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Convergence Follows From Cesaro Summability in the Case of Slowly
Decreasing or Slowly Oscillating Double Sequences in Certain Senses

Zerrin Onder?, ibrahim Canak?®

Ege University, Department of Mathematics, Izmir, Turkey

Abstract. Let (u .v) be a double sequence of real or complex numbers which is (C, 1, 1) summable to a finite
limit. We obtain some Tauberian conditions of slow decreasing or oscillating types in terms of the generator
sequences in certain senses under which P-convergence of a double sequence (u,) follows from its (C,1,1)
summability. We give Tauberian theorems in which Tauberian conditions are of Hardy and Landau types
as special cases of our results. We present some Tauberian conditions in terms of the de la Vallée Poussin
means of double sequences under which P-convergence of a double sequence (u,,) follows from its (C,1,1)
summability. Moreover, we give analogous results for (C, 1,0) and (C, 0, 1) summability methods.

1. Introduction

There are many definitions of convergence for double sequences. However, convergence in Pringsheim’s
sense (or P-convergence) is the most commonly used definition of convergence for double sequences. The
reason why this definition of convergence is preferred in the theory of double sequences is that it allows a
sequence to convergence depending on a condition. Since this definition is better suited for the study of
double sequences than the others, it is not surprising that many researchers interested in convergence of
double sequences benefit from this definition in their studies.

By the early 1900s while the definition of convergence in Pringsheim’s sense emerged, the extension
of the summability theory for the single sequences to the multiple sequences was in its infancy. After the
concept of double sequence was studied by Hardy [9] and Bromwich [3] in detail, studies on this newly
defined concept had gained a tremendous momentum. One of the researchers who carried on some works
on summability of double sequences, Robison [15] proved that any bounded double sequence is transformed
by a regular transformation of Cesaro type into a another bounded double sequence. Agnew [1] obtained
the extension of certain theorems on transformations of double sequences. Afterwards, Knopp [10] found
out some Tauberian results for (C,1,1) summable double sequences generalizing conditions which were
came up with for single sequences by Tauber [18]. Méricz [11] put forward some Tauberian theorems for
double sequences which P-convergence follows from (C, 1, 1) summability under necessary and sufficient
conditions and slow decrease conditions in certain senses. Totur [19] examined some conditions needed
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for (C,1,1) summable double sequences to be convergent by using different approach. Onder and Canak
[13] attained some Tauberian conditions in terms of slow oscillation and slow decrease in certain senses,
under which convergence of a double sequence in Pringsheim’s sense follows from its statistical (C,1,1)
summability. In addition to these, a considerable number of researchers have attended to the question of
summability of double sequences and related topics in recent years; these include especially Findik et al.
[8], Belen [2], Chen and Hsu [6], Edely and Mursaleen [7], Savas [16], Totur and Canak [20], etc.

In order that a summability method may be useful, it should be regular for some class of double
sequences. It is known that the (C,1,1) summability method is regular for class of bounded double
sequences, which means that every P-convergent sequence of this class is (C, 1, 1) summable to same limit.
In the present paper, we are interested in the converse conclusion from the (C,1,1) summability to P-
convergence, which hold only under some additional condition so-called a Tauberian condition imposed
on the double sequence. Such results concerning the (C, 1, 1) summability of double sequences has been
investigated before, for example by Knopp [10] and Totur [19]. Our main purpose in this paper is to re-
examine the question of how P-convergence is obtained from the (C, 1, 1) summability of double sequences
using an approach based on generator sequences in certain senses which are defined differently from that
adopted by Knopp [10] and Totur [19]. To motivate this, in § 2 we recall basic definitions and notations
with respect to double sequences and its Cesaro means in certain senses. Later on, we introduce generator
sequences, the Kronecker identities, emerging depends on these sequences, and de la Vallée Poussin means
for double sequences in certain senses. In § 3, we firstly present some lemmas to be benefitted in the proofs
of main results of its relevant section for double sequences. In the sequel, we establish a Tauberian theorem
for double sequences that P-convergence follows from the (C, 1,1) summability under conditions of slow
decrease of generator sequence (V}lym (A11u)) in certain senses and additional condition on (u,,) and we
present some corollaries related to this theorem. And also, we examine some conditions needed for the
(G 1,1) summable double sequences to be convergent. In § 4 and § 5 in parallel with § 3, we attain some
Tauberian results for the (C, 1,0) and (C, 0, 1) summable double sequences, respectively.

2. Preliminaries

In this section, we begin with basic definitions and notations with respect to double sequences and its
Cesaro means in certain senses needed throughout this paper. In the sequel, we mention about how relations
exist between described notions and we construct some examples concerning statements which hold for
single sequences but not for double sequences. Besides we familiarize the generator sequences, Kronecker
identities, emerging depends on these sequences, and de la Vallée Poussin means for double sequences in
certain senses. We end this section by introducing concepts of slow decrease and slow oscillation in certain
senses and we state how a transition exists between them in the wake of defining of these concepts.

A double sequence u = (u,,) is a function u from IN X IN (IN is the set of natural numbers) into the set
K (K is the set of real R or complex C numbers). The real or complex number u,, denotes the value of the
function at a point (¢, v) € N x IN and is called the (u, v)-term of the double sequence.

We denote the set of all double sequences of real and complex numbers by w?(R) and w?(C), respectively.

A double sequence (1) is said to be convergent in Pringsheim’s sense (or P-convergent) to ¢ if for every
€ > 0 there exists a positive integer vo(€) such that |u,, — {| < € whenever u,v > vq (see [14]). The number ¢
is called the Pringsheim limit of u and we denote by P — lim,, , e 14, = €.

We say that a double sequence (u,,) converges to ¢ if (u,,) tends to £ as both u and v tend to infinity
independently of one another. We denote the set of all P-convergent double sequences of real and complex
numbers by ¢*(R) and ¢?(C), respectively.

We note that convergence mentioned throughout this paper is convergence in Pringsheim’s sense.

A double sequence (u,,) is bounded if there exists a positive number M such that [u,,| < M for all u and
v.

We denote the set of all bounded double sequences of real and complex numbers by ¢ (R) and ¢2(C),
respectively.

We note that a P-convergent double sequence may not be bounded contrary to the case in single
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sequences. For instance, the sequence (1) defined by

3v if u=1,v=0,1,2,...,
Uyy = 3% if v=4; u=0,12,...,
0 otherwise

is P-convergent, but it is unbounded.
For a double sequence (u,,), we define its (C, 1, 1) means by

for all nonnegative integers 1, v (see [11]).
The (C,1,0) and (C, 0, 1) means of (u,,) are defined by

u v
1 1
10 — . d 01 = .
O,UV(“) . u+ 1 ;zo Uiy an O_yv(u) v+1 ;zo Upj

for all nonnegative integers i, v, respectively.
A double sequence (1) is said to be (C, 1, 1) summable to a finite number £ if (o}j,(u)) converges to the same
number in Pringsheim’s sense. Similarly, the (C, 1,0) and (C, 0, 1) summable sequences are defined.

