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Abstract. The purpose of this paper is to determine L(G), the absolute center of the group G, when G is a
p-group of maximal class. Particularly we find L(G) for metabelian p-groups of maximal class, all p-groups
of maximal class of order less than p6 and p-groups of maximal class for p = 2, 3.

1. Introduction

In 1994, Hegarty [6] introduced L(G), the absolute center of a group G as follows: L(G) = {1 ∈ G | 1α = 1
for all α ∈ Aut(G)}. As we see there is an analogue between L(G) and Z(G), on the other hand we may
define Z(G) = {1 ∈ G | 1α = 1 for all α ∈ Inn(G)}. Obviously L(G) ≤ Z(G). Hegarty [6] proved an
analogue of Schur’s theorem for the absolute center, that is, if G is a group such that G/L(G) is finite, then
〈1−11α | 1 ∈ G, α ∈ Aut(G)〉 is also finite. Moreover Meng and Guo [12] explore the relationship between
L(G) and the Frattini subgroup Φ(G) for a finite group G, they also determine the structure of the absolute
center of all finite minimal non-abelian p-groups.

In this paper we study L(G) for p-groups of maximal class. As the definition of L(G) shows, studying L(G)
directly depends on the structure of Aut(G). Therefore we use a structure of the Sylow p-subgroup of Aut(G)
for metabelian p-groups of maximal class from our paper [5] and also the structure of p′-automorphism
of p-groups of maximal class from [13] to prove our main theorem. Moreover we need the concept of the
degree of commutativity of p-groups of maximal class. Specially we prove that |L(G)| = 2 for all 2-groups
of maximal class, L(G) = 1 for all 3-groups of maximal class and also L(G) = 1 for p-groups of maximal class
of order p4. Moreover we show that there is only one group of maximal class of order p5 with |L(G)| = p and
all other groups of maximal class of order p5 have trivial absolute center( See Theorem 2.12). Furthermore
we determine the absolute center for all metabelian p-groups of maximal class(See corollaries 2.5, 2.6 and
Theorem 2.8).

Throughout this paper the following notation is used. The terms of the lower and the upper central
series of G are denoted by γi(G) and Zi(G), respectively. The centre of G is denoted by Z = Z(G). If α is
an automorphism of G and x is an element of G, we write xα for the image of x under α. For a normal
subgroup N of G, we let AutN(G) denote the group of all automorphisms of G centralizing G/N. Let H ≤ G
and A ≤ Aut(G), we note that CA(H) = {α ∈ A | hα = h,∀h ∈ H} and CH(A) = {h ∈ H | hα = h,∀α ∈ A}. The
Frattini subgroup of G is denoted by Φ = Φ(G) and Autp(G) for the Sylow p-subgroup of Aut(G). Also we
use the notation x ≡ y (mod H) to indicate that Hx = Hy, where H is a subgroup of a group G and x, y ∈ G.
Let (a, p) = 1, we note that ordp(a) is the smallest positive integer t such that at

≡ 1 (mod p).All unexplained
notation is standard and follows that of [9].

2010 Mathematics Subject Classification. Primary 20D45, 20D15
Keywords. absolute center, p-groups of maximal class
Received: 18 January 2020; Accepted: 16 March 2020
Communicated by Dragan S. Djordjević
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2. Main results

Let G be a p-group of maximal class of order pn (n ≥ 3), where p is a prime. We note that if n = 3,
then L(G) = 1 for p > 2 and L(G) = Z(G) for p = 2. Therefore in the rest of the paper we assume that
n ≥ 4. Following [9], we define the 2-step centralizer Ki in G to be the centralizer in G of γi(G)/γi+2(G) for
2 ≤ i ≤ n− 2 and define Pi = Pi(G) by P0 = G, P1 = K2, Pi = γi(G) for 2 ≤ i ≤ n. The degree of commutativity
l = l(G) of G is defined to be the maximum integer such that [Pi,P j] ≤ Pi+ j+l for all i, j ≥ 1 if P1 is not abelian
and l = n − 2 if P1 is abelian.

