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The p-Drazin Inverse for Operator Matrix over Banach Algebras
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Abstract. An element a in a Banach algebra A has p-Drazin inverse provided that there exists b € comm(a)
such that b = b%a, a* — a*'b € J(A) for some k € N. In this paper, we present new conditions for a block
operator matrix to have p-Drazin inverse. As applications, we prove the p-Drazin invertibility of the block
operator matrix under certain spectral conditions.

1. Introduction

Let A be a Banach algebra with an identity. The commutant of a € A is defined by comm(a) = {x €
A|xa = ax}. An elementa in a Banach algebra A has p-Drazin inverse provided that there exists b € comm(a)
such that b = b?a,a* — d*1b € J(A) for some k € N. The preceding b is unique if exists, and we denote it
by at. We refer the reader to [11, 13, 17, 18] and [20] for more properties of p-Drazin inverse in a Banach
algebra.

Recall that a € A has g-Drazin inverse provided that there exists b € comm(a) such that b = b*a,a — a®b €
Al (see [6]). More results on g-Drazin inverse can be found in [1-5, 10, 19, 21]. As is well known, every
p-Drazin inverse is just the g-Drazin inverse. The p-Drazin inverse should be expressed as that of the
g-Drazin inverse if exists. We will suffice to investigate the existence for p-Drazin inverse. This motivates
us to present new conditions for a block operator matrix to have p-Drazin inverse.

Leth( ‘CI Z )EMZ(?I). Leta,d € At If

bd* = 0ordfc =0, and bdic = 0 foralli > 0,

in Section 2, we prove that M has p-Drazin inverse.
In Section 3, we determine the p-Drazin invertibility of the block operator matrix M under certain
spectral conditions. If (bc)™abc = 0 or bea(bc)™ = 0, and bd = 0, then M has p-Drazin inverse.
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Throughout the paper, all Banach algebras are complex with an identity. We use J(A) denotes the

Jacobson radical of A. /J(A) stands for the radical of J(A), i.e., J(A) = {x | x" € J(A) for some m € IN}.
At denotes the set of all elements having p-Drazin inverses in A. For any a € A, we use 4™ to stand for
the spectral idempotent 1 — aat.

2. 2 X 2 Operator matrices

Let M = ( Z Z ) € My(A). The aim of this section is to determine when M has p-Drazin inverse

under certain conditions and generalize [9, Theorem 3.2] from g-Drazin inverse to p-Drazin inverse. The
following lemmas are crucial.

Lemma 2.1. Leta,b € Aanda,b e \JJ(A). Ifaba = 0 forany k € N, then a + b € \/J(A).

Proof. Leta™,b" € J(A). Assume thatt = m +n. Thena',b' € J(A). Lets = 3t + 1. Then every term of (a + b)*
should be - o
all bjlalzb]z e alsb]s,

where iy, j1,- -+ 15, js =2 0,01 + j1 + -+ - + 5 + j; = 5. If the term contains abfa(k € IN), then it is zero. So the
nonzero terms should be written in the form b*a'b"(k + [ + r = s). Then k or [ or r is greater than t. Hence,
ba't” € J(A). Therefore (a + b)* € J(A), as asserted. [

Lemma 2.2. Suppose that a,d € \[J(A). If bd'c = 0 for all i > 0, then M € ](Mg(ﬂ)).

Proof. Leta™,d" € [(A)and M = P + Q, where P = a b ,and Q = 00 .
c 0 0 d

a 1 m+1 _ a1 m+1
bc 0 B 0 0
I(

Since bc = 0, we see that

e J(Ma(A)),

and so

> a 1 1 0 )2
pre= [(c 0)(0 b)]

_ a 1 a 1

- c 0 bc 0

€ J(MA).
Clearly, Q" € ] (Mz(ﬂ)). We easily check that

PQ*'P =0

for any k € IN. Hence, M = P + Q € /J(A) by Lemma 2.1. [

Lemma 2.3. Let A be a Banach algebra. Ifa € A, d € \JJ(A) and bd'c = 0 for all i > 0, then M has p-Drazin
inverse.

Proof. Let N = at Y where
' o Oay |

y =Y (@"*2d,0 =) dicat)*
i=0 i=0
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By hypothesis, we have ' ' ’
yd'c=0,bd'6=0,yd'6=0

for any i > 0. We shall prove that N = M.
Step 1. MN = NM. We compute that

aat ay
MN =" it 4 ds cy +doay |’
ata  atb+yd
NM_( oa 6b+6ayd)'

As in the proof of [9, Lemma 3.1], we easily check that MN = NM.
Step 2. N = MN?. We have

I—MN:( a —4y )

—cat —ds 1-cy—dday

Asyc=vy6 =0, wehave

_af
N(I—MN):((SSH r (‘)”W):o,

Hence, N = MNZ2.

Step 3. M — M2N € +/J(A). Since bd'c = 0 for all i > 0, we easily verify that

aa™ b—a?y

M(I_MN)Z( ca® —deat —d25 d-o

where ¢ = cay + dcy + d*oay.

