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Abstract. In this paper, we provide some inequalities for P-class functions and self-adjoint operators on a
Hilbert space including an operator version of the Jensen’s inequality and the Hermite-Hadamard’s type
inequality. We improve the Holder-MacCarthy inequality by providing an upper bound. Some refinements
of the Jensen type inequality for P-class functions will be of interest.

1. Introduction and Preliminaries

Let H be a Hilbert space and B(H) be the algebra of all bounded linear operators on /. We say that
an operator A in B(H) is positive and write A > 0 if (Ax, x) > 0 for all x € H. The spectrum of an operator
A € B(H) is denoted by Sp(A). A function f : I — R is a P-class function on I if

fAx+ 1=y < f(0) + f(y), 1)

where x,y € I and A € [0,1]. Some properties of P-class functions can be found in [2, 3]. The set of all
P-class functions contains the set of all convex functions and the set of all nonnegative monotone functions.
Every non-zero P-class function is nonnegative valued. Indeed, choose A = 0 and fix y € I'in (1). Hence,

f(yo) < f(x) + f(yo),

where x € I. Thus, f(x) > 0forallx € I.

Jensen'’s inequality for convex functions is one of the most important result in the theory of inequalities
due to the fact that many other famous inequalities are particular cases of this for appropriate choices of the
function involved. Mond and Pecari¢ established an operator version of the Jensen inequality for a convex
function in [5] (see also [4]) as follows:

Theorem 1.1. Let f : [m, M] — R be a continuous convex function. If x € H, (x, x) = 1, then for every self-adjoint
operator C such that ml < C < MI,

fUCx, x)) < {f(O)x, x). ()

for each x € H with (x,x) = 1.
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As a special case of Theorem 1.1 we have the following Holder-MacCarthy inequality.
Theorem 1.2. [1, Theorem 2] Let C be a self-adjoint positive operator on a Hilbert space H. Then
(i) {C"x,x) = {(Cx,x)" forallr > 1 and x € H with {(x,x) = 1;
(i) (C'x,x) <{(Cx,x) forall0 <r <1and x € H with (x,x) =1;
(i) If C is invertible, then (C'x,x) > (Cx, x)" for all r < 0 and x € H with (x,x) = 1.

In this paper, we show that many general inequalities can be given for P-class functions and self-
adjoint operators on a Hilbert space including an operator version of the Jensen’s inequality and the
Hermite-Hadamard'’s type inequality for P-class functions. We improve the Holder-MacCarthy inequality
by providing an upper bound.

2. Mond and Pecarié inequality for P-class functions and its application

Taking into account Theorem 1.1 and its applications for various concrete examples of convex functions,
it is therefore natural to investigate the corresponding results for the case of P-class functions and its special
cases.

Theorem 2.1. Let C be a self-adjoint operator on the Hilbert space H and assume that Sp(C) € [m, M] for some
scalars m, M with m < M. If f is a continuous P-class function on [m, M], then

FUCx,x)) < 2(f(C)x, x) ©)
for each x € H with ||x|| = 1.
Proof. Since f is P-class,

fAx+ (1 =Ny) - f(y) < f(x) (4)
for every x,y € [m,M], and A € (0,1). Consider

— fAx+ (1= A)y) - f(y)
a = min .
ye[m,M] A(x - ]/)

)

It follows from (4) that aA(x — y) < f(x) and so a(x — y) < % f(x). Notice that I(x) := a(x — y) is a linear
equation and I(x) < 1 f(x) for every x € [m, M]. By assumption, m < § < M where j = (Cx, x). Consider the
straight line I'(x) := a(x — §) + f(g) passing through the point (g, f(7)) and parallel to the line /. By continuity
of f, we get

I'@) = f(g) -e (6)

for arbitrary € > 0. We realize two cases:
(i) Let I'(x) < %f(x) for every x € [m, M]. Then, I'(C) < %f(C). Hence,

(€ < 1 (FOx ). )

By using (6), (7) and linearity of I’, we observe that

fCx,x)) —e < T'({Cx,x)) = ('(C)x, x) < %(f(C)x, x).
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Since € is arbitrary, we deduce

fCx,x)) < %(f(C)x,x). )]

(ii) There exits some points x € [m, M] such that '(x) > % f(x). Let
, 1
A={xe[mgl:I'(x)> Xf(x)},

B:={xe[g,M]:I'(x)> %f(x)}.

Consider x4 := max{x : x € A} and xp := min{x : x € B}. Let [4 be the line passing through the points (x4, 0)
and (g, f(7)) and Ip the line passing through the points (xg, 0) and (g, f(7)). Define

o La),x € [m,g],
L(x) := { lg(x),x € [g, M].

