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Abstract. The main goal of this paper is study of the Hyers-Ulam-Rassias stability (briefly HUR-
approximation) of the following Euler-Lagrange type additive(briefly ELTA) functional equation

]Z:‘f[% Z riXi = %rjx]'] + IZ:‘ rif(xi) = nf[% Zn“ Vixi)

1<i<n,i#j i=1

wherery, -+, 1, € R, YL 1 #0,and 7;, r; # 0 for some 1 < i < j < n, in fuzzy normed spaces.
The concept of HUR-approximation originated from Th. M. Rassias stability theorem that appeared in his
paper: On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 297-300.

1. Introduction and preliminaries

A classical question in the theory of functional equations is the following: When is it true that a function
which approximately satisfies a functional equation D must be close to an exact solution of D?.
If the problem accepts a solution, we say that the equation D is stable. The first stability problem concerning
group homomorphisms was raised by Ulam [36] in 1940.
We are given a group G and a metric group G’ with metric d(.,.). Given ¢ > 0, dose there exist a 6 > 0 such
thatif f : G — G’ satisfies d(f(xy), f(x)f(y)) < 6, for all x,y € G, , then a homomorphism & : G — G; exists
with d(f(x), h(x)) < € for all x € G?.
In the next year Hyres [18], gave a positive answer to the above question for additive groups under the
assumption that the groups are Banach spaces. In 1978, Rassias [26] proved a generalization of Hyres’
theorem for additive mappings .
The result of Th. M. Rassias has influenced the development of what is now called the Hyers-Ulam-Rassias
stability theory for functional equations. In 1994, a generalization of Rassias” theorem was obtained by
Gavruta [14] by replacing the bound e(||x|]P + ||y|[’) by a general control function ¢(x, y).
The stability problems of several functional equations have been extensively investigated by a number of
authors and there are many interesting results concerning this problem ( see [1]-[34]).
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Definition 1.1. Let X be a real vector space. A function N : X X R — [0, 1] is called a fuzzy norm on X if for all
x,y€Xandalls, t € R,

(N1) N(x,t)=0fort<0;

(N2) x=0ifand only if N(x,t) =1 forall t > 0;

(N3) N(ex,t) = N(x, &) if c # 0;

(N4) N(x +y,c+t) 2 min{N(x,s), N(y, t)};

(N5) N(x,.) is a non-decreasing function of R and lim;_,.. N(x,t) = 1;

(N6) forx #0, N(x,.) is continuous on R.

Example 1.2. Let (X, ||.ll) be a normed linear space and e, p > 0. Then

—a_ > 0,xeX
— at+p|x]| 4
N ) {0 F<0xeX

is a fuzzy norm on X.

Definition 1.3. Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is said to be convergent or converge
if there exists an x € X such that lim;_,.o N(x, —x,t) = 1 for all t > 0. In this case, x is called the limit of the sequence
{xn} in X and we denote it by N — limy_,e X, = X.

Definition 1.4. Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is called Cauchy if for each € > 0
and each t > 0 there exists an ny € IN such that for all n > ng and all p > 0, we have N(xn4p — Xn, t) > 1 - €.

It is well known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each Cauchy
sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is
called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is continuous at a point
x € X if for each sequence {x,} converging to xo € X, then the sequence {f(x,)} converges to f(xg). If
f: X = Yis continuous at each x € X, then f : X — Y is said to be continuous on X (see [6]).

Definition 1.5. Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X if d satisfies the
following conditions:

(1) d(x,y) =0ifandonly ifx = y forall x,y € X;

(2)d(x,y) =d(y,x) forall x,y € X;

(3)d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

Theorem 1.6. Let (X,d) be a complete generalized metric space and | : X — X be a strictly contractive mapping
with Lipschitz constant L < 1. Then, for all x € X, either

d(]nx, ]n+1x) - o0

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J"*x) < oo for all ny > ny;
(2) the sequence {]"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of | in the set Y = {y € X : d(J"x, y) < oo};
@) d(y, y) < pd(y, Jy) forall y € Y.

In this paper, we prove the HUR-approximation of the following functional equation

]Z:‘f[% Z riX; — %rjx]- + Z‘ rif(x) = nf[% Zn: r,-xi] (1)

1<i<n,i#j i=1

wherery, -+ ,r, €R, Y07 # 0, and ri,rj # 0 for some 1 < i < j < n, in fuzzy normed spaces.
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2. Fuzzy stability of functional equation (1): a fixed point method

In this section, using the fixed point alternative approach we prove the HUR-approximation of functional
equation (1) in fuzzy Banach spaces. Throughout this section, assume that X is a vector space and that
(Y,N) is a fuzzy Banach space.

