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Distances from B* Functions to F(p, g,5) Space
Yutong Liu?, Yi Qi?
“School of Mathematical Science, Beihang University, Beijing, People’s Republic of China

Abstract. In this paper, we consider several equivalent formulas for the distances from B* functions to
F(p,q,s) space.

1. The first section

Let A = {z € C : |z| < 1} be the unit disk and S! be its boundary. Denote by H(A) the space of all analytic
functions on A.

ForO<p<oo,-2<g<00,0<s<00,F(p,q,s) is the space of all functions f € H(A) satisfying

4 S 1/p
Ifll,,. = (sup f f F@F A - YL~ loa@)P)dxdy) " < oo,
aeA A
is a Mobius transformation of A mapping a to 0. Fo(p, 4, s) is the subspace of F(p, g, s) such

tim || fA P = 221 = lo,(2)PYdxdy = 0.

F(p,q,s) was introduced by Zhao[11] and it is trivial if g + s < —1. As we known, F(p, g, s) is a Banach
space under the following norm

where 0,(z) = {=
that

I = 1FO)+ Ifll, ..

q+2

Itis proved that F(p, q,s) and Fy(p, g, s) are respectively contained in the Bloch-type space B 7 and B
B% (a > 0) is the space of all functions f € H(A) with

0” . Here
I fllg= = sup(l — lz1)?|f' ()| < co.
zeA

And B consists of all functions f € B* such that

lim(1 - 21/ 2) = 0.
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It is well known that B! is classical Bloch space 8 and B is also a Banach space if it is equipped with the
following norm

I/ lge = 1O + 11 flle-

Moreover By is the closure of polynomials in B*.

It is clear that F(p,q,s) contains lots of the special function spaces. For example, F(2,0,1) = BMOA,
F(2,0,s) =Qs(s>1)and F(p,p —2,5) = Bif 0 < p < 00,5 > 1 (in detail see [1-3, 11]).

Suppose X C 8 is an analytic function space. The distance from a Bloch function f to X is defined as
follows:

distg(f, X) = ;rel){ If = gll-

In Ghatage-Zheng[6], Xu[9] and Zhao[10], they studied the distances from BMOA and F(p,p — 2,5) to the
Bloch space, separately in the following theorems.
For f € Band € > 0, set

Qe(f) =z € Az If I - [2P) > e}
Theorem A. [6] Suppose f € B. The following quantities are equivalent:
1. distg(f, BMOA);
2. infle: %Ql(f)dxdy is a Carleson measure}, where x is the characteristic function.

Theorem B. [10] Suppose2 <p < 00,0<g<00,0<s5<1,and f € B. The following quantities are equivalent:
1. diStB(f/ F(p/p - 2/ S));

. . Xaen(@) . .
.infle: (R dxdy is an s-Carleson measure};

2

3. infle : sup,, ] J;u HIf @I - 121%)772(1 — |0, (2)P)*dxdy < oo;

4. infle : sup,., [, o @I~ |27)172° (z, a)dxdy < oo}, where g(z,a) = log -~y is the Green function of A
with the pole at a.

In this paper, we aim to extend the results about the distance from F(p, g, s) to B* in Section 3.

This paper is organized as follows. Some relevant notations and important results are given in section
2. In section 3, we prove some equivalent quantities of the distance from F(p, g, s) to B*.

Through this paper f = g always means f < g < f, where f < g means that there is a constant C > 0,
independent of functions f and g, such that f < Cg.

2. Preliminaries
Given an arc I on S, the Carleson box S(I) on A is defined as
SIy={zeA:1-l| <zl <1,z/lz| € I},
where |I] is the Lebesgue measure of I. A positive measure A on A is called an s-Carleson measure (s > 0) if

AS()
T

[[Allcs = sup

and a compact s-Carleson measure in addition if

AS@)
TSR

Obviously, 1-Carleson measure is the classical Carleson measure (see [4]). Denoted by CM;(A) (or CM;o(A))
the set of all (compact) s-Carleson measures on A.
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Lemma A. [5] Leta > 0,8 > 0ands <1+ 5. For a positive measure A on A, set

) = f (- "7"2)“1_“"'2) Mw)dudo.

