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Abstract. In this manuscript, we present and develop different F-contraction methods using new kinds
of contractions, namely F,-contraction and extended F,-contraction in the context of controlled b-Branciari
metric type space. We then suggest an easy and effective solution for Fredholm integral equations using
the fixed point method in the framework of controlled b-Branciari metric type space. We also provide an
illustrative example for the existence of solution to second order boundary value problem to demonstrate
the efficiency of the work that has been developed.

1. Introduction

Since 1922, with the admired Banach fixed point theorem, fixed point theory has inspired many re-
searchers. Czerwik [12] unveiled the idea of b-metric space as a generalization of metric space by altering
the triangle inequality by inserting a constant multiple s > 1 on the right side of the equation.

Recently, Kamran et al. [17] initiated the concept of extended b-metric space in which the constant s
was replaced by a non-negative function 0(x, y), where the variables x and y depends on the left-hand
side of the triangle inequality. Followed by Kamran et al. many authors have dealt with extended b-metric
space and proved fixed point theorems for different type of contractions. For further information about
extended b-metric space, extended Branciari b-distance space, extended hexagonal b-metric space, readers
can therefore refer to [2, 3, 5-10, 14, 15, 18, 23, 25, 26].

In [21], Nabil Mlaiki et al. established the banach contraction principle on new type of metric space,
namely controlled metric type space, which is an expansion of b-metric space by replacing the constant s
with a control function 6(x, y) to act independently on each term of the triangle inequality on the right side
of the equation. In [1], the same authors established the concept of double controlled metric type space by
modifying controlled metric type space through two control functions a(x, y) and u(x, y), the parameters
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of which depend on the equation’s right side. Recent research in exploring new generalized metric spaces
(and/or its relevant results) has stimulated huge attention in metric fixed point theory, see [4, 19, 20, 22].
Inspired by the aforementioned facts, we demonstrate certain fixed point theorems using F,-contraction
and extended F,-contraction in the context of newly established metric space, namely controlled b-Branciari
metric type space, which provide solutions for fredholm integral equations using the fixed point approach.

2. Preliminaries

We begin with some basic definitions which will be applied in the sequel.

Nabil Mlaiki et al. [21], recently presented a new type of generalized b-metric space and named a controlled
metric type space, which is as follows:

Definition 2.1. Given a non-empty set X and a : X X X — [1,00). A function d, : X X X — [0, 00) is called a
controlled metric type if:

(1) do(t,u) = 0 ifand only if t = u;

(2) da(t, u) = da(u, t);

(3) da(t, u) < alt, w)d,(t, w) + a(w, u)d,(w, u)

forall t,u,w € X. The pair (X, d,) is called a controlled metric type space.

Very recently, Thabet Abdeljawad et al. [3] revealed the idea of an extended Branciari b-distance, that is:

Definition 2.2. Foranon-empty set X and a mapping w : XxX — [1, 00), we say that a functiond,, : XxX — [0, co)
is called an extended Branciari b-distance if:

(1) dy(t,u) =0 ifand only if t = u;

(2) do(t, u) = do(u, £);

(3) do(t,u) < w(t, u)[dy(t,7) + dy(r,s) + dy, (s, u)]

forall t,u € X and all distinct r,s € X\{t, u}. The pair (X, d,,) is called an extended Branciari b-distance space.

There was an incredible research called F-contraction, one of the most significant work in metric fixed point
theory. It was implemented in 2012 by an author named Wardkowski, and with his ideological touch, he
brought this growth to the mathematical society. The notion of F-contraction defined by Wardowski [27] as
follows.

Definition 2.3. Let (X,d) be a metric space. A mapping G : X — X is said to be an F-contraction if there exists
T > 0 such that for all t,u € X,

d(Gt, Gu) > 0 = 1 + F(d(Gt, Gu)) < F(d(t, u))
where F : R* — R is a mapping satisfying:
(1) F is strictly increasing, i.e., for all x,v) € R* such that x < v implies F(x) < F(v);
(2) For each sequence {x,}nen of positive numbers lim x, = 0 iff lim F(x,) = —oo;

n—oo n—oo
(3) There exists k € (0,1) such that lir(l)1 ¥F(x) = 0.
-0t

Later on, many researchers have extended F-contraction mappings to Reich, Geraghty and Suzuki type
mappings. For instance, see [11, 22, 24, 28, 29].
In [13], Nawab Hussain et al. introduced the following new family of functions.
Definition 2.4. Let A, be the set of all functions 11 : R* — R* satisfying the following:
(m) liminf n(t;) > O for all real sequences (t;) with t; > 0;
It is worth noting that (1) indicates:

(m2) i n(t;) = +oo, for each sequence (¢;) with t; > 0.
i=0
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3. Main Results

The notions, controlled metric type space and extended Branciari b-distance will be combined by the
following description underneath the form of a controlled b-Branciari metric type space.