Lemma 2.1. Let X and Y be linear spaces and let 11, . ..,r, be real numbers with Y\ r; # 0 and r; # 0, ri # 0 for
some 1 <i < j<mn. Assume that a mapping f : X — Y satisfies the functional equation (1) for all x1,...,x, € X.
Then the mapping f is additive. Moreover, f(rix) = ri.f(x) forall x € X and all 1 <k < n.

Proof. Since Y ;_; rx # 0, putting x; = --- = x, = 01in (1), we get f(0) = 0. Without loss of generality, we may
assume that rq, 7, # 0. Letting x3 = --- = x,, = 01in (1), we get
—r1X1 + 12X 71X1 — I2X
f( 1 12 2 2)+f( 1 12 2 2) borfGa) + raf(n)
2f(ﬁxl ;‘ szz) @)
for all x;,x, € X. Letting x, = 0 in (2), we have
_ () _ o (znx
i = £(%5) - £(=57) )
for all x; € X. Similarly, by putting x; = 0 in (2), we have
12X —1X
o= 1(32)4(2)

for all x, € X. It follows from (2), (3) and (4) that
—71X1 + ra2Xo r1X1 — 12X2 r1X1 T2X2
f( 2 ) - f( 2 )+f(7)+f(7)

—7r1X1 —12X2 r1X1 + 12X2
_f(z)_f(z)zzf( 2 ) ©)
for all xq,x; € X. Replacing x; and x; by 3—?‘ and 3—f, respectively, in (5), we get
fEx+y)+ fle—y) + f(0)+ f(y) - f(=x0) - f(-y) =2f(x+ ) (6)

for all x,y € X. Putting y = —x in (6), we get that f(—2x) + f(2x) = 0 for all x € X. So the mapping f is
an odd mapping. Therefore, it follows from (6) that the mapping f is additive. Moreover, let x € X and
1<k <n. Setting xx = xand x; = 0 forall 1 <[ < n with [ # k in (1) and using the oddness of f, we get that

flrx) =ref(x). O

Lemma 2.2. Let X and Y be linear spaces and let 11, . ..,r, be real numbers with Y\ r; # 0 and r; # 0, ri # 0 for
some 1 <i < j<mn. Assume that a mapping f : X — Y with f(0) = 0 satisfies the functional equation (1) for all
X1,...,%n € X. Then the mapping L is additive. Moreover, f(rix) = rif(x) forallx € Xand all 1 <k < n.

Theorem 2.3. Let ¢ : X" — [0, 00) be a function such that there exists an L < 1 with

X1 Xp Xn
(P(x1/x2/"’/xn)§2L¢(313"'/?) (7)
forall x1,--- ,x, € X. Let f : X = Y with f(0) = 0 be a mapping satisfying
N y f 1 Z TiXi — 1r‘x‘ +ir-f(x-)—nf lir-x‘ t
A 2 . N [Ade ) 2 ] 4 1 1 2 4 [A4e 4
j=1 1<i<n,i#j i=1 i=1
t
(8)

>
t+o(xq,..., %)
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forallxi,...,x, € Xand all t > 0. Then there exists a unique ELTA mapping L : X — Y such that

(4 - 4Lyt
(A —4L)t + 9% (x)

forall x € X and all t > 0, where

2x 2x 2x 2x X X
\I/(x) = (Pij( : ‘)+(pij(7,0)+(pij(0,7)+(Pij(f/__.)
i j

i —
ri T

X X
+ @ij (r—l, 0) + Qij (0’_7’_]‘)

N(f(x) = L(x), t) =

forallx € X.

Proof. Putting x; = 0in (8) forall 1 <k <n with k # i, j, we have

N(f(—rixi; T’jxj) . f(rixi ; ’fxf) - 2f(rixi ; rjxj) +rif () + 1 f(x;), t)

Lt
t+ @ij(xi, xj)

for all x;,x; € X and all ¢ > 0. For convenience, set ¢;j(x,y) := ¢|0,..., x
ith
x,y€ Xandalll <i<j<n. Letting x; = 0in (10), we get

M) () )2
2 2 )= 4 (p,‘]‘(o,x]‘)
for all x; € X and all t > 0. Similarly, letting x; = 0 in (10), we get
riXi riXi t
) i) . . > 0 000
N(f( 2 ) f( 2 )+r,f(x,),t)_ t + @ij(xi, 0)
for all x; € X. It follows from (10), (11) and (12) that

M) (P52 2
)5

. t t t
> min ’ ’
{t +@ij(xi, xj)" t + @ij(x;,0)" t + (0, xj)}
. t
~ 4 ij(xi, xg) + @i(xi, 0) + 40, x;7)

for all x;,x; € X and all t > 0. Replacing x; and x; by zr—j‘ and Zr—]y in (13), we get that