We note that a P-convergent double sequence need not be (C, 1, 1) summable. For instance, the sequence
(1) defined by

w, ifv=0;,u=012...,
Uy =W, if u=0,v=0,12,...,
0 otherwise,

where (w,) = (—1)k+1k ,1s convergent to 0. On the other hand, one can check that
g
k=0

—g if v=0, u=2k k=0,1,2,...,
Bl v=0, u=2%+1,k=0,1,2,...,

Uy =3-5 if u=0,v=2q9=0,12,...,
woif u=0;v=29+1,4=0,12,...,
0 otherwise.

So, we have from the definition of (C, 1, 1) means that

0 if u,v areeven,

if y iseven,v isodd
2 l 4 4
ol ) = § 2D

sy if u isodd, v iseven,
if y,v are odd.

Since the limit
1

u v .
1 if y,v are odd
1- 11 — 1 - Jp— 4 4
Praiis O (14) o (L+D+1) ;:‘ ;)‘ H {0 otherwise

the sequence (a}j,(u)) is not convergent and hence (u,,) is not (C, 1, 1) summable.
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In addjition to this, a P-convergent double sequence is (C, 1, 1) summable to its P-limit under the bound-
edness condition of double sequence (see [1]). However, the converse of this statement is not always true.
In other words, a double sequence which is (C, 1, 1) summable and bounded may not be P-convergent. An
example indicating this case was constructed by Mursaleen and Edely [12].

Throughout this paper, the symbols u,, = Or(1), uy, = O(1) and u,, = o(1) represent that (u,) is
bounded below, bounded and P-convergent to zero as u, v — oo, respectively.

For a double sequence (u,,), we define

Anuyy = AplAortiyy = Axo (Aoww) =An (Alouyv)
= Uy —Upy-1 — Up-1y T U191,
AUy = Upy — Up-1,,
AOluyv = Uy —Uyy-1
for all integers u,v > 1.
The Kronecker identities for a sequence (u,,) are defined by

(u) T i1 Z iAoty = V (Alou)

and

= o (1) = Z]Aomw— VO (Agru)

v+1
for nonnegative integers y, .

The double sequence (Vw (Alou)) is the (C,1,0) mean of the sequence (uAqouy,) and called the generator
sequence of (u,,) in the sense (1, 0). In harmony with this defining, the double sequence (ngo) (Ap1u)) is the
(C,0,1) mean of the sequence (vAqu,,) and called the generator sequence of (u,,) in the sense (0,1) (see

[10]).

More generally, the double Kronecker identity for a sequence (u,,) are defined by means of the generator
sequences (V}l?,(o) (Aou)) and (Vﬁ},(o) (Ag1u)) as follows:

yv(u) V;llim) (Allu)

where

14

u
VI (Anu) == VIO (Agou) + VI (A At
w ( 11”) ( 1()Ll) yv ( 01 ) ( +1)(V+1);]= Z] 11u1]
for nonnegative integers u, v.

The double sequence (V};“”(An u)) is called the generator sequence of (u,,) in the sense (1, 1) (cf. [2]).
In addition, the (C, 1,1) means of integer order a > 0 of sequences (u,,) and (V11 (A1n u)) are defined by

uv

og@(u) =9 (u+ 1)(1/ +1) Z Z (u) if a>1

=0 j=0
Upy if a=0
and

v

u
Z VI Anu) if ax1
i=0 j=0

(Alll/l) if a=0

1(“)
yv

(Anu) ([—l + 1)(V + 1)
1(0)
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respectively.

In parallel with these, the (C,1,0) means of integer order a > 0 of sequences (u,) and (Vuv (Amu)) are
defined by

Z 10 1)(u) if a>1
if a=0

0" (u) = [.1+1

and

ploe
o Apu) if a>1
Vlo( )(Amu) = [.,l + 1 Z ( 10 )

uv
© .
Vie (Alou) if =0
respectively. Similarly, the (C, 0, 1) means of integer order a > 0 of sequences (u,,) and (Vﬂ},(o) (Amu)) can be
defined.

Throughout this paper, we will use the notation o, and anl/ instead of o, (1) and Vuv '(Anu) for the sake
of convenience.

The de la Vallée Poussin means of a double sequence (u,,) in sense (1, 1) are defined by

A A,
1 H v
>11
o) = — uij,  A>1 )
} (/\“ - ”)(A - V) z;l ];1 !
and
u v
o) = ui;, 0<A<l1 (3)

k =20 =1) A,»(v —1) lZy;“ e 1

for sufficiently large nonnegative integers 1, v. Here, we denote the integral part of Au by A, := [Au].
In parallel with these, the de la Vallée Poussin means of a double sequence (u,) in sense (1,0) are defined

by

A
1 -
;vlo(u) —u Z Uiy, A>1 (4)
H i=u+1
and
u
T0(u) = 7 Y w,  0<A<1 (5)
Hiza,+1

for sufficiently large nonnegative integers 1, v. Similarly, the de la Vallée Poussin means of a double sequence
(44v) in sense (0, 1) can be defined.

At present, we define analogous concepts of Schmidt’s slow decrease and slow oscillation conditions
for sequences (u,,) of real and complex numbers in certain senses (see [17]). In the wake of defining of
these concepts, we mention about how a transition exists between them.

Let A, := [Au] denote the integral part of Au. We say that a double sequence () of real numbers is slowly
decreasing in sense (1, 1) if

lim liminf min (u,-]- - ”w) >0; (6)
A=1r py—0o u+l<i<i,
v+1<j<A,
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that is, for each € > 0 there exist vy = vy(€) and A = A(e) > 1 such that
Ujj — Uy, = —€ whenever vo <pu<i<A, and vo<v<j<A,.
Condition (6) is equivalent to

1. 1. . f . _ N > . ’
fim timinf oo, (s ) > <6>
Ay<jsv
that is, for each € > 0 there exist vy = vg(€) and 0 < A = A(e) < 1 such that
Uy — ujj 2 —€ whenever vo <A, <i<p and vo<A, <j<w

We say that a double sequence (u,,) of complex numbers is slowly oscillating in sense (1, 1) if

lim limsup max )uij — uw) =0 (7)
A—1+ [y —00 p+l<i<Ay
v+1<j<A,

that is, for each € > 0 there exist vy = vy(€) and A = A(e) > 1 such that
|uij - uw| <€ whenever vp < pu<i< /\y and vp <v <j<A,.
Condition (7) is equivalent to

lim liminf min |u,, —u;;/| =0; 7’
A>1- py—oo /\p<l‘S‘Ll| wv 1]| ( )
Ay<jv
that is, for each € > 0 there exist vy = vg(€) and 0 < A = A(e) < 1 such that
lup — uijl <€ whenever vo <Ay <i<p and vo <A, <j<wv.

It can be seen from (7) that a P-convergent double sequence of complex numbers is slowly oscillating in
sense (1, 1), but converse of this is not true in general. An example indicating this situation was constructed
by Cakalli and Patterson [4].