Definition 3.1. Let X be a non-empty set and g : X X X — [1,00). A function d; : X X X — [0, 00) is called a
controlled b-Branciari metric type if it satisfies:

(1) dy(t,u) =0 ifand only if t = u forall t,u € X;

(2) dg(t,u) = dy(u,t) forall t,u € X;

(3) dg(t/ 1/[) S g(t/ r)dg(t/ 7’) + g(”/ S)dg(r/ S) + !7(5/ u)dy(sr M)

forall t,u € X and for all distinct points r,s € X, each distinct from t and u respectively. The pair (X, d,) is called a
controlled b-Branciari metric type space.

Example 3.2. Let X = {1,2,3,4}. Defined, : X X X — [0, 00) as follows:

dy(t,t) =0, Vte X, d,(1,t) = d,(t,1) = 50, YVt € X - {1},

4,(2,3) =d,;3,2) =d,(2,4) = dy(4,2) = 200,

d,(4,3) =d,(3,4) = 800.

Let g : X X X — [1, 00) be symmetric and can be defined as follows:

gt,t)y=1, VteX,

9(1,2) =3, 9(1,3) =4, g(1,4) = 9(2,3) =5,9(2,4) = 6, §(3,4) = 2.

Hence (X, d;) is a controlled b-Branciari metric type space. Although, we can see that

(i) dy(3,4) = 800 > g(3,4)[dy(3, 1) + dy(1,2) + dy(2,4)] = 600.
(i) dy(3,4) = 800 > g(3,1)d,(3,1) + g(1, 4)d,(1,4) = 450.

Thus (X, d,) is neither a controlled metric type space nor an extended Branciari b-distance space.
Now in the sense of controlled b-Branciari metric type space, we implement the following significant
definitions.
Definition 3.3. Let (X, d,) be a controlled b-Branciari metric type space. Let {t,} be a sequence in X. We say that
1. {t,} is convergent, if lim d,(t,,t) = 0 for some t € X.
n—oo

2. {ty} is Cauchy, if Lim d,(t,,t,) = 0.

n,m-—oo
3. (X, d,) is a complete controlled b-Branciari metric type space if every Cauchy sequence is convergent in X.

Definition 3.4. Let (X,d;) be a controlled b-Branciari metric type space. A mapping G : X — X is called an
Fy-contraction if there exists function 1 € A, such that

dg(Gt, Gu) > 0 = n(dy(t, u)) + Fy(dg(Gt, Gu)) < Fyldy(t, 1)), Yt,u € X 1)

such that for each ty € X, suplim g(tiz1, tiz2)g(tiv1, tm) < %, where t, = G'ty,n = 0,1,..., A € (0,1) and
m>1 7
F; :R* — Ris a mapping satisfying:
(F1) F, is strictly increasing, i.e., for all x,1) € R* such that x < v implies F,(x) < F4(v);
(F2) For each sequence {x,}nen of positive numbers lim x, = 0 iff lim F(x,) = —oo;
n—00

n—oo

(F3) There exists A € (0,1) such that 11%1 ¥ Fy(x) = 0.
-0t
We denote by F,, the set of all functions satisfying (F1)-(F3).
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Theorem 3.5. Let (X, d;) bea complete controlled b-Branciari metric type space such that d,; is a continuous functional
and G : X — Xis an F~contraction. Moreover, if

}gl; g(ty, t) and 1}1330 g(t, t,) exist and are finite, for every t € X. (2)
Then, G has a unique fixed point in X.
Proof. Let ty € X be arbitrary. Construct the sequence {t,} by
to, Gto=t, Gh =t = th =Gy, ..., tu1 = Gy,

If there is an ko € IN such that ty, = ty41, then ty, is a fixed point of G. We now presume that t, # t,. for all
n 2 0. This yields dy(t,, tys1) > 0, i.e., dy(Gty-1, Gtn) > 0. We shall now divide the proof into 4 steps.
Step 1: The first step is prove

’}gl;‘o dg(tn/tnﬂ) =0and 321;10 dg(tn/ tn2) = 0.

Taking t = t,_1 and u = t, in (1), we get
Ny (ta-, ) + Fyldg(tn, tasn) < Foldy(tion, b)) ©
Consequently, we have
Fg(dg(tnr tn+1)) < Fg(dg(tnflz tn)) - T](dg(tn—lr tn))
< Fg(dg(tn—L tn—l)) - n(dg(tn—ZI tn—l)) - T](dg(tn—ll tn))
= Fg(dg(tn—Z/ th-1)) — [rl(dg(tn—lr tn)) + n(dg(tn—b th-1))]

