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Abstract. In this paper, various coefficient bounds of functions in some classes which are defined by
subordination are estimated. Some special consequences of the main results are also presented. Moreover,
it is pointed out that the given bounds improve and generalize some of the pervious results.

1. Introduction and Preliminaries

Let A be the class of functions of the form

f@) =z+) @z, (1)
n=2

which are analytic in the open unit disk U := {z € C : |z| < 1}, and let S be the subclass of A consisting of all
univalent functions in U.

Using the concept of subordination, Ma and Minda [24] introduced the subclasses of starlike and convex
functions in which either of the quantity zf’(z)/f(z) or 1 + zf”(z)/ f’(z) is subordinate to a more general
superordinate function. To this goal, they defined an analytic univalent function ¢ with positive real part
in U, ¢(U) is symmetric with respect to the real axis and starlike with the conditions ¢(0) = 1 and ¢’(0) > 0.
They defined the classes consisting of several well-known classes as follows:

z2f'(2)
f@)

S (p) := {fe.?l: < @(2), zeIU}

and

K(p) = {f A1+ ZJ{(S) <o), z€ U},
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where < stands for the usual subordination for analytic functions in U. For example, the classes S*(¢) and
K(p) for p(z) = (1 + Az)/(1 + Bz) (-1 < B < A < 1) reduce to the classes S*[A, B] and K[A, B] of Janowski
starlike and Janowski convex functions, respectively. Note that if 0 < o < 1, then S*[1 - 2, -1] =: S*(a),
the classes of starlike functions of order a and K[1 — 2a,-1] =: K(a) the convex functions of order a.
In particular, §* := §*(0) and K := K(0) are the well-known classes of starlike functions and of convex
functions in U, respectively.

Setting (z) = V1 + z we get the class S} of consisting of functions f such that w = zf"(z)/ f(2) lies in the

region bounded by the right half of the lemniscate of Bernoulli given by )wz - 1| < 1 which was investigated
by Sokét and Stankiewicz [32]. In [31], Sokét generalized this class by introducing a more general class
S;\ = §*(V1+ Az), A € (0,1]. Moreover, the feature of the class S; := S*(1 + sinz) such that the quantity
w = zf'(z)/ f(2) lies in an eight-shaped region in the right-half plane was studied by Cho et al. in [13]. Raina
and Sokét [29] considered the class Sf := S, where g(z) = z + V1 +z%. They have proved that f € S¢ if

and only if zf'(z)/ f(z) € R where R := {z € C : [w? - 1| < 2Jw}.

Further, in a survey-cum-expository article [33] by Srivastava, it was indicated that the recent and future
applications and importance of the classical g-calculus and the fractional g-calculus in geometric function
theory of complex analysis motivate researchers to study many of these and other related subjects in this
filed.

It is known that the image of U under every function f € S contains a disk of radius 1/4. Therefore,

every function f € S has an inverse f~!, which is defined by f~!(f(z)) = z (z € U), and f( £ (w)) _
w (Jwl| < ro(f); ro(f) = 1/4), where

f‘l(w) =w -’ + (211% —a3)w® — (5{13 —5apaz + ag)wt + - = w + Z c ", (2)
n=2

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let © denote the
class of bi-univalent functions in U. Lewin [23] studied the bi-univalent function class ¥ and obtained the
bound for the second Taylor-Maclaurin coefficient |a,|. A brief historical overview of functions in the class
¥ can be found in the work of Srivastava et al. [37], which is a fundamental research on the bi-univalent
function class L, as well as in the references cited therein. In a number of sequels to [37], bounds for the
first two Taylor-Maclaurin coefficients |a,| and |a3| of different subclasses of bi-univalent functions were
given, for example, see [5, 9, 16, 34, 35, 41]. In fact, the study of analytic and bi-univalent functions was
successfully revived by the pioneering work of Srivastava et al. [37] in recent years regarding the numerous
papers on the subject.

Finding the upper bound for coefficients have been one of the central topic of research in geometric
function theory as it gives several properties of functions. In particular, bound for the second coefficient
gives growth and distortion theorems for functions in the class S. According to [37], many authors put effort
to review and study various subclasses of the class X of bi-univalent functions in recent years, for example,
see [9, 16, 34, 35, 41]. In the literature, several authors used the Faber polynomial expansions to determine
the general coefficient bounds of |a,| for the analytic bi-univalent functions [6, 18, 20, 36, 38—40, 45, 46].
It is remarkable that Faber polynomials play an important act in geometric function theory which was
introduced by Faber [15].