We say that a double sequence (u,,,) of real numbers is slowly decreasing in sense (1,0) if

lim liminf min (uy —uy) 20, 8)
A=1t py—oo u+l<i<i,

or equivalently,

lim liminf min (1, —u;,) >0, (8)
A=1" py—oo Ay<isp

besides it is said to be slowly decreasing in the strong sense (1, 0) if (8) is satisfied with

min (u,-]- - uw) instead of  min (u,-v - uw) . 9)
uH1<i<Ay ptl<i<Ay
v+1<j<A,

We say that a double sequence (u,,) of complex numbers is slowly oscillating in sense (1, 0) if

lim limsup max  |uu, —uyl =0, (10)
A-1 Ly—oo ut1<i<Ay

or equivalently,

lim lim sup max [|uy, —u;| =0, (10)
A—-1- py—o0 Au<i<u
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besides it is said to be slowly oscillating in the strong sense (1, 0) if (10) is satisfied with

max 'uij - ”w’| instead of max |u,~v - uw| . (11)
p+1<i<Ay p+1<i<Ay
v+1<j<A,

Similarly, conditions of slow decrease and slow oscillation of double sequence (u,,) of real and complex
numbers in sense (0, 1) and the strong sense (0, 1) can be defined.

We note that if a sequence (u,,) is slowly decreasing in sense (1,0) and slowly decreasing in the strong
sense (0, 1), then (u,,) is slowly decreasing in sense (1,1). In harmony with this statement, we can say that
if a sequence (u,) is slowly decreasing in sense (0, 1) and slowly decreasing in the strong sense (1, 0), then
(4yv) is slowly decreasing in sense (1, 1), as well.

In fact, assume that (u,,) is slowly decreasing in sense (0, 1) and in the strong sense (1,0) without loss of
generality. For all large enough p and v, thatis, u,v > vp and A > 1, we have

min (u--—u ) = min (u--—u itu,i—u )2 min (u”—u ')+ min (u i—u ) 12
pHigisa, v LT ptlsisa, © o TR ETRE R = Agiaa, VT T T g TR TR (12)
v+1<j<A, v+1<j<A, v+1<j<A,

Taking the lim inf and the limit of both sides of (12) as p,v — o0 and A — 1% respectively, we obtain that
the terms on the right-hand side of (12) are greater than 0. Thus, we arrive that (u,,) is slowly decreasing
in sense (1, 1).

Similarly, if a sequence (u,,) is slowly oscillating in sense (1, 0) and slowly oscillating in the strong sense
(0,1), then (u,,) is slowly oscillating in sense (1,1). In harmony with this statement, we can say that if a
sequence (u,,) is slowly oscillating in sense (0, 1) and slowly oscillating in the strong sense (1,0), then (u,,,)
is slowly oscillating in sense (1, 1), as well.

In fact, assume that (u,,) is slowly oscillating in sense (1,0) and in the strong sense (0, 1) without loss of
generality. For all large enough 1 and v, that is, y,v > vg and A > 1, we have

max ’u,-]- - uw( = max |uij — Uy + Uj, — uw,’ < max |uij - uiv| + max |u;y — uw( . (13)
u+l1<i<Ay u+l1<i<Ay u+l1<i<Ay v+1<j<A,
v+1<j<A, v+1<j<A, v+1<j<A,

Taking the lim sup and the limit of both sides of (13) as y,v — oo and A — 1* respectively, we obtain that
the terms on the right-hand side of (13) are equal to 0. Thus, we arrive that (u,,) is slowly decreasing in
sense (1,1).

3. Some Results for the (C,1,1) Summable Double Sequences

This section essentially consists of two parts. In the first part, we present some lemmas to be benefited
in the proofs of main results of this section for double sequences. In the second part, we discuss various
Tauberian conditions which pave the way for a Tauberian conclusion from the (C,1,1) summability to
convergence for double sequences. In the sequel, we end this section by some corollaries.

3.1. Lemmas

In this subsection, we express and prove the following assertions to be utilized in the proofs of main
results of this section for double sequences. The following lemma presents two representations of difference
between the general terms of double sequences (u,,) and (aﬁ(u)) by the aid of the de la Vallée Poussin
means of the sequence (u,) in sense (1, 1).

Lemma 3.1. Let u = (uy,) be a double sequence.
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(i) For A > 1 and sufficiently large u, v, we have

A+ DA+ 1) A +1
=T = D O ) - g (ol - ad)
(p+ D +1) i u+1 “
Ay +1 1 1
v1+ 1 (02’}’“ ~ T ) - (wa - ”MV)' (14)

(ii) For 0 < A < 1 and sufficiently large u, v, we have

A+ DA+ 1) Ay +1
11 t 11 <11 B 1 <11
Uy = Oy (1) L+ D +1) (GAMV ~ Tuy ) T (GMI,V ~Tw )
Ay +1
o1 (o )+ (= ). (15)

Proof. (i) For A > 1, we have

1 ,
T>,11(u) — - Uj;;
uv —_ — Y
Ay = Ay =v) i;l j=vt
Ay u A, 4
1 ’ -
- - @ - - Ujj
Ay =y =) ; i=0 ] [j=0 j=0 H ]
1 Ay i Adu v boA i v
- - - - - + Uij
(Ay _‘U)(A"_V) i=0 j=0 i=0 j=0 i=0 j=0 =0 j=0

A+ D +1) | Qe+ DE+1)
I Y S S T W Y7 W e
(Ap — WAy, —v) ey (/\y - WA, —v) e
_ (H+1)A, + 1) R (H+Dv+1) S (16)
(Ap - .’J)(Av -v) HoAv (Ay - ‘u)(Av —v)
for sufficiently large u,v. It follows from equation (16) that
Au+ DA, + 1)011 B Ay + 1011 A+ 1011
(p+Dw+1) Mb g1 T g1 HA
(/\}1 - f’l)(/\v - V) T>'11
(L+v+1)
(A”+1)(AV+1)011 B Au+1 _ /\V+1UH
(+D+1) M pr1 ey g1 e
A+ DA+ A+ A 41 1| on
+Dv+1 +1 v+1 w
(u Z

11
_O_yv(u)

Ay + (A, + 1)

Ay +1
_ 1m > A1y _TH 1 _ >0
T @+ b+ (OA,L,AV Tuv ) TS ( Auv Ty )
Av+T10 4 11 11
T U1 (OH,/\V ~ Thb ) = Ty (17)

for sufficiently large u, v. If we add the term u,,, to both sides of equality (17), we complete the proof of (i).
(if) This is similar to the proof of part (i) of Lemma 3.1. O

In the next lemma proved by Totur [19], the difference between the general terms of double sequences
(1) and (o}j,(u)) interprets differently from the statement given in Lemma 3.1.
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Lemma 3.2. ([11], Lemma 1) Let u = (uy,) be a double sequence.