(4)
< Fy(dy(to, 1)) = ) n(dytia, 1),
i=1
By using (1), we get
31_1}010 Fo(dy(tn, tns1)) = —00 ®)
which implies
lim dy(ty, tne1) = 0. (6)
From (F3), there exists A € (0,1) such that
Aggo(dg(tnrtn+1))AFg(dg(tn/ tn+l)) =0. (7)
By (4), we have
(dg(tnr tn+l))/\Fg(dg(tn/ tn+1)) - (dg(tnr tn+1))/\Fg(dg(t0/ tl)) < _(dg(tn/ tn+1))/‘ Z n(dg(ti—ll ti))' (8)
i=1
By (1), there exists € > 0 such that n(dy(t, ts+1)) > €, VYn > ng. Subsequently, we get
n
(dg(tn/ tn+1))/\Pg(dg(tn/ tn+1)) - (dg(tn/ tn+1))/\Pg(dg(t0/ tl)) < _(dg(tn/ tn+1))/\ Z U(dg(ti—ll ti))
i=1
= (dg(tn/ tn+1))/\(_[7](dg(t0/ tl)) + n(dg(tl/ tz)) +...+ T](dg(tno—lz ti’lo))] (9)

— [0y by tays1)) + - + Nt £))])

< —(dy(tn, tns1)) (n = n9)C.
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Letting n — oo in (9), we obtain

lim n(dg(tn/ tn+1)))\ =0.

Then there exists ny € IN such that n[d,(t,, te)] < 1 for all n > ny. Thus, we acquire

1
dg(tn/ tn+1) <.
n

==

Aguain taking t = t,_q and u = t,41 in (1), we get
n(dg(tn—lr tn+1)) + Fg(dg(tm tn+2)) < Fg(dy(tn—lr tn+1))-

Accordingly, we have

Fy(dy(tn, tas2) < Fyldy(to, £)) = Y (dy(tir, tisn)).
i=1

By using (), we get
iglgo Fg(dg(tnr tni)) = —0
which implies

lim dy(ty, tisa) = 0.

n—o0

4257

(10)

(11)

(12)

(13)

(14)

(15)

Step 2: Now, we will demonstrate that t, # t,, for n # m. Suppose, we take t, = t,, for somen = m+1 > m, we

have t,41 = Gty = Gtm = tws1. Inequality (1), therefore implies that

Fo(dy(tm, tm+1)) = Fg(dg(tn, tns1)) = Fg(dy(Gtu-1, Gtn))
< Fy(dg(tn-, tn)) — n(dg(tu, tn))
< Fy(dy(tu-1,tn))
= Fy(dy(Gtu-2, Gtn-1))
< Fy(dy(tn-2, tn-1)) — n(dg(tn-2, tu-1))

< Pg(dg(tmr tm+1))

which is a contradiction. Hence, we conclude that t, # t,,, for all n # m.

Step 3: In this step, we will attempt to demonstrate that {t,},en is a Cauchy sequence i.e., lim dy(t,, tu+q) = 0, for
n—oo

q € IN. We have already proved for the cases q = 1 and q = 2, respectively. Now choose q > 1 arbitrary. We discern

between the two cases.
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Case 1: Let q = 2m, where m > 2. Thereafter, we get

dy(tn, tnsom) < g(tn, tur2)dg(tn, tns2) + G(tusz, tnas)dg(tnr, tnss) + g(tuss, tuvom)
dg(tn+a, tuvam)
< gtu, tn2)dg(ty, ts) + g(tusz, tus)dy(tns, ties) + G(tuss, tuvom)
[9(tnss, tura)dy(turs, tuva) + G(tnra, turs)dg(tura, tuss) + G(tnss, turom)
dy(tuss, tusom)]

< g(tm tn+2)dg(tn/ tn+2) + g(tn+2/ tn+3)dg(tn+2/ tn+3)+
g(tn+3/ tn+2m)[9(fn+3, tn+4)dg(tn+3/ tn+4) + g(tn+4/ tn+5)dg(tn+4; tn+5)]+

g(tn+3/ tn+2m)g(tn+5/ tn+2m) oo g(tn+2m—3/ tn+2m)[g(tn+2m—3/ tn+2m—2)
dg(tn+2m—3/ tn+2m—2) + !](tn+2m—2/ tn+2m—1)dg(tn+2m—2/ tn+2m—1)]+

I(tnss, tusom)g(tnss, tusom) - - - G(tnsom—1, tn+2m)dg(tn+2m—1/ trsom)

n+2m-2 i
< !](tn, tn+2)dg(tnr tn+2) + Z dg(tir tz’+1) H g(tj/ tn+2m)g(ti/ ti+1)
i=n+2 j=1
n+2m-1
+ 1_[ f](til tn+2m)dg(tn+2m—1/tn+2m)
i=1
n+2m—-1 i
< 9(% tn+2)dg(tnr tn+2) + Z dg(tir ti+l) H g(t]'/ tn+2m)g(tir ti+1)'
i=n+2 j=1

(o) n
We observe that the series ), dy(t,, tus1) [1 g(ti, tnsam)g(ti, tiv1) converges. Since,
n=1 i=1

0 n 0 1 n
Yyt tuct) [ [ 9t tuvomgti tin) < )" — T ] 9t brsamg i i)
n=1 i=1 n=1 M4 =1

