boundary value problem
Diu(t) + pr (1 + P expu+v) =0,  in (0,1),
D3o(t) + o i (1 + 02 + I + (u +0)) = 0, in (0,1),
w0) = w'(0) =0, u(l)=2 [ u(s)ds,

0(0) =/ (0) =0, o(1) = [ v(s)ds.

(46)

Let f(t,u,0) = (1 + ) exp(u +v), g(t,u,0) = (u + 0P +In2 + u +v), a(t) = 15 and b(t) = 5= By direct

calculation, we obtain fy = fo = 00, go = goo = 0. From proof of Theorem 4.1 and using the same notations we

choose R = % and Ry = 1. A simple calculs yields to py = 0.024334, s = 0.017904. So Theorem 4.1 ensures the

existence of two solutions (111,v1) and (12,v5) of problem (1) for every 0 < pq < py and 0 < up < w5, such that

1
0 < l(ug, o)l € 5 < 1 < |I(u2, v2)II.
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Example 6.4. Consider the following boundary value problem

Diu(t) + i 5@t + 1) +0v) =0, in (0,1),
D3o(t) + 2+ o+ In(l+u+0) =0, in (0,1),

w0) = w'(0) =0, u(l)=2 [ u(s)ds, @
0(0) = /() =0, o(1)= [ v(s)ds,
Leta=%,B=3,a(t) = %, b(t) = \Lft Let f(t,u,v) = (2t + 1)(u +v) and g(t,u,v) = (u + v + In(1l + u + v)), we

verify that f* = f* =3, g° = 1and ¢° = 2, then we can apply Theorem 5.1.
A simple calculation shows that u; = 0.19844 and p; = 1.5279. Then for 0 < uq < 0.19844 and 0 < up < 1.5279
problem (47) has no positive solution.
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