We show that L(x) < % f(x) for every x € [m, M]. We consider the partition {m, x4, g, xg, M} for the closed
interval [m, M]. Note that [4(x) < 0 for every x € [m, x4] and since f(x) > 0, we reach I4(x) < % f(x) for every
x € [m, x4]. On the other hand, one clearly has

'@ < 1) ©)

for every x € (x4, 7], otherwise, there exists xg € (x4, ] such that I’(xp) > % f(x0). This infers xp € A and so
Xo < x4, whichis a contradiction. So, by letting x tends to x4 from right in (9), one can deduce I'(x4) < % f(xa).
Moreover, since x4 € A, I'(x4) > % f(x4) and hence I'(x4) = % f(x4). It follows that I’ is the line passing
f@-3fea)

through the points (x4, 1 f(x4)) and (7, f()) and the slope of I is a = =
o =12 By the inequality (9) we have

g=xa

, where the slope of /4 is

L@ = @)+ @) < alx— )+ f@) = () < 100
for every x € (x4, g]. So, L(x) = I4(x) < %f(x) for every x € [m, g].

By the same way, one has L(x) = Ip(x) < % f(x) for every x € [§, M]. Note that [4(§) = Ip(§) and since f is
continuous,

(@) 2 f(9) € (10)

for arbitrary € > 0. For the case where sp(C) C [m, 4],
1

fUCx, x)) — € < 14({Cx, x)) = (a(C)x, x) < X<f (C)x, x).

Moreover, when sp(C) C [7, M], we have
1

f(Cx,x)) —e < 1a(Cx, 1)) = I5((Cx, 1)) = (Ip(CO)x, ) < 7{f(C)x, x)

and so we obtain (8). According to (8) and for A = % we deduce (3). We claim that % is the best possible for

Ain (8).
(1)Let0 <A < 1. So, % > 2 and consequently by (3), we deduce

F(Cx,0) < 2£(C, ) < T, a
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(2) Let % < A <1 and note that the function g(t) = %, t € [-1,1], is a P-class function for every a > 1.
Consider C = [ 51 (1) ] and x = (%, %). Then, g((Cx, x)) = g(0) = 2 and (g(C)x,x) = 1. Since g is P-class,

a

by (8), we have g({Cx, x)) < %(g(C)x, x) and so A < 1 which is a contradiction. (]

Corollary 2.2. Under the hypotheses of Theorem 2.1, if x € H, ||x|| # 1, then

(Cx,x)\ _ 2(f(O)x,x)
f(<xx>)s (r,x)y (12
Proof. Lety := W’;T) and apply Theorem 2.1. [
Lemma 2.3. Let f be a continuous P-class function and A < 0. If f is decreasing, then
f(A=Mx+Ay) = f(x) = f(y) (13)

for every x, y € [m, M] with x < y.
Proof. We have (1 - A)x + Ay = x + A(y — x) < x. Since f is decreasing,
f(A=x+Ay) = f(x) = f(x) = f(y)-

0
Lemma 2.4. Let f be a continuous P-class function and A > 1. If f is increasing, then (13) holds.
Proof. We have (1 - A)x > (1 - A)yandso (1 —A)x+ Ay > y. Since f is increasing, we obtain

A= A)x+Ay) 2 fly) 2 f0) 2 f() - F).
0

Theorem 2.5. Let f : [m,M] — R be a continuous decreasing P-class function and let the self-adjoint operator C
satisfies ml < C < ML If0 < (x,x) <u,x € H,a € [m,M], and ua—(Cxx) o [m, M], then

u—{x,x)
ua — (Cx, x) 2(f(C)x, x)
f( M—(x,x) )Zf(a)_ <x,x> ° (14)
Proof. Applying Lemma 2.3 with A = — ui’i'xx;) <0, x=ay= ﬁ’f;?, and Corollary 2.2, we find that
ua —(Cx,x)\ u 3 (x,x) {(Cx,x)
o= (x, %) )= 1 (,x)" u—{xx) (x,x) )
C 7
> - ()
2(f(C)x, x)
0
Corollary 2.6. Under the hypotheses of Theorem 2.5, if f is increasing, then
- (Cx, Cx,
fra{Cuny, q(Cuy_ p), (16)

U —{x, x) (x,x)

Proof. Applying Lemma24withA = —*=>1,x= %’(f)) , ¥ = a,and Corollary 2.2, we obtain the result. [

u—{x,x)
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Theorem 2.7. Let the conditions of Theorem 2.1 be satisfied. Then
(f(O)x,x) < f(m) + f(M). (17)