(i) For A > 1 and sufficiently large u,v, we have

A+ DA, +1)
11 _ u 11 1 11
Uy — 0y, (1) = G-t =) (%1 A T OO0y T O0ua, T o, )
AP +1 1 11 Ay +1 11
- _M(%_a ) 2L o o)
Ay
- - _ Uij = ”#v
(/\ ‘Ll)(A V) z;l ]Zv‘-:l
(ii) For 0 < A <1 and sufficiently large u,v, we have
Ay + (A, +1)
11 _ ¢ 1 11
Har = Ot) = (u=A)v=2A,) (0 = o0~ i, o)
Au+1l, 11 Av+1, 4 1
+ L=, (Gw - GAy/V) M (OW - Gwv)
= L, 2 (e
+ Upy = Uij) -
(= A = Ay) =Xt A+

To be also evaluated as a result of Lemma 3.2, the below-mentioned representations were obtained
by Totur [19] during the demonstration of the de la Vallée Poussin means of double sequence (u,,) being
(C, 1,1) summable to ¢ are convergent to same number.

Lemma 3.3. ([19], Lemma 4) Let u = (uy,) be a double sequence.

(i) For A > 1 and sufficiently large u, v, we have

A+ DA, +1)

>11 11 _ o1
) —o, ) = —(A R —v)( A = O = O, +‘7w)
Aptl my, A1l g 11
/\p -u (O-/\y v OHV) + /\v _ (Gy Ay O-,uv)'

(ii) For 0 < A < 1 and sufficiently large u,v, we have

(Aa + DA, +1)

Ll _ 11 11
Ty () = W(“) = m( A T Oy "0, T Gw)
A+l 4 A+ 1
+ U= A“ (Gl‘w - GAM/V) + V- /\V (OFV Gy Ay )

In [5], Canak proved that a generator sequence is convergent under some suitable conditions. Inspiring
this theorem given for the single sequences, we indicate under which conditions a double generator
sequence of (u,,) in sense (1, 1) is P-convergent.
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Lemma 3.4. For a double sequence u = (u,,) of real numbers, let the assumptions

lim hrnmf(oA - >11) >0, lim hmmf( AT >V11) >0,
A1+ py—oo i A1+ py—oo \ Tu

11n11+ 11rnsup (O'A - T>11) <0

wy—
and
im limsup(oy -1 <0, lim limsu -1 <0,
lim limsup (0}! , —7%") <0, lim limsup (o}, —7") <0
A1 py—00 A1 W,y—00
<11
lim hmmf(oA T )>0

A—-1- py—ooo

hold. If the conditions

lim lim 1nf( W uw) >0

A=1t py—o
and

lim lim inf (uw - W ) >0

A—=1" wy—o

are satisfied, then the generator sequence (Vgﬂl,(o) (A11u)) is P-convergent to 0.

Proof. Assume that conditions (18)-(21) are satisfied. In

order

4498

(18)

(19)

(20)

(21)

to prove that

(V“(O) (A11u)) is P-convergent to 0, we examine difference between the general terms of sequences (u,,)

uv

and (a y(1)) in two cases A > 1 and 0 < A < 1. We firstly consider the case A > 1. If we take the lim sup of

both 51des of identity (14) as u, v — oo, then we obtain that for each A > 1
Ay + DA, +1)

lim sup (u ,— ol (u)) < limsup lim sup (a“ o
[,1,1/4)00 H i ,ll,v~)oo (‘U + 1)(1/ + 1) ‘L1V~>oo A /‘ H
Ay +1
+ limsup —— lim sup (— (a}\l , T;{/n))
py—oo M wy—00 g
. Ay +1 .
+ limsup lim sup (— (a“A - T;'v“))
py—00 1 y—00 potby
+ limsup (— (TZ{,H - uw))
'U V—00
= A?limsu (a -1 11) Aliminf (0 -7
. V_mP Ay~ Tuv tovsos \ A
- hmmf( - >11)—hmmf( -u )
A ,y—00 Cf} AT T U y—00 yv w
because of that
Ay +1 Ay +1
im — =A and lim — =
U—00 [’l + vooo v+ 1

If we take the limit of both sides of the last inequality as A — 1%, we get

lim sup (u w = ozllv(u)) < lim limsup (0}\1 = T;Vh)

Hy—00 A=TE L vseo

lim lim inf (0 Ao T;V“)
A—>1+ p,y—o0

—  lim liminf (a P T;vll)
A>1*t py—oo Hy

—  lim lim 1nf( W ”HV)'

A—=1+ py—o0

)

>,11
uv

)

(22)
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From assumptions in (18) and (20), it follows that

lim sup (”w - o}fv(u)) <0. (23)

U, y—00

On the other hand, we consider the case 0 < A < 1. If we take the lim inf of both sides of identity (15) as
u, v — oo, then we obtain that foreach0 < A <1
A + DA +1)

liminf(u —oll u) liminf—llrninf(()11 —T<’11)
o nf (it = 0 () R (@A DE1) s At T T

1\

Ay +1
+ liminf ~“— liminf (— (o}tl L, Tf”’,“))
u,y—00 lu + ]_ u,y—0o0 14

 timin S i (- o, - 5i)

u,y—o0 v+ u,y—o0
+ liminf (uw - Tf,’vn)

u,y—00
_ 213 3 1 _ <11\ _ : 1 _ <11
= A lbrvn _1>£10f (G/\“,AV Tuy ) Alimsup (GM’V Ty )

H,y—00

— Alimsu (011 - T<’11) + lim inf (u v - T<’11>
why ~ T ot e = Ty
py—00 ’

because of limits in (22). If we take the limit of both sides of last inequality as A — 17, we get

lim inf (u —ol(u ) > lim liminf (011 - T<'11)
U,y—00 w HV( ) T Al U,y—00 Auhy Hv
- lim limsup (0}\1 = T;’VH)
A—1- L y—00 I
. . 11 <11
— lim limsup (U L= Tuv )
A= yseo Hotv :

+  lim liminf (uw - T;(}l).
A—>1- yy—o

From assumptions in (19) and (21), it follows that

limin (”uv - a},},(u)) > 0. (24)

U, y—00

If we combine inequalities (23) with (24), we conclude

lim (uw - o}j}(u)) =0

U,y—00
which means by the double Kronecker identity that (V}l},(o) (A11u)) is P- convergent to 0. [

3.2. Main Results

In this subsection, we prove a Tauberian theorem for double sequences that P-convergence follows from
the (C,1,1) summability under the conditions of slow decrease of the generator sequence (V},},(O) (A11u)) in
certain senses and additional condition on (u,,) and we present some corollaries related to this theorem. In

the sequel, we end this part by giving some Tauberian conditions for the (C, 1, 1) summability method.