Thorough this paper, we assume that ¢ is an analytic function with positive real part in the unit disk
U and ¢(U) is symmetric with respect to the real axis, satisfying ¢(0) = 1, ¢’(0) > 0 such that it has series
expansion of the form

©(z) =1+B1z+Byz*> + Bsz® +---  (B; > 0). (3)

A function w : U — Cis called a Schwarz function if w is a analytic function in U with w(0) = 0 and |w(z)| < 1
for all z € U. Clearly, a Schwarz function w is the form

w(z) =z +wrz? + - .
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We denote by Q) the set of all Schwarz functions on U. Denote by f * ® the Hadamard product (or
convolution) of the functions f and ©, that is, if f(z) =z + Yo, 4,2" and O(z) = z + )., b,2", then

(f*O)(z)=z+ Zanbnz”.
n=2

Recently, Bulut [9] introduced a comprehensive subclass of analytic bi-univalent functions and obtained
non-sharp estimates of first two coefficients of functions in this class as follows.

Definition 1.1. [9] Let the function f, defined by (1), be in the class A and let
©@cr and  O@=z+) b2, (b>0).

We say that
feH (9:©)  (A21, u20),
if the following conditions are satisfied:

fex,

* O #
(f Z)(Z)) <p() (zel)

(1_)\)( (f* ><>)

+A(f*®)’(z)(

and
+O)! Iz , « @)} p-1
<1—A>((fwM] +A((F+0)") (w)[W] <o) wel),

where the function (f = @)~ is given by

(f » @)_1 (w) = w — axbrw?® + (Zazbz - u3b3) w® — (5112b3 5a,byazbs + a4b4) wh
Definition 1.2. [21] For 0 <y <1, the class V() consists of functions f € A satisfying the following subordina-
tion:
zf'(2)
"(2)+ (1 -
7@+ -0

Note that Vy(p) =: S*(¢) and Vi(p) =: C(p) = {f € A: f'(z) < ¢(z), z € U} is a subclass of close-to-convex
function. Thus, this class provides a continuous passage from a subclass of starlike functions to the subclass
of close-to-convex functions when y varies from 0 to 1.

<p(z) (zel).

Theorem 1.3. [46] For A > 1and u >0, let f € 'HQ’” (;®) be given by (1). If ax = 0 for2 <k <n—1, then

By

_m (n > 3).

la,| <

The present paper is motivated essentially by the recent works ([3, 28, 37, 46]) and the aim of this paper

is to study the coefficient estimates of some classes. In Section 2, we use the Faber polynomial expansions

to derive bounds for the coefficients |a,| for the functions of a general class that our results improve some

of the previously ones. In Section 3, we obtain the sharp bounds on the functional |a,a3 — a4| for the class

V,(p), which can be studied in the third Hankel determinant Hs(1) for various classes of analytic and

univalent functions, [7, 8, 11, 12]. We remark in passing that the Hankel determinants (like the second

Hankel determinant, see [17]) play an important role in the study of the singularities and power series with
integral coefficients, [26, 27].
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2. Coefficient bounds |a,| of the class (HQ’” (p; ®)

In this section, we find a smaller upper bound and more accurate estimation of coefficients |a,| (n > 3)

of analytic bi-univalent functions in the class 'HQ’” (p;©). To prove of our results, we need the following
lemmas.

Lemma 2.1. [1, 2] Let f € S be given by (1), the coefficients of its inverse map g = f~' are given in terms of the
Faber polynomials of f with

9@ = @) =0+ Y K @0, a0, @
n=2
where
-n _ (—1’[)! n—-1 (—Tl)! an_sa
1T 2o+ DI -2 Q-n+ ) n-3)2 3
(=n)! (=n)!

n—4
a, “as+

)'ag_S [a5 +(-n+ 2)a§]

T C2n+3)(n—a) 2(n+2)(n->5

" (—2n —:_57)?('” — 6)!11;_6 [a6 + (=21 + 5)azas] + Z a;‘—jvj

=7

such that V; (7 < j < n) is a homogeneous polynomial in the variables az, as, . . .,a,, and the expressions such as (for
example) (—n)! are to be interpreted symbolically by

(-n)!'=T1-n)=(-n)(-n-1)(-n-2)---, with neNy:=NU{0}, N:=(1,2,3,---}.
In particular, the first three terms of K_", are given by
Kl’2 = —2a,, Kz’3 = 3(2a§ - ﬂg) and K;‘l =—4 (5{13 — bayas + a4).