Let - .
Y = Z dy(tn/ tns1) H g(ti, trsom)g(tn, trs1)
n=1 i=1

n ]
Y, = Z dy(tj tiv1) H g(ti, tnrom)g(tj, tis)-
=1 i=1
The aforementioned inequality therefore indicates:
dg(tn/ tn+2m) < g(tn/ tn+2)dg(tnr tn+2) + Yii2m-1 — Vst
Letting n — oo and using equation (15), we deduce that

lim dy(ty, tnsom) = 0. (16)
n—oo
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Case 2: Let q = 2m + 1, where m > 1. Then, we find

dg(tnr tn+2m+1) < g(tm tn+1)dg(tn/ tn+1) + g(tn+1r tn+2)dy(tn+1/ tn+2) + g(tn+2/ tn+2m+1)
dg(tn+2r tn+2m+l)
< g(tn, tn+1)dg(tn/ tne1) + g(tus1, tn+2)dg(tn+1/ tns2) + g(tns2, tusome)
[9(tns2, tus3)dg(tusa, tnes) + G(tnrs, tura)dg(tnas, tuva) + G(tnra, turamer)

dy(tn+4/ tn+2m+1)]

< g(tm Fnv1 )dg(tn/ the1) + g(tnn, tn+2)dg(tn+1/ tn2)+
g(tn+2/ tn+2m+1)[g(tn+2/ tn+3)dg(tn+2/ tn+3) + g(tn+3/ tn+4)dg(tn+3/ tn+4)]+

g(tn+2/ tn+2m+1)g(tn+4/ tn+2m+1) cee g(tn+2m—2/ tn+2m+1)[g(tn+2m—2/ tn+2m—l)
dg(tn+2m—2/ tn+2m—1) + g(tn+2m—1/ tn+2m)dg(tn+2m—1/ tn+2m)+

g(tn+2m1 tn+2m+1)dg(tn+2m1 tn+2m+1)

n+2m-1 n+2m

< Z dg(tu tis1) Hg n+2m+1)g(ti/ tiv1) + H g(ti/ tn+2m+1)dg(tn+2m/ tusome1)

i=1
n+2m

< Z d tz/ t1+1 H g(t]/ tn+2m+1)g(tlr tz+1)

j=1

Note that the series }, dg(tu, tn+1) T2 9(ti, tusams1)g(ti, tiv1) converges. Since
n=1

n

1 g(tz/ tn+2m+1)g(tl/ tl+1)

M8

Z d (t,,, trs1) 1—[ g(ti, tusome1)g(ti, tiy1) <

Let -
Z = Z dg tn, tns1) H g(ti, tnramr1)g(tn, tis1)
n=1 i=1

=

Zy = g(t]/ t/+1) H g(ti, tn+2m+1)g(tj/ tj+1)-
i=
Thereby, the preceding inequality clearly indicates:

dg(tn/ tn+2m+1) < Znvom = Zn-1.
Letting n — oo in the inequality above, we deduce that

lim dg(tnr tn+2m+l) - (17)

Consequentially, by incorporating equations (16) and (17), we obtain

lim dy(t,, tnsq) = 0, forall g€ N. (18)
n—oo
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Hence, we infer that {t,} is a Cauchy sequence i.e., {G"t} is a Cauchy sequence. Since (X, d;) is a complete controlled
b-Branciari metric type space, let t, — t € X. We will now reveal that t is a fixed point of G. Consider

dg(t/ tne2) < g(t, tn)dg(t/ tn) + g(tn, tn+1)dg(tn/ tne1) + g(tns1, tn+2)dg(tn+1/ tn+2)-
Using (2) and (18), we obtain

lim d,(t, t42) = 0. (19)

Consider
dg(t/ gt) < _l](f, tn+2)dg(tr tn+2) + g(tn+2/ tn+1)dg(tn+2/ tn+1) + g(tn+1/ gt)dg(trle gt)
= 9(f, tn+2)dg(tr tn+2) + g(tn+2/ tn+1)dg(tn+2/ tn+l) + g(tn+11 gt)dg(gn+1tl gt)
Letting n — oo, we obtain d,(t, t,42) — 0by (19). Since G"t — t and from the continuity of G, lim dg(g”“t, Gt) =
0. Thus d,(t, Gt) = 0, which yields t = Gt. Hence t is a fixed point of G.

Step 4: Now, we will attempt to prove that t is a unique fixed point of G. Let us assume that G has atmost one fixed
point. Let u be an another fixed point of G, then Gu = u # t = Gt. So, we get d,(t,u) > 0 i.e., d,(Gt, Gu) > 0. Now
equation (1), implies

n(dy(t, w) + Fy(dy(Gt, Gu)) < Fy(d,(t, u)).
Therefore
1(dy(t,u)) + Fyldy(t, 1)) < Foldy(t, u))
n(dg(t/ u)) < Fg(dg(t/ u)) — Fg(dg(tr u)) =0
which is a contradiction. Hence, G has a unique fixed point in X. [

Definition 3.6. Let (X, d;) bea controlled b-Branciari metric type space. Amapping G : X — Xis called an extended
F,-contraction if there exists function 1 € A, such that

dy(Gt, Gu) > 0 = n(dy(t, 1)) + Fy(dy(Gt, Gu) < Folyrdy(t,u) + y2 72 e
gt 20
dg(u, Gu) d,(t, Gt) dy(u, Gu) =

V3 1+dy(u, Gu) V4 dy(t, u) + dy(t, Gu) + dy(u, Gt) ), Vt,ueX

where Fy € ¥y, V1,72, V3, V4 2 0 satisfying y = y1 + y2 + y3 + y4 < 1. In addition, for each ty € X, we have

1
sup lim g(ti1, tis2)g(tivt, tm) < ]—/, here t, = G"to, n=0,1,....

m>1 1—00

Theorem 3.7. Let (X, d;) bea complete controlled b-Branciari metric type space such that d,; is a continuous functional
and G : X — X be an extended F ;-contraction. Then, G has a unique fixed point in X.