N(f(-x+y) + f(x—y) —2f(x+y) + f(x) + f(y) — f(=x) — f(=y),3t)
t

2 2
t+ @ij (Zr—x, r—]y) + 901‘]‘(27?,0) + @ij (O, ,—/y)

>

4314

©)

(10)

y ,...,0,...,0|for all

——
jth

(11)

(12)

(13)

(14)
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forall x,y € X and all > 0. Putting x = y in (14), we get
t

NQF() - 2f(~x) - 2(2x), 31) > (15)
t+ @i (zy—f, zy—jc) + Qij (2’,—?,0) + @ij (O, zy—jc)
for all x € X and all t > 0. Replacing x and y by 5 and -7 in (14), respectively
t
N(f(x) + f(=x),3t) 2 (16)

t+@ij (f —%) + i (£,0) + @y (0/ —%)

for all x € X and all £ > 0. It follows from (15) and (16) that
N(f(2x) - 4f(x),9%) (17)
= NQ@f(x) = 2f(=x) = 2f(2%) + 2(f (x) + f(=x)), 9t)
> min{NQR(x) - 2f(~2) - 2£(22), 30, N(f(x) + f(~), 30}

t

t+ @i (27" %) + i (2,0) + ¢ (0/ 273‘)

7
: |
t+ @ij(;,—;) + ij (;—i,o) + @ij (0,—7].)
forallx €e Xand all t > 0. So

F2x) o t
N( 2 _f(x)'Z)Zt+\I/(x) (18)

forall x € X and all t > 0. Consider the set S := {g: X — Y ; g(0) = 0} and the generalized metric 4 in S
defined by

> min{

. v B t
alf,g) = 1nf{y € R™ : N(g(x) — h(x), ut) > —t+\I/(x)'vx eX t> 0},

where inf ) = +o0. It is easy to show that (S, d) is complete (see [21]). Now, we consider a linear mapping
J:S — S such that
9(2x)

2

Jg(x) :=
forall x € X. Let g, h € S be such that d(g, ) = €. Then

N(g(x) — h(x),et) >

t+W(x)
forall x e Xand t > 0. Hence
2Lt
N(Jg(x) — Jh(x), Let) = N (g (2x) — h (2x) ,2Let) > TTERTE)
2Lt t

> =
= 2LE42LP(x) t+P(x)

for all x € X and t > 0. Thus d(g, h) = € implies that d(Jg, Jh) < Le. This means that d(Jg, Jh) < Ld(g, h) for all
g,h € S. It follows from (18) that d(f, Jf) < 3. By Theorem 2.1, there exists a mapping L : X — Y satisfying
the following:

(1) Lis a fixed point of |, that is,

L(2x) = 2L(x) (19)
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for all x € X. The mapping L is a unique fixed point of [ in the set QO = {h € S : d(g, h) < oco}. This implies that
L is a unique mapping satisfying (19) such that there exists u € (0, o0) satisfying N(f(x) — L(x), ut) > m

forallx e Xand t > 0.
(2)d(J'f,L) — 0 as I — oo. This implies the equality

2ly
n 29 10

laoo

for all x € X.
3 d(f,L) < d(f I f with f € ), which implies the inequality d(f, L) < = 4L This implies that the inequality

(9) holds. On the other hand, it follows from (7) and (8) that

n n n
1 1 1
N El L[E E riXi — Erjxj] + El riL(x;) —nL [E El rix,-],t]
= 1= 1=

1<i<n,i#j
ri2kx; n (2% -
= ]}LIgN 2k Zf Z rl-2k_1x,- - ]2 ! + 21_1 é{( l) — %f Z r,-2k‘1xi ,t
1<i<n,i#j i=1
2kt 2kt
> lim — P k Kt & kT —1
k—oo 2Kt + (2%xq, -+, 2Fx,) k—»oo2t+2L(p(x1 <, Xp)

forall xq,...,x, € Xand all t > 0. Therefore, the mapping L : X — Y satisfies the equation (1). O

Corollary 2.4. Let 0 > 0 and let p be a real number with p > 1. Let X be a normed vector space with norm ||.||. Let
f: X = Ywith f(0) = 0 be a mapping satisfying the following inequality

NZf[% Z 7iX; — r]x]]+2r,fx, nf[ Zr,-x,' ,t]
j=1

1<i<n,i#j i=1

> ! (20)
t+ 0 Ty Il

X, € Xand all t > 0. Then there exists a unique ELTA mapping L : X — Y such that

forall xq,---,

N(f(x) - L(x), £) > IrilPlriP (202 — 8)t "
T rilPlrilp (2042 = 8)t + 9.2°(IrilP + |rjlP)(2 + 27| x]P