Theorem 3.5. Let a bounded double sequence (u,,) be (C,1,1) summable to a number L. If its generator sequence

(Vﬁ(o) (A11u)) is slowly decreasing in sense (0, 1) (or (1,0)) and slowly decreasing in the strong sense (1,0) (or (0, 1)),
then (u,) is P- convergent to €.
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Proof. Suppose that a bounded double sequence (u,) is (C,1,1) summable to £ and (V“(O) (A11u)) is slowly

uv
decreasing in sense (0, 1) and slowly decreasing in the strong sense (1, 0) without loss of generality. In order

to prove that (u,,) is P-convergent to same number, we firstly indicate that (V“(O) (A11u)) is P-convergent to

0. Since (a (1)) is P-convergent to ¢ and the (C, 1, 1) summability method is regular under the boundedness

11@

condition of the sequence (u,,), we obtain that (o O (1)) is also convergent to same number. It follows

from the double Kronecker identity that (V21" (A1;u)) is P-convergent to 0. For A > 1, if we replace u w by

w
V}”l,( ” (A1) in Lemma 3.2 (i), we obtain

1o oo e DA +T) e 110 11<1> 110
VHV - VPV - (AF‘ - ‘Ll)(/\v — V) (V/\y/ Ay VA v V Vyv )

Ap+1 Ay +1
H 110 110 v 110 110
iy _y(vm—v )+/\_V(VM—V )
Au Ay
1(0) 11©
- - Vi)
(A - ‘u)(/\ - V) z;l ]gl
_ (Ay + 1)()\1/ + 1) ( _ V11(1) _ V11(1) V11(1))
Ay =)A= v) A” i ”V
Au+1 o oy A+l 10
+ A_M( AWV_V ) A_V(V.“A_V )
_ V11<°’ _ V11<0))
(A - ‘u)(/\ B V) z;l ];l
_ V11<0) _ V11<0))
_ _ w
(A ‘u)(/\ V) z;l ];l Y
< (A + DAy + 1) (V“m B V“m Vll(l) V“(]))
B O e A i
Ap+1 Ay +1
u 11M 11M v 11M 11M
+ (v - v 2= (VI - Vi
Au—#<A’V HV) A—v< Ay )
110 110 11© 110
- Hl'<1’lli1} (VJ ~ Vi )_Vrf]‘ir} (Vw -Via') (25)
v<j<A,

for sufficiently large enough 1, v. Considering that (V}j” (A11u)) is P-convergent to 0,

hm)\Jr1 A and hm/\-i-1 L
poo Ay - A=1 vseo A, —v  A-=17

if we take the lim sup of both sides of inequality (25) as y, v — oo, then we reach

. (0) 1) (0) (0) . . . (©0) (0)
limsup (Vll}, -Vl ) < —liminf min (V11 -vi )— liminf min (Vu - vl )
k k py—oo u<i<p, \ Y i py—eo v<j<A, N H #

,V—00
H v<j<A,

If we take the limit of both sides of last inequality as A — 1, then we find

lim sup (V“() — v )) < - lim liminf min (V“(o) VH(O)) — lim liminf min (Vil(m Vﬁ(o)) <0 (26)

0% wv A1+ py—oo p<igh, N Y A=TH py—00 vej<i,

V—00
H V<j<A,
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due to the fact that (V}l},(o)

sense (1,0). Following a similar procedure to above for 0 < A < 1, if we replace u,, by anl,(o) (A11u1) in Lemma
3.2 (ii), we obtain
VH(O) _ Vll(l) _ (Ay + DA +1) (
uv uv (H _ A«[J)(V _ /\v)
Ay+1
u 110 110 v 110 11®
+ —y — (vis" = vil)+ — (v =vit))

\4

+ (u— AH)(V_ v)/\i Z Vlyo)_viljl(m)

i=A,+1 j=A,+1

(A11u)) is slowly decreasing in sense (0,1) and slowly decreasing in the strong

Vll(l) V11(1) V11(1) )

_ (A‘Lt + 1)(A + 1) (VH _ VH(l) _ V11(1) Vn(l) )

(H A,u)(v_ v)
Ap+1 Ay +1
11M 1M v 11M 11M
ey (Vi VW)+V_AV (vis" =vit))
u
+ Z 3 (V11(0) _ VH,(O))
v
(=2 —14) Am(v— ) Ly e S T
+ 1 ZH“ - (V11<0>_V11<°>)
(= A=) e 4 e T
(Ay + 1)()\1/ + 1) 110 110 110 110
Ay +1 Ay +1 1 1
H 110 110 11M 11M
" p=Ay (V”" _VAM’) V—A <V V )
110 110 . 11© 110
+ i (Vi V) + i, (V)7 - Vi) @
Ay<j<v

for sufficiently large enough 1, v. Considering that (V}j” (A11u)) is P-convergent to 0,

A+l A A+l A
poeo u—A,  1-A7A voov—A, 1-A7

if we take the lim inf of both sides of inequality (27) as u, v — oo, then we reach

(0) 1) (0) 0) (0) 0)
hmmf(V11 V11 ) > liminf min (V11 —-yu )+ lim inf min (V11 -vi )
Uy—00 py—00 A, <j<v 13} Uy —00 /\ (<i<u 3] ]

/\ <j<v
If we take the limit of both sides of last inequality as A — 17, then we find

lim 1nf(V11(0) - VH(D) > lim liminf min (VH(O) - VH(O)) + lim liminf min (VH(O) - VH(O)) 0 (28)

py—oco \ KV A=1- py—oo A,<j<v A=l py—oo A <i<y
Ay<j<v

due to the fact that (Vﬁ(o (A11u)) is slowly decreasing in sense (0,1) and slowly decreasing in the strong

sense (1,0). If we combine inequalities (26) with (28), we conclude

lim V11" (A = lim VI (Ann).
u,y—00

Because (V}lllv(l) (A111)) is P-convergent to 0, (V}lyo) (A11u)) is also P-convergent to 0, which means from the
double Kronecker identity that (u,,) is P-convergent to £. [J
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In consideration of Theorem 3.5, we can state the following corollary.

Corollary 3.6. Let a bounded double sequence (u,) be (C,1,1) summable to a number {. If conditions
/JAl()V!l“l/(O) (Anlx[) >-C

and
VA01V!1“1/(0) (Anlzl) >-C

are satisfied for some C > 0, then (u,) is P-convergent to (.

Analogous results for double sequences of complex numbers can be formulated as follow.

Theorem 3.7. Let a bounded double sequence (u,,) be (C,1,1) summable to a number L. If its generator sequence
(V:“l,(o) (A11u)) is slowly oscillating in sense (0, 1) (or (1,0)) and slowly oscillating in the strong sense (1,0) (or (0, 1)),
then (uyy) is P-convergent to €.

In consideration of Theorem 3.7, we can state the following corollary.

Corollary 3.8. Let a bounded double sequence (u,) be (C,1,1) summable to a number £. If conditions
|#A10V,111v(0) (Anu)| <M

and
vAn Vi (Anu)l < M

are satisfied for some M > O, then (u,,,) is P-convergent to €.

Before finishing this subsection, we examine some conditions needed for the (C,1,1) summable double
sequences to be convergent.

Theorem 3.9. Let a double sequence (u,,) be (C,1,1) summable to a number €. If conditions

lim lim inf (7" = 1) 2 0 (29)

A—=1t wy—oo
and

lim lim inf (”w - T:{}l) >0 (30)

A—>1" wy—-oo -
are satisfied, then (u,,) is P-convergent to L.