Take s ∈ G −
⋃n−2

i=2 Ki, s1 ∈ P1 − P2 and si = [si−1, s] for 2 ≤ i ≤ n − 1. It is easily seen that {s, s1} is a
generating set for G and Pi(G) = 〈si, . . . , sn−1〉 for 1 ≤ i ≤ n− 1 and so Z(G) = Pn−1(G) = 〈sn−1〉. For the rest of
the paper we fix the above notation.

By [9, Corollary 3.2.7] and [2, Corollary p.59] we have the following result.

Lemma 2.1. Let G be a p-group of maximal class of order pn.

(i) The degree of commutativity of G is positive if and only if the 2-step centralizers of G are all equal.

(ii) If G is metabelian then G has positive degree of commutativity.

Lemma 2.2. [7, Hilfssatz III. 14.13] If G is a p-group of maximal class of order pn and s < Ki for 2 ≤ i ≤ n− 2, then
CG(s) = 〈s〉Pn−1(G) and sp

∈ Pn−1(G).

Theorem 2.3. [3, Theorem 3.2] Let G = 〈a, b〉 be a two-generated metabelian group. Then the following are
equivalent:

(i) For all u, v ∈ G′, there is an automorphism of G that maps a to au and b to bv;

(ii) G is nilpotent.

By the above theorem we see that if G is a metabelian p-group of maximal class of order pn, then for any
elements x, y ∈ G′ = Φ(G) there is an automorphism that maps s to sx and s1 to s1y hence |AutΦ(G)| = p2n−4.
Moreover Aut(G)

AutΦ(G)
↪→ Aut( G

Φ(G) ) and so |Autp(G) : AutΦ(G)| divides p, since G
Φ(G) � Zp ×Zp.

Lemma 2.4. If G is a p-group of maximal class of order pn, then Autp(G) fix Z(G) elementwise.

Proof. Consider the action of Autp(G) on Z(G). It is obvious that CZ(G)(Autp(G)) , 1 since Autp(G) and Z(G)
are p-groups. As |Z(G)| = p, we have CZ(G)(Autp(G)) = Z(G), which complets the proof.

Corollary 2.5. If G is a p-group of maximal class of order pn and Aut(G) is also a p-group, then L(G) = Z(G).

Proof. This is obvious by the fact that L(G) ≤ Z(G) � Zp and Lemma 2.4.

Corollary 2.6. Let G be a 2-group of maximal class of order 2n, then L(G) = Z(G).

Proof. By [5, Theorem 5.9], we see that Aut(G) is also a 2-group which completes the proof by using Corollary
2.5.

Lemma 2.7. Let G be a p-group of maximal class of order pn. If δ ∈ Aut(G) with sδ = sax and sδ1 = sc
1y, where

x, y ∈ Φ(G) and 0 < a, c < p. Then sδn−1 = san−2c
n−1 .

Proof. By induction on m we have [sm
i , s] ≡ sm

i+1 (mod γi+2(G)) and so [sm
i , s

`] ≡ sm`
i+1 (mod γi+2(G)) for `, i ≥ 1.

Therefore by induction on i we see that sδi ≡ sai−1c
i (mod γi+1(G)), as required.
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Now for the rest of paper by using corollaries 2.5 and 2.6 we may assume that G is a metabelian p-group
of maximal class of order pn(p > 2) and Aut(G) is not p-group. It is straightforward to see that when p
is odd, Aut(G) is supersolvable and is a split extension of Autp(G) by a subgroup of the direct product
of two cyclic groups of order p − 1. On the other hand, if H be a p′-subgroup of Aut(G), then we have
Aut(G) = Autp(G) o H and H is embeded in Zp−1 × Zp−1 (see [1] Section 1). Since P1(G) and Φ(G) are
characteristic subgroups of G , G/Φ(G) and P1/Φ(G) are invariant under H. So by Maschke’s Theorem there
exists s ∈ G − P1 such that G/Φ(G) = P1/Φ(G) × 〈Φ(G), s〉/Φ(G) and 〈Φ(G), s〉/Φ(G) is invariant under H. In
the rest of the paper s will be as above. Therefore if δ ∈ H then sδ = sax and sδ1 = sc

1y, where x, y ∈ Φ(G)
and 0 < a, c < p. We recall that if G is metabelian p-group of maximal class, then G has positive degree of
commutativity and |s| divides p2 by Lemma 2.2. In the next theorem we find the absolute center for finite
metabelian p-group of maximal class when H , 1.