Proof. The proof follows from Theorem 2.1 by taking

s, %) = 9[2 ||xk||”]

k=1

forall xq,---,x, € X. Then we have

2x 2x 2x 2x X X
W) = (Pl](_ _) (Pl]( )+§011( ])’L(Pl](_l _r_])

x x
Pij (T_i'o) + @ij (0, —E)

(il )@ + 20 P

|rilPlrilP

+

for all x € X. Now if we choose L = 2!"7 , we get the desired result. O
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Corollary 2.5. Let 6 > 0 and let p be a real number with p > 3. Let X be a normed vector space with norm ||.||. Let
f: X = Ywith f(0) = 0 be a mapping satisfying the following inequality
1<isn,i#] i=1

t

>
£+ O TTizy Ilxell)
forall x1,--- ,x, € Xand all t > 0. Then there exists a unique ELTA mapping L : X — Y such that

n

]Zf;f[% Z rixi—%rjxj]+§r,-f(xi)—nf[%Zrixi

N

(22)

i IrP 22+ — 8)t
Pl @ = 8)t +9.2% (1 + 27) 7

NG - L), D = 3)

Proof. The proof follows from Theorem 2.1 by taking

Qx1, -, xp) = G[H lekll’”]
k=1

forall x1,--- ,x, € X. Then we have

1+ 2%)|x|?
W) = ( )]l ,
|rilP il

for all x € X. Now if we choose L = 21", we get the desired result. [

Theorem 2.6. Let @ : X" — [0, 00) be a function such that there exists an L < 1 with ¢ (x—zl, 2., ’%) < M
forall x1,--+ ,x, € X. Let f : X = Y with f(0) = 0 is a mapping satisfying (8) for all x1,...,x, € X and all t > 0.

Then there exists a unique ELTA mapping L : X — Y such that

(4 - 4AL)t

N(f(x) = L(x), 1) = (4 — 4L)t + 9LW(x)

(24)

forallx € Xand all t > 0.
Proof. It follows from (14) and (16) that

N(f(x) _Zf(g)’%) = t+\;(§) = t+ %t\lf(x) 2

forallx € Xand all t > 0. So
x\ 9Lt t
N(f(x) _zf(i)’T) SEFRTE (26)

Let (S, d) be the generalized metric space defined in the Theorem 2.1. Now, we consider a linear mapping
J: S — S such that

Jo) =29 (3)

for all x € X. Let g,h € S be such that d(g,h) = €. Then N(g(x) — h(x),et) > m forallx € Xand t > 0.
Hence

N(Jg(x) — Jh(x), Let) = N(g(;—c)_h(;_c),%) > — :y(z)
2 2
2 ot
Lilyw t+W()
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forall x € X and t > 0. Thus d(g, h) = € implies that d(Jg, Jh) < Le. This means that d(Jg, Jh) < Ld(g, h) for all
g,h € S. 1t follows from (26) that d(f, ] f) < 2. By Theorem 2.1, there exists a mapping L : X — Y satisfying
the following:

(1) L is a fixed point of |, that is,

)=

for all x € X. The mapping L is a unique fixed point of ] in the set QQ = {h € S : d(g, h) < oo}. This implies that
L is a unique mapping satisfying (27) such that there exists u € (0, o) satisfying N(f(x) — L(x), ut) > m
forallx € Xand t > 0.

(2)d(J'f,L) — 0 as | — co. This implies the equality

N-fim2f(5) = Lo

forall x € X.
@) d(f,L) < YD with f € Q, which implies the inequality d(f,L) < 22-. This implies that the inequality
(24) holds. The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 2.7. Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be a normed vector space with norm ||.||.
Let f : X — Y with f(0) = 0 be a mapping satisfying the inequality (20). Then there exists a unique ELTA mapping
L: X — Y such that

IrilPlr;lP (8 — 2°+2)t
[rilPlrilP (8 = 27*2)t + 9(|ril? + |rj )27+ + 227+ D) Ix]lP

N(f(x) = L(x), £) =

Proof. The proof follows from Theorem 2.2 by taking

wau%w=%meﬂ

k=1
forall x1,--- ,x, € X. Then we choose L = 2/~ to get the desired result. [

Corollary 2.8. Let O > 0 and let p be a real number with 0 < 2p < 1. Let X be a normed vector space with norm ||.||.
Let f : X = Y with f(0) = 0 be a mapping satisfying the inequality (22). Then there exists a unique ELTA mapping
L: X — Y such that