Proof. Let ty € X be arbitrary and define the sequence {t,} by
to, Gto=t, Gl =th = th = G*ty, ..., tur1 = G Ho.

If there is an Iy € IN such that t;, = t; 41, then t;, is a fixed point of G. We therefore suppose that t, # t,1 for all
n 2 0. This yields dy(t,, ty41) > 0, i.e., dy(Gty-1, Gty) > 0.
Step 1: In the first step, we will attempt to prove

i dy(t, tie1) = 0 and i dy(ty, tia) = 0.
n—00 n—oo
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By using (20), for every n € IN, we have

dg(tn—lz gtn—l)
1+dy(tu-1, Gtn1)
dg(tn/ gtn) dg(tn—ll gtn—l)dy(tm gt,,)
Y T dy, G0 7 T )+ dos, G + e, Gy

n(dg(tn—lz tn)) + Fg(dg(tn/ tn+1)) < Fg()’l dg(tn—lz tn) + V2

< Fy(y1 dylta-t, ba) + y2dyltu-r, t) @)
dg(tn-, tn) dg(tn, tns1)
yady(tu tra) + 73 = dg(tnjtn) )
= Fy(dy(tu1, t) (11 + y2) + dyltn, tisa) (73 + 7)),
This yields
dg(tn, tus1) < dg(tn-1,tn) (1 + y2) +dg(tn, tne1) (V3 + ya)
ie.,
(1 =y = ya)dy(tn, tur1) < (1 + y2)dg(tn-n, tn).
Asy1+v2+ s +ya <1, we have
doftn o) S 720 Todltaos 1) < dtca ).
From (21), we obtain
N(dg(t, tn)) + Fy(dg(tn, tns1)) < Fdg(tn-a, ta))-
Resultantly, we get
n
Fyldy(tn, b)) < Foldylto, 1) = Y ndy(tiog, ).
i=1
By using (1), we get
Tim Fy(dy (b, £ys1)) = =00 (22)
which implies
Yim dy (i) = 0. 23)

It tends to follow from the same reasoning as in the proof of Theorem (3.5) that there exist ny € N and A € (0,1) such
that

1
dy(tn, tns1) < —, forall n > ny.
nx



S. T. Zubair et al. / Filomat 34:13 (2020), 4253-4269 4262

Taking t = t,_1 and u = t,.1 in (20), we have
dg(tn—ll gtn—l)
1+ dg(tn—lr gtn—l)
dy(tn+1r gtn+1) 4 dg(tn—lr gtn—l) dg(tn+1r gtn+1) )
v 1+ dg(tn+1/ gtn+l) v dg(tn—lz tn+1) + dg(tn—lz gtn+1) + dg(tn+1/ gtn—l)

n(dg(tn—lr the1)) + Fg(dg(tm ths2)) < Fg(yl dg(tn—ll the1) + 72

< Fy(?”l dg(tn-1, tn) + y2dg(tn-, tn) (24)
dy(ty-1,ty) dy(t,, t
vadgltuasbua) + 74 dy(tn-1, fn+1g)(': ;g(fn)—jiny:z)n:‘l;g(fn+1, )
< Fy(yady(tns, ta) + (2 + va)dytu, ta) + Vadg(tust, tas2)).
This gives
dy(tn, tur2) < y1dg(tu-1, tn) + (Y2 + ya)dy(tu-a, tn) + y3dg(tust, tur2)
<yilg(tn-t, tnea)dg(tu-1, tnes) + g(tuis, tn2)dg(tnes, trs2)
+ g(tnsa, tur1)dg(tusz, tue1) ] + (V2 + ya)dg(tnot, tn) + vady(tnet, tnr2)
< y1lg(tn-1, tnrs) [g(tn-1, ta)dy(tu-1, tn) + g(ta, trs2)dg(tn, ths2)
+ g(tnr2, tnr)dg(tnso, tns1)] + G(tnsa, tnr2)dy(tnes, tiso)
+ g(tns2, tue1)dy(tnrz, tar)] + (2 + ya)dg(ta-1, tn) + y3dy(tnrt, tas).
Therefore, we have
Ay(tn, tas2)[1 = y19(tn-1, tns3)g(tn, tis2)] < [y2 + ya + v19(tn-1, tnes) g(tn-1, t)1dg(tn-1, tn)
+ [y19(nez, tre1) (L + g(En-1, ti-3)1dg(Ensr, trs2)
+y19(tns2, tn3)dg(tnr, tnes)-
Taking into account nh_rﬂ, I(tn-1, tns3)g(tn, tre) < % < )il and by employing equation (23), we obtain
lim dy(t, tur2) = 0. (25)