Theorem 2.8. Let G be a metabelian p-group of maximal class of order pn(p > 2) and H , 1. If H is not cyclic, then
L(G) = 1. Let H be cyclic such that H = 〈δ〉 with sδ = sax, sδ1 = sc

1y , where 1 ≤ a, c < p and x, y ∈ Φ(G).

(i) If |s| = p2, then L(G) = 1.

(ii) If all elements out of P1 have order p, then

(a) if ordp(c) - ordp(a), then L(G) = 1.

(b) if ordp(c) | ordp(a), then there exists 0 ≤ r < ordp(a) such that
c ≡ ar (mod p). On setting ordp(a) = t we have L(G) = Z(G) when t | n − 2 + r and L(G) = 1
when t - n − 2 + r.

Proof. By [13, Theorem A], we have CH(Z(G)) is cyclic. Hence there exists α ∈ H such that CZ(G)(α) , Z(G).
As |Z(G)| = p we deduce that CZ(G)(α) = 1, which completes the proof, since L(G) ≤ CZ(G)(α).
(i) Since δ < AutΦ(G), we have (a, c) , (1, 1). By Lemma 2.7, if a = 1 then sδn−1 = sc

n−1 , sn−1, as desired.
If a > 1, then by Theorem 2.3, the map β defined by sβ = su−1 and sβ1 = s1w−1, where uδ = x and wδ = y,
is an automorphism of G lying in AutΦ(G). On setting α = βδ, we see that sα = sa and sα1 = sc

1 and so
(sp)α = sap , sp. Moreover by Lemma 2.2, Z(G) = 〈sp

〉, which completes the proof.
(ii)(a) The map β defined by sβ = su−1 and sβ1 = s1w−1, where uδ = x and wδ = y, is an automorphism of G
lying in AutΦ(G). On setting α = βδ and ordp(a) = t, we have sαt

= s and sαt

1 = sct

1 and so by Lemma 2.7,
sαt

n−1 = sct

n−1 , sn−1 since ordp(c) - t.
(ii)(b) First we see that 1, a, . . . , at−1 are all distinct roots of the equation xt

≡ 1 (mod p). Therefore there
exists 0 ≤ r < t such that c ≡ ar (mod p). Now by Lemma 2.7, sδn−1 = san−2+r

n−1 , which completes the proof.

In what follows first we find the absolute center for all finite 3-groups of maximal class and finally we
obtain the absolute center for all p-groups of maximal class of order pn, where 4 ≤ n ≤ 5.

Lemma 2.9. Let G be a p-group of maximal class of order pn(p > 2) and H , 1. If P1 is abelian, then L(G) = 1.

Proof. First we may assume that |s| = p by Theorem 2.8. Now we see that any element of G is uniquely
determined by stu, where 0 ≤ t < p and u ∈ P1. Assume that 1 < b < p, we define β : G → G by
(stu)β = stub, and we show that β is an automorphism. Let 11 = stu and 12 = st′u′, where 0 ≤ t, t′ < p and
u,u′ ∈ P1. We may write 1112 = st+t′ [st′ ,u−1]uu′. If t + t′ ≡ r( mod p), then st+t′ = sr since |s| = p and so
(1112)β = sr([st′ ,u−1]uu′)b. Moreover 1β11

β
2 = st+t′ [st′ ,u−b]ubu′b. We have [st′ ,u−b] = [st′ ,u−1]b since P1 is abelian

and so β is a homomorphism. Also β is onto since G = 〈s, sb
1〉. Thus β is an automorphism. Furthermore

sβn−1 = sb
n−1 , sn−1, which completes the proof since L(G) ≤ Z(G) = 〈sn−1〉.