[rilP|rilP (8 — 22P*2)t
ilPlrilP(8 — 22P+2)t + 9.2% (1 + 2%)||x||%

N - L), D =

Proof. The proof follows from Theorem 2.2 by taking

qu~wﬁ:9ﬁpmﬂ
k=1

forall x1,--- ,x, € X. Then we choose L = 2"~ to get the desired result. [

3. Fuzzy stability of functional equation (1): a direct method

In this section, using direct method, we prove the HUR-stability of functional equation (1) in fuzzy
Banach spaces. Throughout this section, we assume that X is a linear space, (¥, N) is a fuzzy Banach space
and (Z, N’) is a fuzzy normed spaces. Moreover, we assume that N(x, .) is a left continuous function on R.
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Theorem 3.1. Assume that a mapping f : X — Y with f(0) = 0 satisfies the inequality

if[% Z TiXi — %rjxj] + i rif (x;) — nf(% i rixiJ,t]
j=1 i=1

1<i<n,i#j

N

i=1
> N'(p(x1, -+, xu), 1) (28)

for le}jq, o, xy € X, t>0and ¢ : X" — Z is a mapping for which there is a constant r € R satisfying 0 < |r| < }
such that

N’ ((p(%,-'-,J;—”),t)ZN’ ((p(xl,-'-,x,,),ﬁ) (29)

forall x1,--- ,x, € X and all t > 0. Then there exists a unique ELTA mapping L : X — Y satisfying (1) and the
inequality

N(f(x) — L(x), 1) 30)
> min{ min{N’ (@j (f/ 1), 2(1 —92Irl)t)’N, ((Pij (;0) 2(1 - 2|r|)t)

T 1’]' i 9

, x) 2(1 =2t o x —x\ 2(1 =2t
oo ) 2 mint o 7 ) 24

o) 2 v oo 7))

forallx € Xand all t > 0.

Proof. It follows from (29) that

, x Xp , t
N ((P(z_;/ /?)rt) >N ((P(xl/”' /xn)/ W)

forall xq,--- ,x, € Xand all t > 0. Putting x; = 0in (28) for all 1 < k < n with k # i, j, we have

N(f(—rixiz-l- ijj) 4 f(i’ixi ; ijj) _ Zf(ViXi -12- ijj) () + f’jf(xj), t)
> N'(¢ij(xi, x), t) (31)

for all x;, x; € X and all t > 0. Letting x; = 0 in (31), we get
TiXj TiXj ,
N( f(—T) - f(T) +1if) ) 2 N0, ), (32)
for all x; € X and all t > 0. Similarly, letting x; = 0 in (31), we get
N(F(-22) = £(Z2)+ refto 1) = N'Gpitas, 00,0 (3)
for all x; € X and all t > 0. It follows from (31), (32) and (33) that
—l’ix,'+7’]'x]‘) (rixi—rjxj)_ (rixi+r]-xj) (@)
M=)+ A (5 M=)\
)57
> min {N'((Pij(xi, xj),£), N'(@ij(xi, 0), 1), N'(i;(0, x;), t)}
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for all x;, x; € X and all > 0. Replacing x; and x; by and Y in (34), we get that
N(f(=x+y) + flx—y) = 2f(x + y) + f(x) + f(y) — f(=x) = f(=y),31)
, 2x 2 , 2
>m1n{N ((pl/( jc r]]/) ) N ((p (YT,O),t)
b2}

forall x,y € X and all > 0. Putting x = y in (35), we get
NQ@F(x) - 2f(~2) - 2(2x), 31)

ol 22} b o2 )

for all x € X and all t > 0. Replacing x and y by 5 and -7 in (35), respectively
N(f(x) + f(—x),3t)

zmin{o o (52 ) o () ) oo 2.

for all x € X and all ¢ > 0. It follows from (36) and (37) that

N (4f(x) —2f(2x),9)
> mzn{ min {N’ ((p,] (Zr_jc i—j‘) t),N’ ((pij(zr—f,O),t),N' ((Pij (0, zr—jc),f)}
el 2o 2

forall x € Xand all £ > 0. So
X 9t
N((3)- w5
Zmin{min{N’((pﬁ(%,%),t),N’(qoij(%,O),t),N’(goij(O,%),t)}
T N P e (X o lo =X
A {N ((P” (Zri' er)'t)'N ((P” (Zri'o)'t)'N ((sz (0’ er)'t)}}
for all x € X and all t > 0. Replacing x by 2 in (39), we have
1o X e X\ 925
N(”f(ﬁ)‘zf(ﬁ)'—z )
il mind N o [ 22 X i |
ekl bbbl
,min (Pl] 2k+1r 2k+1 L N{ pij 2k+1 0]t (P’] 2k+11’ ot
, X x t
{ml frlofz2) W),N(% ||’<) ( o) w«)}
, X —X t , x t ,
mh(k =) ) o (G 0) i) 2 o 07

4320

(35)

(36)

(37)

(38)

(39)