Step 2: The next step is to affirm t, # t,,, for n # m. Suppose, we claim that t,, = t,, for some n = m + k > m, then
we have ty11 = Gty = Gty = tys1. Inequality (20), signifies that
Fg(dg(tm/ tm+1)) = Fg(dg(tn/ tn+1)) = Fg(dg(gtn—lz Gty))
S Fy((yr + y2)dy(tn-1, tn) + (3 + ya)dy(tn, tnsr))
- n(dy(tn—lz tn))
< Fg((yl + VZ)dg(tn—lr tn) + (y3 + 7/4)dg(tn/ the1))-
By the property of ¥, the above equation has been changed as

yit)y2
dg(tm, tme1) = dg(tn, tne1) < 1_—3_)/4%(%—1,&)

Vit)ya2 2
SQ_%_M)%w%mﬂ

S(.Vlﬂ/z

1=y - 7/4) dg(tm/ ts1) < dg(tm, tms1)
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which is impossible. Thus, we conclude that t, # t,,, for all n # m.
Step 3: In this step, we will prove {t,},en is a Cauchy sequence i.e., im dy(t,, t,v4) = 0, for g € N. We have already
n—oo

done for the cases q = 1 and q = 2, respectively. Now, choose q > 1 arbitrary. We delineate between two cases.
Case 1: Let q = 2m, where m > 2. Thereafter, we get
dg(tn/ tusam) < g(tn/ tn+2)dg(tnr thi2) + g(tn+2/ tn+3)dg(tn+2/ this) + !](tn+3/ tns2m)

dg(tn+3/ tn+2m)

< g(fn, tn+2)dg(tn/ tn+2) + g(tn+2/ tn+3)dg(tn+2/ tn+3)+

g(tn+3/ tn+2m)[g(fn+3, tn+4)dg(tn+31 tn+4) + g(tn+4r tn+5)dg(tn+4r tn+5)]+

I(tnas, tnsom)g(tnas, tnsom) - - - G(tnsom=3, tnom)[G(tnsom=3, tnrom—2)
dg(tn+2m—31 tn+2m—2) + g(tn+2m—2/ tn+2m—1)dg(tn+2m—2/ tn+2m—1)]+

I(tnss, tnsom)J(tnss, tuaom) - - - G(tnsom—1, tn+2m)dg(tn+2m—1/ tnsom)

n+2m-2
< g(ty, n+2)d9(tnr tnr2) + Z dg(tz/tz+l)Hg(t]/ turoam)g(ti, tiv1)+
i=n+2 j=1

n+2m-1

g(ti/ tn+2m)dg(tn+2m—1r tn+2m)
i=1
n+2m-1

< g(tm tn+2)dg(tn/ tn+2) + Z dg(tzr tz+1) H !](t], tn+2m) (tlr tz+1)

i=n+2 j=1

Notice that the series Z dy(tn, tus1) H g(ti, tusom)g(ti, tis1) converges. Since

n=1

Z dg(tnr tus1) H g(t;, tn+2m (ti, tiv1) < Z H g(tu tn+2m)g(tz/ tiv1)

nln‘Ll

o0

1

< — ) —, which is convergent.

V1 ‘= nn
Let . ;
Y= Z dg(tn/ ) H g(ti/ tn+2m)g(tn/ tu+1)

n=1 i=1

n j
= Z dg(tjr tj+1) H g(ti/ tn+2m)g(t]’/ t]'+1)-
j=1 i=1

From the above inequality, it follows that
dg(tn/ tnom) < g(tn/ tn+2)dg(tn/ tns2) + Yisom-1 = Y1,
Letting n — oo and using equation (25), we deduce that

lim dy(ty, tnsom) = 0. (26)
n—oo
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Case 2: Let q = 2m + 1, where m > 1. Then, we find

dg(tnr tn+2m+1) < g(tm tn+1)dg(tn/ tn+1) + g(tn+1r tn+2)dg(tn+1/ tn+2) + g(tn+21 tn+2m+1)

dg(tn+2/ tn+2m+1)

< gt tus1)dg(tn, tur1) + g(tns1, tna2)dg (e, tne2) +
g(tn+2; tn+zm+1)[9(tn+z, tn+3)dg(tn+2/ tn+3) + !](tn+3/ tn+4)dg(tn+3/ tn+4)]

g(tn+2/ tn+2m+1)g(tn+4/ tn+2m+1) e g(tn+2m—2/ tn+2m+1)[g(tn+2m—2/ tn+2m—1)
dg(tn+2m—2/ tn+2m—1) + g(tn+2m71/ tn+2m)dg(tn+2m71/ tn+2m)+

g(tn+2m/ tn+2m+1)dg(tn+2m/ tn+2m+1)]

n+2m—1 n+2m

< Z g(tz/ t1+1 Hg(t]/ tn+2m+1)g(t1/ t1+1) + H {](fz/ tn+2m+1)d ( n+2my n+2m+1)
i=n j=1 i=1
n+2m

IA

Z d tz/ t1+1 H g(t]/ tn+2m+1)g(tll tz+1)

We observe that the series Z dy(tn, tns1) H g(ti, turom+1)g(ti, tiv1) converges. Since,

i=1

dy(t,, t ti, t g(ti, t < ti, t ti, t
Z (n n+1)Hg(1 n+2m+1 i 1+1 Z‘ l‘ ‘ g(z n+2m+1)g(z z+1)

(o)

1 1
< — Z —, which is convergent.