Proof. Suppose that a double sequence (u,,) is (C,1,1) summable to ¢ and conditions (29) and (30) are
satisfied. In order to prove that (u,,) is P-convergent to same number, it is enough to indicate that
conditions in (18) and (19) are verified. For A > 1, we have from Lemma 3.3 (i)

PR L (A + (A, + 1) ( no_gi )
A THY Ay = WAy —v) Ve PAede T R
p+l oy g A+l g
Au =t (o —0h) + Ty (o =) (31)

11

for sufficiently large y, v. Considering that (o,

(u)) is P-convergent to £ and

Ay +1 A pu+1 1
lim —£— = d i =— 2
oo Ay - A—1 0 pBe A, —p A-T 2
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if we take the lim inf of both sides of equality (31) as p, v — oo, then we reach

2
1iminf(a11 >11) > (—— liminf(a11 —olt, —g! +a )
oo \ A T - A=1/) proe U Awv Aphy ,“V
1
s b G
A
11
+ o liminf(o —o ).

If we take the limit of both sides of last inequality as A — 1%, then we find

lim hrnmf(oA v >11) > 0.
A—=1t uy—oo

In the same vein, for A > 1, we have from Lemma 3.3 (i)
(A + DAy +1)

11 S11 oo
Iy, ~ T = Ay — (A, —v) (GAW O, U;w + % A )
Au+1 v+1
u 1 _u 1n_ 1
+ ;;r;(%w Av)+;jr—(uv o) (33)

for sufficiently large u,v. Considering that (cfw(u)) is P-convergent to ¢ and limits in (32) exist, if we take
the lim inf of both sides of equality (33) as u, v — oo, then we reach

liminf(a“A —T>’11) (%)zhmmf( o, —o}\lA —a +GM)

U,y—00 by s

— Uy—00
A
o1
+ — lzgljgf( w0, v)
+ lim 1nf( —olt ) .
A—1 prooo Tuv Ay

If we take the limit of both sides of last inequality as A — 1%, then we find

lim lim inf (o A~ T;VH) > 0.
A—1+ py—co Hy

In addition to what is attained above, for A > 1, we have from Lemma 3.3 (i)
n_sn _ @A+ o gy
A+ +1) (a“ ~ a“)
(R = 1R, =) Vo~ T

v+l g 11
A, —v (qu - %,m) (34)

sufficiently large y, v. Considering that (oillv(u)) is P-convergent to ¢ and limits in (32) exist, if we take the
lim sup of both sides of equality (34) as i, v — oo, then we reach

A
lim sup (G}tl Ay T;1//11> = (A 1)2 lim sup( b G}&“/\v)
w,y—o0
+ A lim sup (a“ - GH)
(A=1P2 pme Ve T
+ lim sup( = o )
/\ - 1 W,y—00 A A
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If we take the limit of both sides of last inequality as A — 1%, then we find

. . 11 >,11
— ’ <
}1_)1{5 limsup (OAMv Tuy ) <0.

U,y—00

Thus, we can declare that conditions in (18) are verified. Following a similar procedure to above for
0 < A < 1, we can observe that conditions in (19) are also verified. In that case, we obtain from Lemma
3.4 that (V}Ml,(o)(Anu)) is P-convergent to 0. Therefore, we conclude from the double Kronecker identity that
(1) is P-convergent to £. [

4. Some Results for the (C, 1,0) Summable Double Sequences

This section essentially consists of two parts. In the first part, we present some lemmas to be benefited
in the proofs of main results of this section for double sequences. In the second part, we discuss various
Tauberian conditions which pave the way for a Tauberian conclusion from the (C,1,0) summability to
convergence for double sequences. In the sequel, we end this section by some corollaries.

4.1. Lemmas

In this subsection, we express and prove the following assertions to be utilized in the proofs of main
results of this section for double sequences. The following lemma presents two representations of difference
between the general terms of double sequences () and (G}l?,(u)) by means of the de la Vallée Poussin means
of the sequence (u,) in sense (1, 0).

Lemma 4.1. Let u = (u,,) be a double sequence.
(i) For A > 1 and sufficiently large u, v, we have

_/\},+1

_ 100,y _
Upy — 0, (1) S|

uv

10 >10\ _ (>0 _
(GAW—TW) (’CW uw). (35)

(ii) For 0 < A < 1 and sufficiently large u, v, we have
Aptl
u+1

10 10 10 10
Uy = O (1) = — (GAW - T ) + (uw, - T ) (36)

Proof. (i) For A > 1, we have

>
T;n,/ (1/[) = — Uiy = — - Uiy
Ay ‘ui=y+1 Au—p i=0 =0
Ay+1 +1
N T R 510 37)

for sufficiently large u, v. It follows from equation (37) that

%) = TR + A“_Hr>'10
uv [J+1 Ay u+ 1w
— /\F‘ +1 10 /\M +1 >,10
TN T 2 TR T
Ay +1
u
= g (o ) - 9)

for sufficiently large u, v. If we add the term u,,, to both sides of equality (38), we complete the proof of (i).
(ii) This is similar to the proof of part (i) of Lemma 4.1. O
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In the next lemma being a consequence of Lemma 3.2, the difference between the general terms of double
sequences (u,,) and (o}l?,(u)) interprets differently from the statement given in Lemma 4.1.

Lemma 4.2. ([11], Lemma 2) Let u = (uy,) be a double sequence.

(i) For A > 1 and sufficiently large u, v, we have

A
Au+1 1 -
Uyy (u) —GOV 1o Ujy — Uy
/\_H( #) AH_HJ_erl( !‘)
(ii) For 0 < A <1 and sufficiently large u, v, we have
Ay +1 £
Uy — 010 (1) = £ old — 010 Uyy u,v
u u = Ay ( u Ay v _AZ‘ u

Lemma 4.3. ([19], Lemma 4) Let u = (uy,) be a double sequence.
(i) For A > 1 and sufficiently Zurge u, v, we have
ptl
Zvlo(u) ‘uv(u) —u (G}\(:,v - G‘}l?/) .
(ii) For0 <A < 1and suﬁ‘iciently large u,v, we have
pt1

10 10
(G!‘V Ap V)
y

In [5], Canak proved that a generator sequence is convergent under some suitable conditions. Inspiring
this theorem given for the single sequences, we indicate under which conditions a double generator
sequence of (u,,) in sense (1,0) is P-convergent.

() - 0l0(u) =

Lemma 4.4. For a double sequence u = (u,,) of real numbers, let the assumptions

> 10 <,10
)\11—>H11+ ltry igf( - T, ) >0 and 11r{1 hf; ﬂip (a Ay~ T ) <0 (39)
hold. If the conditions
Jim imin (53" - ) 2 0 “0)
and
lim liminf (uw - T;vlo) >0 (41)

A=l pyv—oo

are satisfied, then the generator sequence (V#v

(Amu)) is P-convergent to 0.