(40)
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forall x € X, all t > 0 and any integer k > 0. So
YES 9.2r|*t
N(f<x>—2f(§),2 3
k=0
-1 1-1 kltk
_ il o X k 9.2%r|"t
-8[ s (5)-2r(5). 12 @
k=0 k=0
-1 klik
. il X kel X\ 924t
meU{ (2+f(2k+1)_2f(?)’ 2
k=0
il min I N [ [ 5 X oo (X AP
me{mm{N ((P’](ri'r]-)'t)'N (golj(ri,O),t),N ((pu(O, rj)’t)}
in AN (o[22 Z2) L) N (00 (2 0), L) N (o0 [0, 2X) L
'mm{N ((P”(n’ 2 )’M)’N ((P”(n’o)' Irl)'N ((P” (0’ i ) |r|)}}
which yields
9.2k P ||kt
l+p _or -z
[z i35 525
k=0
' X x e [ i [0, 2=
{ml {N ((P"(zpri’zpr]-)’t)’N ((p”(zvri’o)’t N ((p” (0’ 2Prj)’t)}
/ 22 E) N (2,0), L), N [0 [0, =2, £
;mln{N ((sz(zpr 27’7’]) |r|) ((PU(ZPT’I‘,O)Ih"l),N q)zj(or 2pr1)/|r|)}}
x x t , x t (o X)) t
n{ml { ((P”(rl r]) W)N ((P”(r,-’o)’w)’N ((p”(o’ r]-)'|r|l’)}
N’ r X t N’ (f 0) _t N o0 - ; }
1’1’111’1 (Pz] i, |7|7’+1 r qDl] T’i, ’|7"|p+1 s (Pl] 7 7’]’ r|r|p+1
forall x € X, t > 0 and any integers [ > 0, p > 0. So
-1
2k+p|r|k+pt
l+p —or i
[2 f(zlw) f(zp) —
. . X X ’ . f 4 .. E
Zmzn{mm{ ((P”(r_l r_])'t)'N ((Pll(r,’o)’t)'N ((pl](O, rj)'t)}
. x —x\ t x , -x\ t
minfo (o T i B L e A B R i
for allx € X, t > 0 and any integers [ > 0, p > 0. Hence one obtains
! x
Ve () -2 (5) ) )

> i . X x t N o x 0 t
2 min min{ N (Pl] rl 1,] Z 1 92k+]7|y‘k+; 4 (P’] r_i’ 7 o l=1 9.2k |pfkrp
0

-

= k=0~ 2

, x t . X —x t
N ((Pij (0, " ) W]},mln{l\f [qoi,(;, T)’W]
] k=0 "> ! ] ZkIO 2
, X t ’ —x —t
N (%(;IO)'W]’N((P” (0’_) )}}
! Y=o

7
7 1-1 9_2k+p|r|k+p+l
— 2 il Yo 2
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for all x € X, t > 0 and any integers [ > 0, p > 0. Since, the series Y} 2X|r|F is convergent series, we
see by taking the limit p — oo in the last inequality that the sequence {2’ f (2,)} is a Cauchy sequence
in the fuzzy Banach space (¥, N) and so it converges in Y. Therefore a mapping L : X — Y defined by
L(x) := N = lim, e 2'f ( ) is well defined for all x € X. It means that

. x
A%N(L(x)—zlf(i),t) -1 43)
for all x € X and all £ > 0. In addition, it follows from (42) that
x
N (zl f (E) ey t) (44)
. . x 2t , X 2t
> mm{ mm{ Qij| = . e w— N Qij (f, ) =y r—
j fee0 92K ¥i Zk 9.2K|r|
( x) 2t } { (x —x) 2t
N5 ) Tz PI\s ) T 02k
, X 2t -x 2t
N\ i (7’ 0)’ =1 g ok pfk+1 ((p’] ( " ) =1 g okpk+1 )}}
i k=0 9-2"I1 j 10 9-2K|r]

forallx e Xand all ¢ > 0. So
N(f(x) — L(x), )

> min {N (f(x) —2lf(2£) —€)t) (L(x) —zlf(%),et)}
> min{ min{N' ((Pij (7%' rﬁ]), ﬁ],l\w ((Pif (%'0)' ﬁ]
x 2et } { X —x 2et
((P”( ) Y4y 9.2 |k] (@”( ri ) it 9~2"Irl"“]
o G B e A B O e

, x x\ 2e(1-2rht\ ., ”(f ) 2e(1 - 2|r|)t
>m1n{mln{N ((Pl](rl 7,]) A — ),N ((P1] 7’1"0 T

2e(1-2 —x\ 2e(1 - 2|r))t
o 0. 2) S i o 2, 55), 22

oG] 22 v oo ) 2 )

for sufficiently large ! and for all x € X, t > 0 and € with 0 < € < 1. Since € is arbitrary and N’ is left
continuous, we obtain