Proof. Let u € [m,M]. Then u = Aj‘f —-m + 3=-M. The function f is P-class, so f(u) < f(m) + f(M). The

operator f(m) + f(M) — f(C) is positive, and hence, (17) follows. O

Theorem 2.8. Let the conditions of Theorem 2.1 be satisfied. Let | be an interval such that f([m,M]) C J. If F(u,v)
is a real function defined on | X | and non—decreasing in u, then

FQ(f(O)x, x), f((Cx, x))) < max F(Z(f(M) + f(M)), f())

= Sm[ax F(Z f(m) + f(M)), f(Om + (1 = O)M)). (18)

Proof. According to the non-decreasing character of F and Theorem 2.7, we deduce

FQ2(f(C)x, x), f(Cx, x))) < FQ(f(m) + f(M)), f(7))
< max FQ(f(m) + f(M)), f(1))

since § = (Cx,x) € [m,M]. The second form of the right side of (18) follows at once from the change of
variable 6 = &=L so thatt = Om + (1 - O)M, with0< 6 <1. O

In the same way (or more simply just by replacing F by —F in the above theorem) we can prove the
following:

Corollary 2.9. Under the same hypotheses as Theorem 2.8, except that F is non—increasing in its first variable, we
have

FU(CYx, ), f(Cx,x0) 2 min FQ(fom) + F(M), £(B)
= min FQ(f(m) + fM), f(Om + (1~ O)M)).

Corollary 2.10. Let the conditions of Theorem 2.1 be satisfied. Then,
(i) 2{f(C)x,x) < Af({Cx,x)) for some A > 0,
(ii) 2(f(C)x,x) < A + f({Cx, x)) for some A € R.

Proof. (i) Consider F(u,v) = £, ¢(t) = w ,and | = (0, 00). So, F is non-decreasing on its first variable
and by Theorem 2.8 we have

2f(©)x,x) _ _ 2(f(m) + f(M))
max p(t) = ———.
F{Cxx) = idoun minyepm,my f(t)
The function ¢ essentially attains its maximum value when the function f attains its minimum value on
[m, M] by continuity of f. Hence, by letting A = %, we find the result.
(ii) Consider F(u,v) = u — v, p(t) = 2(f(m) + f(M)) — f(t), and | = R. So, F is non-decreasing on its first
variable and Theorem 2.8 leads

2(f(C)x,x) — f({Cx,x)) < max @(t) = 2(f(m) + f(M)) - t 3[,9,?41 f®.

The function f attains its minimum value by continuity of f. Hence, it suffices to let A = 2(f(m) + f(M)) —
MiN¢e[m,M] f(f) O
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Combining Theorem 2.1 and Corollary 2.10 we identify the following result.
Corollary 2.11. Let the conditions of Theorem 2.1 be satisfied. Then
(i) %(f(C)x, x) < f({Cx, x)) < 2{f(C)x, x) for some A > 0,
(i) 0 <2(f(C)x,x) — f({Cx,x)) < A for some A € R.
For instance, when f(t) =#,0 <r <1and t € [m, M], we obtain
0<2(C"x, x) = {Cx,x) <2M" +m"

and when f(t) = Int, t € [m, M] C [1, ), f is P-class and we have

1
lnMnﬁ(ln(C)x, %) < In((Cx, x)) < 2(n(C)x, x),
0 < 2(n(C)x, x) — In((Cx, x)) < 2In(M) + In(m).

As a consequence of the definition of a P-class function one can verify that if f is a continuous increasing
P-class function and g is a convex function, then f ogis a P-class function. Remember that f is homogeneous,
whenever, f(AA) = Af(A) for A > 0. We have the following simple corollary.

Corollary 2.12. Let the conditions of Theorem 2.1 be satisfied and let f be a non-decreasing function and n > 1.
(i) If f is homogeneous, then f"((Cx,x)) < 2"(f"(C)x, x).
(ii) If f is subadditive, then f" is P-class and f"({Cx, x)) < 2(f"(C)x, x).
In the next corollary, we obtain the Hermite-Hadamard'’s type inequality for P-class functions.

Corollary 2.13. Let the conditions of Theorem 2.1 be satisfied and let p and q be nonnegative numbers, withp+q > 0,
for which

(Cx,x) = P aM
’ p+q
Then

1 _pm+gM
5 f(W) < (f(C)x,x) < f(m) + F(M).
Proof. By virtue of Theorem 2.1 and 2.7 we reach

pm +gM

) = FUCH ) < 2F(C 1) < 2(fm) + FM)).

fl

O

We can improve the Holder-MacCarthy inequality by providing an upper bound. We use the fact that
the function ", 0 < r < 1, is P-class, in addition to being concave.