Lemma 2.10. Let G be a 3-group of maximal class of order 3n (n ≥ 4), then L(G) = 1.
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Proof. First we see that for n = 4, G is metabelian; and for n ≥ 5, G has degree of commutativity n − 4 by [2,
Theorem 3.13] and so is metabelian. Moreover by [5, Theorem 5.8], , we have H , 1. Now if P1 is abelian,
then by Lemma 2.9, L(G) = 1. Furthermore if P1 is not abelian, then by observing the proof of [5, Theorem
5.6 (i)], we have H = 〈β2〉when n is odd and H = 〈β3〉when n is even, where sβ2 = s−1, sβ2

1 = s1 and sβ3 = s−1,
sβ3

1 = s−1
1 . Note that s−1 = s2s−3 and s−3

∈ Φ(G). Therefore Lemma 2.7 completes the proof.

Lemma 2.11. Let G be a p-group of maximal class of order p4 (p > 2). Then L(G) = 1.

Proof. First we see that H , 1 by [11, Lemma 9], . Since P1 = CG(γ2(G)), we have γ2(G) ≤ Z(P1) ≤ P1 which
implies that P1/Z(P1) is cyclic and so P1 is abelian, as desired.

Now for p > 3, Curran [4, Corollary 5] shown that there is only one group of order p5 whose automor-
phism group is also a p-group in which (p − 1, 3) = 1. The presentation of this group is as follows:

G0 = 〈a1, a | ap = [a1, a]p = [a1, a, a]p = [a1, a, a, a]p = [a1, a, a, a, a] = 1

ap
1 = [a1, a, a, a] = [a1, a, a1]−1

〉.

We note that G0 is of maximal class. By this observation we state the following theorem.

Theorem 2.12. Let G be a p-group of maximal class of order p5 with p > 3. If G = G0 then L(G) = Z(G), for
otherwise L(G) = 1.

Proof. First we claim that G is metabelian. To prove this we have [γ2(G),Z2(G)] = 1 and so γ3(G) = Z2(G) ≤
Z(γ2(G)) ≤ γ2(G), which implies that γ2(G) is abelian. If G = G0 then Corollary 2.5 completes the proof.
Therefore for the rest of the proof we may assume that H , 1. Since p ≥ 5, by using [9, Proposition
3.3.2] we have exp(G/Z(G)) = exp(G′) = p which yields that f1(G) ≤ Z(G) � Zp. Moreover by [9, Lemma
1.2.11] G is regular. Now if f1(G) = Z(G), then |Ω1(G)| = p4. Hence Ω1(G) is a maximal subgroup of G and
Ω1(G) = {x ∈ G|xp = 1} since G is regular. On setting s ∈ G − (P1 ∪Ω1(G)), we have |s| = p2 and so L(G) = 1
by Theorem 2.8. Iff1(G) = 1, then exp(G) = p. Now from Jame’s list [8], there are only two families Φ9 and
Φ10 of groups of maximal class of order p5. By observing the presentation of these groups, we see that only
Φ9(15) and Φ10(15) are of exponent p. Now if G = Φ9(15) with the following presentation :

〈s, s1, . . . , s4 | [si, s] = si+1, sp = sp
i = 1 (1 ≤ i ≤ 4)〉,

then obviously P1 is abelian and so L(G) = 1 by Lemma 2.9. Furthermore if G = Φ10(15) with the presentation

〈s, s1, . . . , s4 | [si, s] = si+1, [s1, s2] = s4, sp = sp
i = 1 (1 ≤ i ≤ 4)〉,

then the map α defined by sα = s−1, sα1 = s1 is an automorphism of order 2 and it is easily seen that sα4 = s−1
4 ,

completing the proof.
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