In general, for any real number p the expansion of K1, is given below (see for details, [1]; see also [2, p. 349])

p_ pp-1) P! 3 P! .
K‘rl = pﬂn+1 + 2 Dn + (p — 3)|3'Dn + .-+ mDn, (5)
where DY) = D! (ay, a3, . .., 0,41) (see for details [42]). We also have
" e mi @)t L (@ )M
Dn(az,as,...,an+1)—z ol (6)

n=1

where the sum is taken over all nonnegative integers 1, ..., i, satisfying the conditions

y1+y2+--~+yn:m
p1+2up + -+ 1y, = n.

It is clear that Dj(az, a3, . . ., Ay+1) = aj.
Lemma 2.2. [46] Let f € H,* (; ©). Then we have the following expansion:

f+0(2) f*®(z))“‘1

z 4

u
1- )\)( ) + /\(f*®)/(2)(

=1+ Z F‘rl—l(a2b2/ ﬂ3b3, e /anbﬂ)zn_l/
n=2
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where

Fu_1(azby, asbs, - -+ ,a,b,) =

(y+(n—1)/\)
o

KY_ (axby, asbs, -, a,by,)

=[u+m-1A](u-1)!x

Z (a2b2)1 (a3b3) - - - (A, by )
it g Uy — (i1 40+t 1l
ot Dy =n-1 T2 !y =+ i+ -+ )]

Lemma 2.3. [46] Let f € 7—(2’” (; ©). Then we have the following expansion:

1-2)

(f+©) " (w)\" v (FEO) @)\
(T) +A(f+©)) ‘“’)(T)

:]- + Z Fn—l(AZ/A3/ e /An)wnﬂ/

n=2

where
p+m-1)A
Foq1=|————

1 _
P )K,ﬁ‘_1 and Ay = ;anl(ﬂzbzr%ba,'“ s nbn).

Lemma 2.4. [46] Let f € 7—(2’” (p;©). Then

n—1
Fy1(azby, azbs, - -+ ,a,b,) = Z BDX_(p1,p2, -+, Pu1) 7)
k=1
and
n—1
Fn—l(AZI A3/ e /An) = Z BkDI:,_l(qlr q2,° /Qn—l)l (8)
k=1

where F,_1 and A, are given by Lemma 2.3.

Lemma 2.5. [3] Let f(z) = z + Y, az"; (n > 2) be a univalent function in U and

k=n

£l = w Y e ol <P () = ),
k=n

Then

Con_1 = NA% — ay, 1 and cxk=—a, for n<k<2n-2).

Theorem 2.6. Let f(z) =z + ), a4z € ‘HQ’” (@; ©) be given by (1). Then
k=n

| B, 28,
ol < mm{[y ¥ (1= DAl \/ Al + (2 — 2)A]b2n1} (n23) ®)

and

By
[u+@2n—-2)Alby1

2
[na, — az,_1| <
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Proof. Let f(z) = z + kZ a2" € HL* (¢;©). Then there are two functions u,v € Q with u(z) = 21 ppz" and
=N n=

v(z) = ). guz", respectively, so that
n=1

*© ¢ *© p-l
a-n(E29) vagera(F22) T~ gt
and
+ @)1 H + @)1 p-1
a-n( 22 oy (2] g,

where by the relations (6) and (3) we have,

n

PW(z)) =1+ Bipiz + (Bipa + Bop?)z2 + - =1+ Z ByDE(p1,p2, -+, )"

and

n

po@)=1+Y Y BDiq1, g2, )"

n=1 k=1

Since 4, = 0 for 2 < k < n -1, so from Lemma 2.3, by the definition of Kﬁ in (5), we obtain A,, = —a,b, and
since By > Owehavep; =---=p,» =0, g1 =--- = g4 = 0. From Lemmas 2.2-2.4 according to (7) and (8),
we have

[+ (n = 1)Alanb, = Bipn
and
—[p + (n = DAlayb, = Bigu-1.
Now, taking the absolute values of the above equalities and applying Lemma 3.1 with [p,_1| < 1 - |p1]* <

1, 1gu-1l < 1—|q* < 1, it yields

|an| S L
[+ (n—1)Alb,

On other the hand, using Lemma 2.5, we have ¢, = —a, for k = n and so according to the above inequality,
it yields

(n > 3). (10)

(n>3). (11)

|C1’l| S L
[u + (n = DA]b,

Also, in view of Lemma 2.5, using the inequalities (10) and (11), we obtain

a2n-1] + lc2n-1l 2B,
R e e \/ Eserie R (12)

From (10) and (12) we conclude that the inequality (9) holds. Also, by (11) and using Lemma 2.5, we get

By
[u+2n=2)Albu1

2
[nay, — azn_1| = lcon-1l <

This completes the proof. [J

In particular, we get the following corollaries.
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Corollary 2.7. Let f(z) = z+ Y, az* € H* (1+(;:225 z, 1%2) be given by (1). Then
k=n

. 21-p) 4(1-p)
al < ming P T \ i @ =200 (n23)
and
2(1-p)
|mlf, — 1| < [y+(2n——2)/\]
Proof. For
z
@ =13
and
1+(1-2p)z 2

where By = 2(1 — ) in Theorem 2.6, it gives the result stated in the corollary. [J

Remark 2.8. (i) The bound for |a,| in Theorem 2.6 is a improvement of the estimation given in Theorem 1.3.
(ii) From Corollary 2.7, the bound for |a,| is smaller than the estimate obtained in [10, Theorem 1].