N(f(x) = L(x), 1)
Zmin{min{ ((p”(r% r%) w),w ((pq(%,O),z(l —92|r|)t)

oy x) 20 -2t , x —x\ 2(1 -2t
N ((P” (O' r]-)' 9 )} {N (%(z r]) 9Ir] )

el 2532 o) 252
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for all x € X and t > 0. It follows from (28) that

VL3 E S B2 S5
j=1

1<i<n,i#j

, X1 X\ ¢ , t
ZN ((F)(EIIE)/E)ZN ((P(xlz"'/xn)/m)

forall x1,--- ,x, € X, t > 0and all I € N. Since lim;_,,, N’ ((p(x1,--- ,Xn), ﬁ) =1 and so

1<i<n,i#j

n n n
1 rixi  ViXj TiXi
1 14 J7] 1 v 1 iri
N|2 E f{i E 7—21T]+2 rlf(zl) 2 f(g —2l+1],t]—>1
j:l I 1

forall x1,--- ,x, € X and all f > 0. Therefore, we obtain in view of (43)

n n
1 1
N Z L 7 Z .r,-xi — r]x]] + Z riL(x;) — nL[ Z rixiJ , t]
j=1 1<i<n,i#j i=1
1 n 1 n
> n’un{ rixi = 51X [+ 2 tiL(x;) — nL [E r,-x,-]
1<1<n J#E] i=1 i=1

5
-fzf{ %—;fz] *Loslg)2(S )

1<i<n,i#j i=1
n n
1 rixi  TjXj rixi | t
k irAi J7] i k iAi
2 fl5 o et |t Z ’f(_k) 2'nf sz 5)}
j=1 1<z<n JE] .
- rixi  1iXj . X o |t
k irti ]7] k M) ok iri r
>N|2 ?—2]“_1 +2 Zrlf(zk) znf[zzk_HJ/Z
]:1 1<1<n 1#] i=1 i=1

((P(xll LX), 2k+—1|r|k) -1 ask > o

which implies

n n n
1 1 1
L(E E rix; — Erjxj] + E riL(x;) — nL [5 E r,-x,-] =0
j=1 1<i<n,it| i=1 '

for all x;,--+,x, € X. Thus L : X — Y is a mapping satisfying the equation (1) and the inequality (30). T
prove the uniqueness, let there is another mapping R : X — Y which satisfies the inequality (30). Since



A. R. Sharifi et al. / Filomat 34:13 (2020), 43114328 4324
R(2kx) = 28R (x) for all x € X, we have

N(L(x) - R(x), 1)

=N ()22 (5) 9
e 2) (2 o (2) 2 (2).2)
Zmin{min N’ (Pij(Zk_ri' 2kf1r]-)’(1 ;;I(rl)t) N’ (@l](%ﬁ’o),%)

(v (o0
o x ) @=2DtNy [ x o —x) (=20t
N ((Pz] (0, Zkrj)' ook )},mm{N (@z}(zkri/ " )’—2k+1|rl )
X O)

o5 522 o) S22
> min{ min{ Pij (71 r]) %) N’ ((p,-]- (r—i,O), (912_T21||:||):)
o) S5l 2) 22
oG} sz Moo ) s} =1 sk
for all t > 0. Therefore L(x) = R(x) for all x € X. This completes the proof. [

Corollary 3.2. Let X be a normed spaces and that (IR, N") a fuzzy Banach space. Assume that there exist real numbers
0 > 0and p > 1 such that a mapping f : X — Y with f(0) = 0 satisfies the following inequality

N Zf[% Z riXi — r]x]]+z rif (%) nf[ Zr,x,],t]
=1 1<i<n,i#]
>N [e [Z ||xk||f’],t] 45)

forall x1,---,x, € Xand t > 0. Then there is a unique ELTA mapping L : X — Y that satisfying (1) and the
inequality

N(f(x) - L(x),£) > N’ [ O]|x]]" (2P = 2)ri|r;lPt )

(T

Proof. Defining ¢ : X" — Z by @(x1,-+-,x,) := 0 (X IxllP) and |r] = 277. Apply Theorem 3.1, we get
desired results. [

Corollary 3.3. Let X be a normed spaces and that (IR, N) a fuzzy Banach space. Assume that there exist real numbers
0 > 0and 2p > 1 such that a mapping f : X — Y with f(0) = 0 satisfies the following inequality

Nzn:f[% Z rix; — r]x]]+Zr, f(x) nf( Zrzxz],t]
j=1

1<i<n,i#j
>N’ (9(
k=1

(46)

—=
=
=
=
N ——
~
—~
——
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forall x1,--+,x, € X and t > 0. Then there is a unique ELTA mapping L : X — Y that satisfying (1) and the
inequality

(20 = 2)[ri|r;lPt

N(f(x) - L(x),t) > N’ | Ol|x||*, oo

Proof. Defining ¢ : X" — Z by @(x1,---,xn) := O (ITj—; Ix|lP) and |r] = 277. Apply Theorem 3.1, we get
desired results. [