4599

Clearly, aa™ € +/J(A). By hypothesis, we see that od'c = 0 for all i > 0. Hence, 0> = 0, and so

d,—0 € \J(A). In view of Lemma 2.1, we see that d — 0 € /J(A). Moreover, we have

(b—a*y)(d - 0)"(ca™ — dcat — d*6) = 0

for all m > 0. Therefore M — M2N € /J(A) by Lemma 2.2.
Therefore N = M#, as asserted. [

We have accumulated all information necessary to prove the following.

Theorem 2.4. Leta,d € AL, If 4
bdt = 0,bdic = Oforalli>0,

then M has p-Drazin inverse.

Proof. Clearly, M = P + Q, where

a b 0 0
P:(c dd" )'Q:(o d2di)'

k
Obviously, Q has p-Drazin inverse. Clearly, bc = 0. For any k > 0, we have b(dd") ¢ = bd*d"c = bd*c = 0,
k
and so b(dd“) ¢ =0 forall k > 0. Clearly, dd™ = d — d*d* € \/J(A). In light of Lemma 2.3, P has p-Drazin

inverse. On the other hand,
a b 0 O
PQ:( ¢ dd )( 0 ddt ):0'

Therefore M has p-Drazin inverse, by [13, Theorem 5.4]. O
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Corollary 2.5. Leta,d € AL If .
cat =0,ca'b = Oforalli>0,

M has p-Drazin inverse.

d
b

[ 0

Proof. In view of Theorem 2.4, the matrix ( ) has p-Drazin inverse. It is easy to check that

[Ea)=(a (520 o)

2
) = I, we easily obtain the result. [

. 01
Smce(1 0

Theorem 2.6. Let a,d € At. If '
dc = 0,bd'c = Oforalli>0,

M has p-Drazin inverse.

Proof. Clearly, M = P + Q, where
0 0 a b
P‘(o fﬂ)'Q‘(c M“)

k
Obviously, P has p-Drazin inverse. As in the proof of Theorem 2.4 we easily check that b(dd”) ¢ = bdd"c =
bdkc = 0 for any k > 0. In view of Lemma 2.3, Q has p-Drazin inverse. By hypothesis, we see that

0 0 a b
PQ:(O fﬂ)(c M”):Q

According to [13, Theorem 5.4], M has p-Drazin inverse, as asserted. [

Corollary 2.7. Leta,d € AL If .
atb =0,ca'b = Oforalli>0,

M has p-Drazin inverse.

Z ) has p-Drazin inverse. As in the proof Corollary 2.5, we

[0

Proof. In view of Theorem 2.6, the matrix (

easily obtain the result. [J

3. Spectral conditions

In this section we apply the preceding results and demonstrate the p-Drazin invertibility of the block
matrix M under certain spectral conditions. We now derive

a b
Lemma 3.1. Leta,d € A+, Ifabc = 0,bd = 0 and be € +/](A), then M = ( . d ) € M, (A)t.

Proof. Clearly, we have

2
» [ a +bc ab
M _(ca+dc cb + d? )
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Clearly, a* has p-Drazin inverse. By hypothesis, bc has p-Drazin inverse. Since a(bc) = 0, it follows from [13,
Theorem 5.4] that a2 + bc has p-Drazin inverse. In light of [13, Theorem 3.6], cb has p-Drazin inverse. Then
we easily see that cb + d? has p-Drazin inverse as (cb)d? = 0. It is easy to verify that

ablch + @)} = ablch + P)(ch + ) = 0;
ab(cb + d?)/(ca + dc) = 0.
In view of Theorem 2.4, M? has p-Drazin inverse. Therefore M has p-Drazin inverse by [20, Lemma2.8]. [J

We come now to generalize [16, Theorem 3.1 and Corollary 3.3] from the generalized Drazin inverse to
the p-Drazin inverse.

AN

Theorem 3.2. Let a,d, bc, (bc)™a € AL If (bc)"abc = 0 and bd = 0, then M = ( b ) € M, (A)t.

c d

Proof. Stepl.Lethzbc,Nz(Z é)andez(ho 8).ThenN=(Z, Z,),where

a’ =eNe, b’ =eN(I —e),c’ = (I —e)Ne,d = (I—e)NI—e).

Since (bc)"abc = 0, we have h™ah = 0, we easily check that

y_(Ha 0\, _[0 K
Lo o)7"\o o)
,_(hhiahﬂ o)d,_(ahhi hhi)
“\ om0 )" T\t o0 )

Since h™ahht = (bc)™abc(be)t = 0, it follows by [16, Lemma 2.2] that (h™a)? = h™a". This shows that

(h"a)(h™a") = (W"a")(h™a),
ha = (h"a®)(h™a)(h™a?).