1/
V1 4= nx

Let .
Z= Z dg tn, tn+1) H !](tz/ tn+2m+1) (tn/ tn+1)
n=1 i=1

=

Z g(t]r t]+1) H!](tz, tn+2m+1)g(tjr tj+1)-

i=1 i=1
Eventually, the above inequality yields:

dg(tnr tn+2m+1) < Zn+2m - Zn—l-
Letting n — oo, we deduce that

lim dg(tn/ tn+2m+1) - (27)

n—o0

Therefore, by combining equations (26) and (27), we get
lim dy(t,, tysq) = 0, forall g€ N. (28)

Hence, we arrive at the conclusion that {t,} is a Cauchy sequence i.e., {G"t} is a Cauchy sequence. Since X is
complete, let t, — t € X. By continuity of G, we obtain

t = lim t,41 = lim Gt, = G lim t,, = Gt.
n—oo n—oo n—oo
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i.e., t is a fixed point of G.
Step 4: Let u # t be an another fixed point of G i.e., Gu = u. It follows from equation (20) that,
T](dy(t/ u)) + Fg(dg(t/ u)) = n(dg(t/ u)) + Fg(dy(gt/ Gu))
dy(t, Gt) dy(u, Gu)
+73 +
1+d,(t Gt) 1+dy(u, Gu)
dg(t/ Gt) dg(u/ Gu) )
V4G, w) + dy(t, Gu) + dy(u, G
< Fy(y1dy(t,u)) < Fy(dy(t, u))
i.e., n(dy(t,u)) <0, which is a contradiction. Hence, G has a unique fixed point in X. [
Example 3.8. Let X = {0,1,2,3}. Defined, : X x X — [0, o) as follows:
dy(t,t) =0, Vt € X,d,;(0,1) =d,(1,0) =2,
4,(0,2) =d,(2,0) =d,(0,3) =d,3,0) =3,
dy,(1,2) =d,(2,1) =d,(3,1) = dy(1,3) = 5,
d(2,3) =4d(3,2) = 15.
Let g : X X X — [1, 00) be symmetric and can be defined as follows:
gt,t)y=1, VteX,
9(0,1) = 9(0,2) = 9(0,3) = 3
9(1,2)=3, 9(1,3) =2, 9(2,3) = }.
Then (X, dy) is a complete controlled b-Branciari metric type space. Note that

< Fg(yl dy(t,u) + 2

(1) (X, dy) is not an extended Branciari b-distance space. Since
d,(3,2) =15 > g(3,2)[d,(3,0) + dy(0,1) +d,(1,2)] = 12.5
(2) (X, dy) is not a controlled metric type space. Since
d4(3,2) =15 > g(3,0)d,(3,0) + g(0,2)d,(0,2) = 9.

Let G : X — X given by G0 = G1 = 0, G2 = G3 = 1. Define F; : R* — R by Fy(t) = t—%, VYt € R and
n:R* - R* given by n(t) = &L, vt € R*.

t+27
Case 1: Let t = 0. Now d,(G0, G1) = d,(0,0) = 0. Therefore, we only need to consider u = 2,3. Consider
1 (0,2) + Fy(dy(60,62) = 21 4 (6o,62) - 1
’ g d,0,2)+2 T 2
_d 1.3
5 2 10

Therefore n(d,(0,2)) + F(d;(G0, G2)) < 2.5 = F4(d,4(0, 2)). Similarly, we can prove for u = 3.
Case 2: Let t = 2. Now d;(G2,G3) = d,(1,1) = 0. Therefore, we only need to consider for u = 1. Consider

Le+1
4,@ D)2 G261

6,,.1_33
7 2 14
Thereforen(d,(2, 1)+F;(d,(G2, G1)) < 4.5 = Fy(d;(2,1)). Fort = 3, the proof is similar as above cases. In addition, for
eacht € X, we have sup lim g(tis1, tiv2)g(tiva, tm) < %, with A = % Furthermore, we can easily verify that }1_{?0 g(ty, t)

1 1>

T](dg(2, 1) + Fg(dg(gz, Gl)) = _ %

m=

and lim g(t,t,), exist and are finite, for every t € X. Thus, G satifies all the conditions of Theorem (3.5) and hence it
n—oo

has a unique fixed point, which is t = 0.
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4. Application