Theorem 3.4. Assume that a mapping f : X — Y with f(0) = 0 satisfies the inequality (28) and ¢ : X" — Zisa
mapping for which there is a constant r € R satisfying 0 < |r| < 2 such that

N (p(x1, -+, xn), Ilt) = N (qo(le %)t) (47)

forall x1,--+ ,x, € Xand all t > 0. Then there exists a unique ELTA mapping L : X — Y that satisfying (1) and the
following inequality

N (f(x) = L(x), £)
, x ox\ 2=\ ., x 22—t
= min{ min{ g - ) 2 v fo (70 2o
, x\ 22—t , x —x\ 22—t
o) el o5 57) 55
, x 22 |t —x\ 22— Ir)t
o (0 25 (oo 55) 25
forall x € Xand all t > 0.

Proof. It follows from (38) that

v - 152.%) s

ol o e 2]
el (v

for all x € X and all t > 0. Replacing x by 2/x in (48), we obtain

(f(2’x) f(@"*1x) 9t)
T

1+1 1+1 1+1
Zmin{min{N’(<Pif(2 x,2 x),t),N’(qoff(z x,O),t)
Ti I”j ri
, 21y 2lx —2lx , 2lx
N ((Pij(olr_j)/t)}/ { ((Pz](— r_])'t)’N ((pij(r_iro)/t)
2y
wlolb 2
7j
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, X x t , x t
>mm{mln{N Qij| — " r] _|V|l+1 ,N (pij(r_i’o)’_lf’ll”
X t X —Xx t X t

N, ij O/_ s o eI i N i

(g”f( rj) |r|l+1)} iy (Q’( )w) ((’”( )Irl’)

oo ) il

@ij " ,Irll .

forallx e Xand all ¢t > 0. So

ol ol+1 7 9l+2

Zmi”{min{ (%(i :]) |r|) N ((P (: 0) |i|) 40)
oo e 2 oo
b2

for all x € X and all ¢ > 0. Proceeding as in the proof of Theorem 3.1, we obtain that

(f @) f@*) 9Ir|lt)

- 1523 5

= mimin{ (g (2, 5). 1) 2 o (0). ) 2
o) gl o £ 2) ) )

o2

forall x € X, all t > 0 and any integer [ > 0. So

(f()—f(ix))

> . . X X t N’ .. X t
> min{ min{ N (,01] Z;{ 10 9|,;C|k;1 ’ Qij 7’_1" Zi 10 9|;;(|k;1
o 2

’ =, = t
h (%( G 109';;31) il [(’)”( ) ;':Jz] "
—-x t
[(Pl] ( ) 1 9|r|k J' [(Pij (O, ) Zi 10 i'kﬂ'i ]}}
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forallx € X and all t > 0. Thus
N (f(x) = L(x), 1)

’ X X t 4 .. * t
>mm{mln{N golj(rl r]) v [Ty ;N @11(7_1, ) y e Tl

k=0 k+2 k=0 pk+2
x t NN X —Xx t
(Pl] ¥ +oo Il ,min Pij ;’ 7'_ 7y +oo 9rfk
Zk 0 2k+2 ! ] Zk:o 2k+2
, x 0), t —X t
Pij r:’ +00 9|r|k N (Pl] +00 9|r|k 4
! Zk 0 2k+2 Zk =0 2k+2

for all x € X and all ¢ > 0. The rest of the proof is similar to the proof of Theorem 3.1. [

Corollary 3.5. Let X be a normed spaces and that (IR, N”) a fuzzy Banach space. Assume that there exist real numbers
0 > 0and p < 1 such that a mapping f : X — Y with f(0) = 0 satisfies the following inequality (45). Then there is a
unique ELTA mapping L : X — Y that satisfying (1) and the inequality

N Lo p > N el 22 = 2P)|rilPlrjlPt

(f(x) = L(x), t) > lIx[1”, W
Proof. Defining ¢ : X" — Z by @(x1, -+ ,x4) = 9(2,’;1 llx¢|lP) and |r] = 2P. Apply Theorem 3.1, we get
desired results. [

Corollary 3.6. Let X be a normed spaces and that (IR, N”) a fuzzy Banach space. Assume that there exist real numbers
0 > 0and 2p < 1 such that a mapping f : X — Y with f(0) = 0 satisfies (46). Then there is a unique ELTA mapping
L : X — Y that satisfying (1) and the inequality

L Q=)
N(f(x) = L(x),t) > N" | OlIx||?, ———%——

9.2
Proof. Defining ¢ : X" — Z by @(x1,--+,x,) := 0 ([Tj-; IxllP) and [r| = 2V. Apply Theorem 3.1, we get
desired results. [
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