Lemma 2.14. Leta,f > 0and 0 <r < 1. Then, (@ + ) < a’ +p".

Proof. Define f,(t) = (1+1t)" —#,t > 0 and note that f/(t) < 0. So, f, is decreasing and the result follows from
the fact that fr(%) < £(0. O

Corollary 2.15. Let C be a self-adjoint positive operator on a Hilbert space H. Then
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(i) forall0 <r<1and x € H with||x|]| =1,

(C'x,x) <{Cx,x)" <2({C'x,x), (19)

(ii) forall v > 1 and x € H with ||x]| = 1,

(Cx, x) <{C'x,x) <2{(Cx,x)". (20)

Proof. (i) The first inequality is Holder-MacCarthy inequality for the case where 0 < r < 1. Let0 <a < b
and 0 < A < 1. In view of Lemma 2.14 we get

(Aa+ (1= )b) < (Aa) + (1 - )by <a’ +V.

This ensures the function #" is P-class and hence using Theorem 2.1 we reach the second inequality.
(ii) By applying % < 1in part (i) we have

(CYrx, x) < (Cx, x)V/" < 2(CV7x, x). (21)
Replacing C" with C in (21) we deduce

(Cx,x)y < (C'x, )" < 2(Cx, x),
which implies the result. [

Let w;, x; be positive numbers with },/_; w; = 1. Then the weighted power means are defined by
"] 1 1/r
M (x; w) = (Zw,x,’) , r#0
i=1

and
n

M (x; w) = X
i=1

is called weighted geometric mean and denoted by G,. It is well-known that if s < r, then
M¥x; w) < M (x; ). (22)

The weighted arithmetic mean of a non-empty sequence of data {x1, xo, ..., x,} and corresponding non-
negative weights {w1, w», ..., w,} with YL, w; = 1is defined by

n
Ap = Z WiX;
=1

and the weighted harmonic mean of them is defined by

n
-1
Ho= (2 w)
i=1
The arithmetic-geometric-harmonic mean inequality is a well-known inequality as follows:
Hy, < Gy £ Ay

According to improved Holder-MacCarthy inequality we identify the following relation between the
weighted arithmetic mean and the weighted power mean.
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Corollary 2.16. Let wj, x; be positive numbers with Y i_; w; = 1. Then

(i) forall0 <r<1,
M w) < A, < 2Y"MI(x; w),

(ii) forallr >1,
Ay < MU (x;w) < 24,.

Proof. (i) Consider
X1 v 0 \/w_l
C=|: . and x=]| :
0 - x, O,
Clearly, we have (Cx, x)" = (Y1, wix;)" and (C"x,x) = Y., w;x!. In view of (19), we obtain the desired result.
(ii) By considering C and x as above and applying (20) we get the result. [J

Some refinements of the arithmetic-geometric-harmonic mean inequality are of interest.

Remark 2.17. Let w;, x; be positive numbers with Y, w; = 1.
(i) Forall0 <r <1,

27V M ; w) < Hy < M (g w)
< Gy < M (x;w) < Ay < 2V M (x; w).
Replacing xi‘1 with x; in Corollary 2.16(i) and applying the monotonically decreasing function =1 to both sides of the
inequalities we get the first and second inequalities. The third and forth inequalities obtain by (22). We deduce the

last two inequalities by Corollary 2.16(i).

(ii) Forallr > 1,

1 _
EHw <MY w) < Hy < Gy < Ay < M (5 w) < 24,

Similar to that of part (i) and Corollary 2.16(ii) we reach the first and second inequalities. The third and forth
inequalities are well-known inequalities. The last two inequalities are obtained in Corollary 2.16(ii).

3. Multiple operator versions and its application

In this section, we investigate a multiple operator version of Theorem 2.1 and the corresponding
applications for the P-class functions.

Theorem 3.1. Let C; be self-adjoint operators with Sp(C;) C [m, M] for some scalars m < Mand x; € H,i € {1, ..., n}
with Y., |lxill> = 1. If f is a P-class function on [m, M), then

f( Z(Cixi/ xi>) <2 Z(f(Ci)xi, X;).
i=1 i=1

Proof. We consider

C, - 0 x1
: .o and %= :
0 - C, X,

™
1l

By a simple verification we get Sp(C) C [m, M] and ||%|| = 1. On the other hands,

f(Cx,®) = f( Y (Cixi ),
i=1
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FOR2) = ) (FCxi,x).
i=1
According to Theorem 2.1 we have f((C%, #)) < 2(f(C)%, %) and so we deduce the desired result. [J

The following particular case is of interest.