(iii) Letting A = u =1, A =1and u = 1 in Corollary 2.7, we obtain an improvement of the estimates obtained in
[20, Theorem 2.1], [18, Theorem 1] and [19, Theorem 2.1], respectively.

Corollary 2.9. Let f(z) =z + ), mz" € ?{Q# ((%)a ; 1L_Z) be given by (1). Then
k=n

|a,| < min 2a ta (n=3)
W= T - DAY\l + 2n - 2)A] .

and

|na2 —a | < 2—0C

n TP = i F @n-2)A]
Proof. For
z
°@=1=

and

1+2z\* )
(p(z)=(E) =1+4+2az+2az°+--- (O<a<l,zel),

where By = 2a in Theorem 2.6, it gives the required result. [
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3. Coefficient bounds |a;a3 — a4| of the V), (¢p)

In this section, we obtain the sharp bounds on the functional |a;a3 — a4] for the class V, (¢). For this goal,
we need the following lemmas.

Lemma 3.1. [25, p. 172] Let w € Q with w(z) = Y, w,z" for all z € U. Then [w1| < 1 and
n=1

lwa <1 —Jwi* foralln € N withn > 2.

Lemma 3.2. [4, 28] If w € Qwith w(z) = f w,z" (z € U), then for any real numbers g1 and qy, the following sharp
n=1

estimate holds:

Ips + qrunws + q2w| < H(g1; 92),

where
1 if (q1,42) € D1 UD,U{(2,1)},
|q2| lf (ql/ qZ) € U]Z=3Dk/
2 lq11+1 7.
HARSY) if  (g1,02) € Dg U Do,
H(q1;92) = n (3(|Fh|+1+72)) 91,92 s U Dy
( ? 4qz)(3(qz 1)) if  (q1,92) € D1o U D1 \{(2, 1)},
1
(|111| (3(|l]|f]|1|11q2))2 if  (q1,92) € D12,

and the sets Dy, k=1,2,...,12 are defined as follows:
1
D1 ={@ua i< 3, el <1},
1 4
{5 <l <2, o (Gl + V) -Gl + D <@ <1},
1
= {(171,112) Hpl < 5 025 —1},

1 2
- {(ql,q» Hnl> 3, 02 < =50l + D),

{@1,92): Iml <2, g2 21},

{(Lh,qz) 2<|pl<4, 22 —(‘h + 8)}

Dy = {0 Il 24 2> 2l -},
={@nm) 3 <l <2 -2+ D < 02 < o (1 + D) = (arl + D).

2 2 +1
Dy = {(ql,tm il 22, ~S(nl+ D) <2 < M}

g+ 2q) +4 [’
Dyo = {(fh/lh) 2< g1l <4, % < 12(‘11 + 8)}
D= iz4, 2UBLD 2l 0],
Dpp = {(ql,qz) 11 > % < < 2l - 1)}.

Theorem 3.3. If the function f € V(@) has the power expansion series given by (1), then

B
laxas — as| < 3 _:yH(ql;lh), (13)
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where H(q1; q2) is given by Lemma 3.2 and

2B, B3 —-y)— @B +7)]

B 1+ne+y) 7

(-1 -G+ (B1+yP +B}(1-))) B(1-)) B,
1+yP2+y) A +yy

1=
(14)

92 =
The bound (13) is sharp.
Proof. If f € V,(¢p) has the form (1), by the definition of the subordination there exists v € Q, with

v(z) = Y, dyz", z € U, such that
n=1

rf@+0-y) ]{(()

+ (B1d3 + 2d1d232 + Bgd:ls) 23 + - (Z € U)

P(2)) = 1 + Bydyz + (Byda + Bod? ) 22

Comparing the corresponding coefficients of the above relation, it follows that

ax(1+7y) = Bidy,
(2 + 7/)113 - (1 )/){12 = Bldz + Bzd
(3 + )/)Ll4 — (1 )/) 3(12[13 —a ) B1d3 + Zdldsz + B3d3