Since a € At, we have a* — a**1a? € J(A) for some k € N. Then we verify that

k
[1a — (™ a)*(ha®)]
= (ra)[1 - (ra)(a?)
— (hnll)k _ (hna)kﬂad
— hnak _ hnak+1ad
— /’ln(ﬂk _ ak+1ad)
€ JA),

and so (h™a)t = h™at. Hence, we easily verify that

hmat 0 0 ht
Nt _ "Nt —
@) ‘( 0 o)'(d) ‘(hhi —ahhi)'

Hence, a’,d’ € At. Moreover, we have

e — [ Wb 0,
rre = o 0)
o h2HE 0
bd_( " 0)

W:( Wi 0 )

7

0 0
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Therefore a’b’c’ = 0,b’d’ = 0 and b'c’ € /J(A). In light of Lemma 3.1, N has p-Drazin inverse.
Step 2. It is easy to check that
(1 0 a 1
“\0 b c 0)

N
itfollows by [13, Theorem 3.6] that( i (1) )( (1) 2 )has p-Drazin inverse. Therefore(

a X

g ) has p-Drazin

inverse.
Step 3. Write M = P + Q, where

(3 e (2 )

Then QP = 0. Clearly, P has p-Drazin inverse. By the preceding discussion, we have Q has p-Drazin
inverse. In light of [13, Theorem 5.4], M has p-Drazin inverse, as asserted. [

b

Corollary 3.3. Let a,d,cb, (cb)"d € A*. If (cb)"dch = 0 and ca = 0, then M = ( ch d

) S ]\/Iz(\?()i

Proof. In view of [13, Theorem 3.6], cb € At By virtue of Theorem 3.2, we prove that ( Z ; ) € My(A).
We easily check that

0 1 d c 0 1
(1) )Y o)
This completes the proof. [J
Corollary 3.4. Let a,d, bc, (bc)™a € AL If (be)"abc = 0,d"dc = 0 and bd* = 0, then M = ( i Z ) € My(A)*.

Proof. Obviously, we have M = P + Q, where

0 O a b
P:(o d”d)’Qz(c d2di)'

In light of Theorem 3.2, Q has p-Drazin inverse. Since d"dc = 0, we have PQ = 0, and therefore we complete
the proof by [13, Theorem 5.4]. O

The following is the symmetric version of Theorem 3.2.

Theorem 3.5. Let a,d, bc, (bc)"a € A*. If bea(be)™ = 0 and bd = 0, then M = ( Z Z ) € My(A)*.

b ’ ’
Proof. Stepl.Leth=bcandletN=(Z é).Lete=(hg (1)).ThenN=(Z, Z, )e,where

a’ =eNe, b’ =eN(1 —¢),c’ = (1 -¢e)Ne,d = (1 —¢)N(1 —e).

By hypothesis, we have
, [ hhta  hht b= 0 0
S I e W L I K

, [ h"ahht K™ 7 - ah™ 0
€= 0 0 )"\ o o)
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By hypothesis, we have
a'b'c =0;
’qr 0 0 — .
v ‘( Hhal® 0 )‘0'

) 0 0
be :( Lot i )e J(Ma(A))-

As in the proof of Theorem 3.2, a’,d’ € At In light of Lemma 3.1, N has p-Drazin inverse.

Step 2. Since
a bel (0 1\ (a 1)[(0 1
1 0 ) \1 -a bc 0 1 —a)’

has p-Drazin inverse.

(T8 )=(10)(s )

) ( 111 ) has p-Drazin inverse. Therefore (

a be
1 0
Step 3. Obviously, we have

we prove that

10

a b
0 ¢ c 0

In light of [13, Theorem 3.6], ( ) has p-Drazin

inverse.
Step 4. Write M = P + Q, where

00 a b
=0 d)es(t3)
Then QP = 0, and therefore we complete the proof by the discussion above. [

As in the proof of Corollary 3.3, we now derive

Corollary 3.6. Let a,d,cb, (cb)"d € A*. If cbd(cb)™ = 0 and ca = 0, then M = ( i Z ) € Ma(A)*.

Corollary 3.7. Let a,d, bc, (bc)"a € AL If bea(be)™ = 0,d™dc = 0 and bd* = 0, then M = ( tz Z ) € Ma(A*.

Example 3.8. Let C be the field of complex number, and let

{5 )

a,b,ceC}.

[ E L
LetM—(F 0 ),where

11 00 -1 20 1
0 -1 0 0 0 00 0
E=1o 0o oo |f=l 0o 01 o [EMA)
00 00 0 0 0 -1

Then M has p-Drazin inverse.
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](ﬂ):{(g ; )jbea:}.

Clearly, E and F have p-Drazin inverses. In fact, we have

Proof. We see that

1 1 00 120 1
0 -1 0 0 0 00 0
i:: i::
EE=E=ty o0 00| F=F=l 0 01 o |
00 00 0 0 0 -1
0 -2 0 0
0 -1 0 0
EVE -
EEF=l0o 0 0 0|
0 0 00
Moreover, we have
020 2Y-1200
o100l o o000l
FFEF=16 000l 0 00 0]7Y
0oo0o00)lo o0o0o0

and we are done by Theorem 3.2. [
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