Corollary 3.2. Let C; be self-adjoint operators with Sp(C;) C [m,M], i € {1, ..., n} for some scalars m < M. If f isa
P-class function on [m, M] and p; > 0 with Y., pi = 1, then

F(Y piCi, ) <2 ) P F(Cx, )
i=1 i=1

for every x € H with ||x|| = 1.

Proof. 1t follows from Theorem 3.1 by choosing x; = /pix, i € {1, ...,n}, where x € H with [lx|| = 1. O

The following corollary is also of interest.

Corollary 3.3. Let f be a P-class function on [m, M], C; self-adjoint operators with Sp(C;) € [m,M], i € {1, ..., n}
and p; = 0 with Yi_; pi = 1. Assume that I € {1,...,n}and I = {1, ..., n]\L, pr = Vi1 i, e = 1 — Vi pi. Then for
any x € H with ||x|| = 1,

f(ZpKCix, x>) <(f,D) < U(f, D)
i=1
<2 ) (f(Ciyx, ),
i=1

where

Ou(f,I) = Zp’<Cxx>+f Y piCix, )

iel iel°
() =2 BfiConny +2 7 P(fiCo )
iel 1€IC

Proof. By rearranging the terms in f ( Y pilCix, x)) we reach

Zn(Cx ) = PI(— D PG )+ pr( sz«:x x)))

lepl ielc

<f zp,(Cx x) +f Zp,(Cx x)

iel iel°

= Ql(fll)
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On the other hand, Corollary 3.2 infers

a(f,n=£(Y Z—j(Cl-x,x>) + ()] %<Cix, x))
iel

iel® P
<2y’ PGy + 2y P fcom o)
el pr iel¢ pr
=(f, 1)

<2 Y (f(Cx 3y +2 ) (F(Cx,x)
i€l ielc

=2} (f(C)x, ).
i=1

4564

Corollary 3.4. Let f be a non-decreasing P-class function on [m, M] and let C;, p; > 0, I, I, p;, and pr be as in

Corollary 3.3. Then

AL rel) <UL el AL 5l
<2 ; %f(c,-)” +2| ; ;f_,if(cf)”

S
i=1
Proof. We have

A5 el e » Epcl

AT pel-TZrel
LT pcl-wlE Tl
<f %H;pqu)+f(piFH;piciH).

=f

(
(
(
(
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On the other hand and by virtue of Corollary 3.2 we get

f ,},HZMGH A X )

sup( Cxx)+ —su( Cxx)
F’qufi Zp f I||||pl Zp

= supf (Zp iCix, x) + supf (Z PiCix,x>

[lx[I=1 [lxl|=1

<25up2p (f(Ci)x, x)+2supZ—(f(C)x x)

IdI=1 47 =1 o7

_2 ZI% fc +2||; T

<2 T el +2| o]
i€l ielc

-2y s
i=1

O

Remark 3.5. Let C;, p; =2 0, 1, I, p;, and pr be as in Corollary 3.3. Then
(i) ForO<r<1,

[Soncl <[5 2ef +|% 2l
i= i il
Pi - Pi
R R
n
<3|yl
(ii) For r > 1, and applying part (i) for 1 < 1 and replacing C} with C; we conclude
[Srel<(I5 2l |5 2l Y
<2 ZZCII [ X el
el

Theorem 3.6. Let the conditions of Theorem 3.1 be satisfied. Then

Y (F(Cxi ) < fm) + FM). (23)
i=1

Proof. Consider C and ¥ as in the proof of Theorem 3.1 and apply Theorem 2.7. [
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Theorem 3.7. Let the conditions of Theorem 3.1 be satisfied. Let | be an interval such that f([m,M]) C J. If F(u,v)
is a real function defined on | X | and non—decreasing in u, then

n

F(2 ,.ZH;U (Coxi, i), £ Y_(Cixipx1))) < max FQ(fm) + F(M), f(0). (24)

i=1
Proof. Consider C and # as in the proof of Theorem 3.1 and apply Theorem 2.8. [

Corollary 3.8. Let the conditions of Theorem 3.1 be satisfied. Then

(i) the inequality
2 ) (f(Cxi ) < AFY, Cixiy i) (25)
i=1 i=1

holds for some A > 0,

(ii) the inequality
2 ) (FCixipxy < A+ F((Y, Cixipxi)) (26)
i=1 i=1

holds for some A € R.

Proof. Consider C and ¥ as in the proof of Theorem 3.1.
(i) Apply Corollary 2.10 (i) and note that A = %

(ii) Apply Corollary 2.10 (ii) and note that A = 2(f(m) + f(M)) — minsepnay f(£). O
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