Then from above equations we get

B]L‘I]
a2 = 1+)/
as = [Bldz + d2 (Bz + (1(j;;;) )] ,

_ 3B2(1-y) 3B1(1p)(B2(1+9)*+B3(1y))  Bi(1—y)
=5y [Bldf‘ * (232 - W)dle * ( 7@ aor BB)di’]‘
Therefore
_ 2B, Bi[3(1-y)-B+7y)]
fa =020 =37 (d3 [ B, 1+7)2+7) thd;
. [(3<1 =) =G+ (B(1+yP +Bi1-y) Bi(1-y) Bg] dg)
(T+y»P2+y) (T+y)p

Now by Lemma 3.2 we have

B1[3(1-y)-(3
oo i =52 +[21§12+ 1[<(1+yy>)<2+(y;y)]}d1d2
+[( (=9 -G+ P)(B0+ 7+ B0 - ) Bt - ) B3]d3
(1+7)3Q2+7y) 1+ B
=37 /02),

where g1 and ¢; are given in (14). This completes the proof. O

For y = 0 in Theorem 3.3, we obtain the following result.
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Corollary 3.4. If the function f € S*(¢) has the power expansion series given by (1), then

B
lazas — as| < ng(fh;EIz),

where H(q1; q2) is given by Lemma 3.2, q1 = 2B, /By and g, = (B3 — B?)/Bl. The bound is sharp.
Corollary 3.5. [11, Theorem 2.1] If the function f € S*(«) has the power expansion series given by (1), then

21-a)4l-aP-1, 0<a<l-1+3/2

ax03 — €l4| < 2(1-a)
m, 1- \/5/2 <a<l.
The bounds are sharp.
Proof. For
1+(1-2
P(z) = "‘(?Z(X)Z =142 -a)z+20-a)Z*+--- (0<a<1,zel),

where By =B, =B3 =2(1-f)and g1 =2, g =1-4(1 - a)? (with respect to D4 and Dg) in Corollary 3.4, we
obtain the required result. [

Corollary 3.6. [14, Theorem 2.1(2)] If the function f € S; has the power expansion series given by (1), then

lagas — as| < 4—\/6
27
The bound is sharp.
Proof. For
. 22
p(z)=z+ 1+zZ=1+ZBnZ":1+z+E—§+--- (ze ),

n=1

where g1 = 1, g, = —1 (with respect to Dg) in Corollary 3.4, it gives the result stated in the corollary. [

Corollary 3.7. [14, Theorem 3.1(2)] If the function f € S) has the power expansion series given by (1), then
|(12(13 - a4| < g

The bound is sharp.

Proof. If we take

2 3

p(z) = V1+AZ=1+ZBnZ”=1+%z—§22+1\—6z3+~- (A€(0,1], z€ ),

n=1

where g1 = -A/2, o = —A?/8 (with respect to D) in Corollary 3.4, then we have the required result. [J

Corollary 3.8. [22, Theorem 3.2] If the function f € S} has the power expansion series given by (1), then

2 / 6
|112(13 —{Il4| < 5 1—7

The bound is sharp.
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Proof. Letting

. - 5
(p(z):ee_l:1+Zan”:1+z+zz+gz3+-~ (ze W),

n=1
where g1 =2, g, = —1/6 (with respect to Dg) in Corollary 3.4, it gives the result stated in the corollary. [
Taking
oo 2
(p(z)=1+sinz:1+Zan" :1+z—€+--- (ze ),

n=1

where g1 =0, g, = —7/6 (with respect to D3) in Corollary 3.4, we have a correction of the result obtained in
[44, Theorem 3] in the next result:

Corollary 3.9. If the function f € S; has the power expansion series given by (1), then

lazas — as| < 7
203 — 4] < 72
The bound is sharp.

Corollary 3.10. [43, Corollary 2] If the function f € S; has the power expansion series given by (1), then

E

lazas — as| <

S

9
The bound is sharp.

Proof. Setting

o 2 .3
(p(Z)=eZ=1+ZBnZ”=1+Z+%+%+~-- (ze ),

n=1

where g1 = 1, g, = =5/6 (with respect to Dg) in Corollary 3.4, we have the required result. [J

Remark 3.11. (i) For A =1 in Corollary 3.7, we obtain the result given in [30, Theorem 2.5].

(ii) Setting ¢(z) = [(1 +2)/(1 —2)]* (0 < & < 1) in Corollary 3.4, we obtain the estimate obtained in [12, Theorem
2.1].

(iii) Takeingy =1 and @(z) = (1 4+ z)/(1 — z) in Theorem 3.3, we obtain the estimate obtained in [8, Theorem 2.1].
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