Proof. Assume that conditions (39)-(41) are satisfied. In order to prove that
(V}lﬁ(o) (Ajou)) is P-convergent to 0, we examine difference between the general terms of sequences (i)

and (OL?,(M)) in two cases A > 1 and 0 < A < 1. We firstly consider the case A > 1. If we take the lim sup of
both sides of equality (35) as 1, v — oo, then we obtain that for each A > 1

Ay +1
lim sup (uw - a:lg(u)) < limsup — T lim sup (— (a/l\?uv - Tz;lo)) + lim sup (— (T;’Vm - uw))
u,y—00 u,y—00 [J H,y—00 u,y—00
_ >10) _ 1500 s >10 _
= Aliminf (o Ao ™ Tt ) 1:1151 j{.})f (T v “W)

y V—00
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because of that

A+l
lim =A (42)
p—oo u+1

If we take the limit of both sides of last inequality as A — 1%, we get

. 10 10
lim sup (1, = 01500) < - lim Hminf (o}, ~ %) = Jim lim inf (" ).
From assumptions in (39) and (40), it follows that
lim sup (uw - a!li?,(u)) <0. (43)

u,y—00

On the other hand, we consider the case 0 < A < 1. If we take the lim inf of both sides of equality (36) as
u, v — oo, then we obtain that foreach0 < A <1

Aptl
lim inf (u —0%u ) > liminf lim inf( (010 - T<’10)) + lim inf (u T 10)
Uy—00 w yv( ) R TRVEN [J+1 U y—>00 Auy L L y—>00 p HV
= —Alimsup (a Ao ™ f,vlo) + lim inf (u w = f,vlo)

py—00 =00

because of limit in (42). If we take the limit of both sides of last inequality as A — 17, we get

hmmf(uw - ow(u)) > - hm lim sup (GA = T 10) + lim liminf (MW T 10).

uyv— py—00 HV A—>1- py—ooo ‘uv

From assumptions in (39) and (41), it follows that

lim inf (”w - W(u)) > 0. (44)

H,y—00

If we combine inequalities (43) with (44), we conclude

lim (uw - oi?/(u)) =

U,y—00

which means by the double Kronecker identity that (V}l?,(o) (Ajou)) is P-convergent to 0. [J

4.2. Main Results

In this subsection, we prove a Tauberian theorem for double sequences that P-convergence follows from
the (C,1,0) summability under the conditions of slow decrease of the generator sequence (V},?, (Aqou)) in
sense (1,0) and we present some corollaries related to this theorem. In the sequel, we end this part by

giving some Tauberian conditions for the (C, 1, 0) summability method.

Theorem 4.5. Let a double sequence (u,,) be (C,1,0) summable to a number €. If the generator sequence (V:l?,(o) (Aou))
is slowly decreasing in sense (1,0), then (u,,) is P-convergent to L.

Proof. Suppose thata double sequence (u,,)is (C, 1,0) summable to £ and (V}l?,(o) (A1pu)) is slowly decreasing in

sense (1,0). In order to prove that (1, ) is P- convergent to same number, we firstly indicate that (V},?,(O) (Aqou))

is P-convergent to 0. Since (o W(u)) is P-convergent to ¢ and the (C, 1, 0) summability method is regular, we



Z. Onder, I. Canak / Filomat 34:13 (2020), 4489-4511 4507

obtain that (o}ﬂm (1)) is also convergent to same number. It follows from the double Kronecker identity that

(Vfl?/(l) (Aqou)) is P-convergent to 0. For A > 1, if we replace 1y, by V}go) (A1ou) in Lemma 4.2 (i), we obtain

A
Ay +1 1 a
(0) (1) u (1) (1) (0) (0)
VIO (Arou) = VIO (Avou) = A—_(Vi(j,v—Vfﬁ )- o Z (V0”10
wH wH i=pu+1
< Ml (Vlo‘“ - VW“)) — min (V“’“” - Vw“”) (45)
= /\‘u _ H /\#,V uv ‘u<7.s)\# v w .

for sufficiently large u, v. Considering that (V}l?,(l) (A1ou)) is P-convergent to 0 and

o Autl A
lim = —

HH“/\;L_IJ A-1

if we take the lim sup of both sides of inequality (45) as y, v — oo, then we reach

lim sup (V10" (Agu) = V1Y (Aqou)) < —liminf min (V3" - V19").

y—00 Y= u<i<Ay

If we take the limit of both sides of last inequality as A — 1%, then we find
lim sup (V10<0> (Arou) — Vigm(Awu)) < - Alim liminf min (me) - V10(0>) <0 (46)

v . w v
U,y—00 H -1 py—eo p<i<i, ¢

due to the fact that (V}B(O) (A1pu)) is slowly decreasing in sense (1, 0). Following a similar procedure to above

for 0 < A < 1, if we replace u,, by V}i?,m) (A1ou) in Lemma 4.2 (ii), we obtain

Ay+1 1 £
10©) _ 17100 _ © 100 _ 3,100 100 _ 7,100
Vyv A1) Vyv (Aou) = = /\H (Vyv V/\“,v) + - /\H 1-_;'_1 (V‘uv Viv )
Ay +1
U 10M 10M . 100 100
2 o (V' Vi) min (Vi V). 47)

for sufficiently large u, v. Considering that (V}l?,(l) (A1ou)) is P-convergent to 0 and

i Ap+1 A
i p—A, 1A

if we take the lim inf of both sides of inequality (47) as u, v — oo, then we reach

lim inf (V‘llig(m (Arou) - V}ﬁm(Awu)) > liminf min (V}l?fo) - V}VO(O)),

uy—eo0 uy—o0 /”KiSAH
If we take the limit of both sides of last inequality as A — 17, then we find
liminf (V29" (Argu) = VIO (Agou)) 2 lim liminf min (Vie" - vi®) 2 0 (48)

% .
py—ooo N H —1° py—0 u<i<iy

due to the fact that (V}ﬂo’ (A1ou)) is slowly decreasing in sense (1,0). If we combine inequalities (46) with
(48), we conclude

lim V19" (Ajou) = Hl}gnm Vi (Aou).

U, y—o0

Because (V}l?,(l) (A1ou)) is P- convergent to 0, (V}ﬂ(’) (A1ou)) is also P-convergent to 0, which means from the
double Kronecker identity that (u,,) is P-convergent to £. [J
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In consideration of Theorem 4.5, we can state the following corollary.

Corollary 4.6. Let a double sequence (u,,) be (C,1,0) summable to a number €. If condition
MA10V;143(0) (Arou) 2 —-C

is satisfied for some C > O, then (u,) is P-convergent to €.

Analogous results for double sequences of complex numbers can be formulated as follow.

Theorem 4.7. Let a double sequence (uy,) be (C, 1,0) summable to a number . If its generator sequence (V},?,(O) (A1pu))
is slowly oscillating in sense (1,0), then (uy,) is P-convergent to {.

In consideration of Theorem 4.7, we can state the following corollary.

Corollary 4.8. Let a double sequence (u,y,) be (C,1,0) summable to a number €. If condition

AV (Aou)l < M
is satisfied for some M > 0, then (uy,) is P-convergent to L.