In this last segment, we are attempting to apply Theorem 3.5 to prove the existence and uniqueness of
the solution of the given fredholm integral equation

>
t(x) = f T(x, 5, 1(s))ds + f(x), Vx,5 € [¢, D] (29)
where 7, f € C([¢, D], R) (say X = C([¢, ], R)). Defined; : X x X - R* and g : X X X — [1, c0) by:

dy(t,u) = sup |t(3s) - u(as)|2

x€[c,d]
and

1+ sup [#(x) — u(x)|, if #(x) # u(x)
g(t,u) = x€[c,b]
1, if £(x) = u(x)

It is clear that (X,d,) is a complete controlled b-Branciari metric type space. We now state and prove our
main result as follows:

Theorem 4.1. Assume that for all t,u € C([¢,d], R)

1
[t(s)—u(s)]

2z, 5,1(5)) — T(x, 5, u(s)] < = —

[t(s) — u(s)|, Yz, s € [¢,D]. (30)

Then, the integral equation (29) has a solution.

Proof. Define G : X — X by

D
Gt(x) = f T(x,5,t(s))ds + f(x), Vx,5 € [, d]. (31)

We will show that the operator G meets the requirements of Theorem 3.5. For all t,u € X, we have

b 2
6109 - GuP < [ 1e(e5,1) = e, 5, (s as)

¢

D -1
FRIGETE] 2
< ([ S - o)

SR E— v
< (b — ()2 e SUPrelcd] [H)—-u()? sup |t(x) _ u(x)lz(f ds)
¢

refe,d]
=
= e d,(t, u)
which implies
=
dy,(Gt,Gu) < e d,(t, u).

Taking logarithms on both sides, we acquire

dy(t, u)

In(d,(Gt, Gu)) < + In(dy(t, u)).
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Resultantly, we get

(t R In(d,(Gt, Gu)) < In(d,(t, u)). (32)
g

Let us define F, : R* — Rand n: R* — R* by F,(3) = In(3), 3> 0and 1(t) = 1, t € R. Thereby further, from the
inequality above we get

n(dy(t, u)) + Fy(d,(Gt, Gu)) < Fy(dy(t, u)). (33)

Henceforth, all the requirements of Theorem 3.5 are fulfilled. Operator G, therefore has a unique fixed point i.e., the
fredholm integral equation has a solution. [J

Example 4.2. The existence of solution for the succeeding second order boundary value problem is established in this
section:

u’ (1) = g(r, u(n), r € [0,1];

u0) =0,u(1) =1 (34)

where ¢ : [0,1] X R — R is a continuous function. Let X = C([0, 1], R). Take into account the controlled b-Branciari
metric 'dy, and the control function 'y’ specified in Theorem (4.1). Then (X, dg) is a complete controlled b-Branciari
metric type space.

Problem (34) is analogous to the Fredholm integral equation of second kind which is given by

1
u(r) = f(r) + fo G*(r, s)u(s)ds, ¥r,s € [0,1] (35)

r(r+1

where f(r) = and G*(r, s) is the Green’s function given by

i P -rn,ifs<r
G (r's)_{sr(l—s),ifrﬁs

Let G : X — X be the mapping defined by
1
u(r) = f(r) + f G*(r, s)ds, VYr,s €[0,1]. (36)
0

Notice that lf u € C([0, 1 1, R) isafixed point of G, then wis a solution of the given boundary value problem. Suppose, we

assume thut z<e w7, In order fo prove G is a F~contraction, we consider the following:

|Gu(r) — Go(r)]? f G(r, s)lu(s) — n(s)lds)

IN

sup [u(r) — o( (NP f G(r, s)ds
re[0,1]

sup [u(r) - o(n)( f (1 = rds + f 1 sr(1 — s)ds)2
0 r

ref0,1]

) - - O
= sup [u(r) —o(r - = =
re[OIi] 6

r2 .
2= sup [u(r) — o(n)P* < e™F sup |u(r) - o(NP
36 re[0,1] re[0,1]

IA
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which implies

-1
sup |Gu(r) — Go(nI® < ™ sup [u(r) — o(r)
re[0,1] ref0,1]

& 1(dy(1, v)) + Fy(dy(Gu, Gv)) < Fy(dy(u, 0))

where Fy : R" — Rand n: R — R* given by F,(3) = In(3), 3 > 0 and n(t) = -, t € RY. Thus, G has a unique

1+t/

fixed point in C([0, 1], R), which is the solution of the integral equation. Accordingly, the differential equation (34)
has a solution.

5. Conclusion

In this manuscript, we proposed the concept of controlled b-Branciari metric type space as an extension of
controlled metric type space and an extended Branciari b-distance space. Thereafter, we established certain
fixed point theorems pertaining F;-contraction and extended F,-contraction in the context of controlled
b-Branciari metric type space. In addition, we have utilized our fixed point results to demonstrate the
existence of solution to ordinary boundary value problem of second order.

Acknowledgements: The first and second authors would like to thank the Principal and management of
SSN institutions for their support to carry out this research work.
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