Before finishing this subsection, we examine some conditions needed for the (C,1,0) summable double
sequences to be convergent.

Theorem 4.9. Let a double sequence (u,,) be (C,1,0) summable to a number €. If conditions

. EE >,10
}1_)rr11+ 1!111;1/1 _1)£10f (Tw — uw) >0 (49)
and
lim lim inf (1, — 75,°) > 0 (50)

A=1- py—eo
are satisfied, then (u,,) is P-convergent to €.

Proof. Suppose that a double sequence (u,,) is (C,1,0) summable to £ and conditions (49) and (50) are
satisfied. In order to prove that (u,,) is P-convergent to same number, it is enough to indicate that
conditions in (39) are verified. For A > 1, we have from Lemma 3.3 (i)

+1
10 10 _ M ( 10 _ 10 )

oy — =——\o,,—-0 (51)
Ay~ Ty —, \Ow =00
¢ /\H i ¢

for sufficiently large u, v. Considering that (0, (u)) is P-convergent to £,

y Ay+1 A
i A= A=1'

(52)

if we take the lim inf of both sides of equality (51) as y, v — oo, then we reach

10 10 )

o 10 >,10 .. .
lim inf (o/\wv - T ) > 1 lim inf (OHV ~ O

uy—0o0 - —_ u,y—00

If we take the limit of both sides of last inequality as A — 1%, then we find

T 10 >,10
Jim timin (o], - ") 20
Thus, we can declare that the first of conditions in (39) is verified. Following a similar procedure to above
for 0 < A < 1, we can observe that second one is also verified. In that case, we obtain from Lemma 4.4 that
(V}lﬁ(o) (A1ou)) is P-convergent to 0. Therefore, we conclude from the double Kronecker identity that (u,,) is
P-convergentto £. O
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5. Some Results for the (C, 0,1) Summable Double Sequences

This section essentially consists of two parts. In the first part, we present some lemmas to be benefited
in the proofs of main results of this section for double sequences. In the second part, we discuss various
Tauberian conditions which pave the way for a Tauberian conclusion from the (C,0,1) summability to
convergence for double sequences. In the sequel, we end this section by some corollaries.

5.1. Lemmas

In this subsection, we express and prove the following assertions to be utilized in the proofs of main
results of this section for double sequences. The following lemma presents two representations of difference
between the general terms of double sequences (u,,) and (ofj,(u)) by the aid of the de la Vallée Poussin
means of the sequence (u,) in sense (0, 1).

Lemma 5.1. Let u = (u,y,) be a double sequence.

(i) For A > 1 and sufficiently large u, v, we have

A+
MIJV - 02}/(1’{) v+1 (GP A T‘ZVOl) (TZ{/Ol - M‘le) . (53)

(ii) For 0 < A < 1 and sufficiently large u,v, we have

~ () = /}/:11 (UM - + (“uv -, (54)

Proof. This is similar to the proof of parts (i) and (i) of Lemma 4.1. [J

In the next lemma being a consequence of Lemma 3.2, the difference between the general terms of double
sequences (u,,) and (o W(u)) interprets differently from the statement given in Lemma 5.1.

Lemma 5.2. ([19], Lemma 5) Let u = (uy,) be a double sequence.
(i) For A > 1 and sufficiently large u,v, we have
A

et ) 5 )

j=v+1

01
ap,v (M) =

(ii) For 0 < A < 1 and sufficiently large u, v, we have

14

( ) = /\_+/\1 (G#v 02}/\1,) by _1/\1/ Z (MW - uyj).

Lemma 5.3. ([19], Lemma 4) Let u = (uy,) be a double sequence.

(i) For A > 1 and sufficiently large u, v, we have

/\ +1
i = o) = 7 (oph, ~ oih)-

(ii) For 0 < A <1 and sufficiently large u, v, we have

Ay +1
< ,01 01
Tw — ‘7 ( ) = (Gyv - G“,/\V) :
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In [5], Canak proved that a generator sequence is convergent under some suitable conditions. Inspiring this
theorem given for the single sequences, we indicate under which conditions a double generator sequence
of (u,,) in sense (0, 1) is P-convergent.

Lemma 5.4. For a double sequence u = (u,,) of real numbers, let the assumptions

}Lr% lbnvn vinf (g%v _ szm) >0 and Alg{g lig sup (oB}AV - T;{/Ol) <0 (55)
hold. If the conditions

Jim lim jgf(r;;01 — ) 2 0 (56)
and

Jim liminf (= 75") 2 0 (57)

are satisfied, then the generator sequence (VoL

w (Do1u)) is P-convergent to 0.

Proof. This is similar to the proof of Lemma 4.4. [J

5.2. Main Results

In this subsection, we prove a Tauberian theorem for double sequences that P-convergence follows from
the (C,0,1) summability under the conditions of slow decrease of the generator sequence (ngo) (Ap1u)) in
sense (0,1) and we present some corollaries related to this theorem. In the sequel, we end this part by
giving some Tauberian conditions for the (C, 0, 1) summability method.

Theorem 5.5. Let a double sequence (u,,) be (C,0, 1) summable to a number L. If its generator sequence (ng’ (A 1))
is slowly decreasing in sense (0, 1), then (u,,) is P-convergent to L.

Proof. This is similar to the proof of Theorem 4.5. [
In consideration of Theorem 5.5, we can state the following corollary.

Corollary 5.6. Let a double sequence (u,y,) be (C,0,1) summable to a number €. If condition

HAn V}%(m (Amu) = -C
is satisfied for some C > 0, then (u,,,) is P-convergent to €.
Analogous results for double sequences of complex numbers can be formulated as follow.

Theorem 5.7. Let a bounded double sequence (u,,) be (C,0,1) summable to a number L. If its generator sequence
(Vﬂ},(o) (Aou)) is slowly oscillating in sense (0, 1), then (u,) is P-convergent to {.

In consideration of Theorem 5.7, we can state the following corollary.

Corollary 5.8. Let a double sequence (u,y,) be (C,0,1) summable to a number €. If condition
A0 VO (Aoi) < M

is satisfied for some M > 0, then (u,,) is P-convergent to L.

Before finishing this subsection, we examine some conditions needed for the (C,0,1) summable double
sequences to be convergent.
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Theorem 5.9. Let a double sequence (u,,) be (C,0,1) summable to a number €. If conditions

. . . >01 _
}1_% 1%1 _1)£10f (TW uw) >0 (58)
and
lim lim inf (i, — 75") 2 0 (59)

A—>1" wy—oo
are satisfied, then (u,,) is P-convergent to L.

Proof. This is similar to the proof of Theorem 4.9. [

6. Conclusion

In this paper, we have obtained several Tauberian conditions in terms of the generator sequences in
certain senses under which P-convergence of a double sequences follows from its (C,1,1) summability.
Similar results have been given for (C,1,0) and (C, 0, 1) summability methods. In a forthcoming work, we
plan to obtain analogous results for the weighted mean of double sequences.
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