Zw|a+ﬁ+2

If A € CM(A), then Ae CM;(A) and there exists a constant C > 0 such that IIXIIC,S < Cl|Mllcs, while Ae CM;0(A)
if A € CM;o(A).
Lemma B. [8] Let s > 0, a positive measure A on A is an s-Carleson measure if and only if

2
sup ff T Ial A(z)dxdy < o0, (1)
aeA

and is a compact s-Carleson measure if and only if

. 1—Jaf? s )
lim f fA (|1 — az|2) A(z)dxdy = 0. )

Lemma C. [10] Suppose that k > =1, r,t > 0, and r +t —k > 2. If t < k+ 2 < v, then there exists a universal
constant C > 0, such that for all z,C € A,

2k 12\2+k—r
ff (1~ lwl) ———=—————dudv < C%.
a1 —wzl'1 = w(] e

3. Main Results

Suppose X C B“ is an analytic function space. The distance from a function f € B* to X is defined as
follows:

distp(f, X) = ;gg If = gllz.-

For f € B*and € > 0, set
Qc(f) =fz € A1 @IA - zP)* > €).

The idea of establishing equivalent forms is from Lou-Chen[7] and we state it in detail as follows. The
distance formula between a function f € B* and the subspace X € B* is to decompose f properly into two
parts so that one part is in the space X and the a-Bloch norm of the other part is equivalent to the distance
distp(f, X). It is expected that such a decomposition is nonlinear and is not unique.

For f € BY, it is easy to get the following formula (see Lemma 4.2.8 in [12])

’ 1 _ 2
ﬂ@zf@H:[Ai%¥E§%pvazeA

)~ o)
——— —dudv + C,
Ef)2) = iﬁmq) +Coy

(1 - zw)*w

Let

and
Pe(f)(2) = f(2) = Ec(f)(2),
where C,  is a constant such that Ec(f)(0) = 0. It is clear that
o2
Pe(f)(z) = f(0) = Cep + ff fw)d - [l d dv, z€A. 3)

1 - zw)*w
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Lemmal. If f € B*and 0 < a < 2. Then Pc(f) € B*.

Proof. From (3) and f € B*, we have
2 1- 2 2\1-a
= || f L ol <20 [ [ D @

By Lemma 4.2.2 in [12], we get
(1~ )t 1
—————dudv x ———.
f s =zap T APy

Hence |P.(f)|(1 — |zI*)* < Cl|flg:, which implies Pc(f) € B*. [

Theorem 1. SupposeO<p<00,—2<q<00,0<s<ooand0<s<a=% <2 IffeB*and1l <a+s<3.
Then the following quantities are equivalent:

1. distg«(f, F(p,q,5));

2. infle: g“ltzflfz)(zz_ dxdy is an s-Carleson measure};

3. infle : sup,, ] J;u Hlf@Pa- 212)14° (z, a)dxdy < oo);
4

- infle s sup,ey [fo, ) 1 @F (1= 2F)I(1 ~ loa(@)P)dxdy < co}.

Proof. Letdy, d», d3 and dy be the quantities of (1), (2), (3) and (4) in Theorem 1, respectively. We would show
that dy = d,, d, = dy and d; = dj by three parts.

Part 1: (1) To prove d; < Cd.

We firstly prove that P.(f) € F(p, q,s) if € > d5.

Note that

(1-1aP)(1 - I2P)

1- |O'u(Z)|2 = |1 _ EZ|2

By Lemma 1, (4) and (5), we have
L:=sup,., [[, IPLAPA = 221 = lou@)P) dxdy
<Py supen [T, (Lo 2 ﬁu)'z(;llw'z)dudv) % (1= [2P)*2(1 = loa(2) P dxdy
< CllfI. supen flo, (1 = 0P-(1 = aP) x (], oo dxdy)dudo

From Lemma C, we get

|Z|2)a —2+4s (1 _ |w|2)a+s—3
——————dxdy < C——=—— 6
ﬂ 11— zwl?|1 — zal* y= |1 — wal? (6)

From (6), we know

2)\s 2)\s
L < ClIflf, sup f f ~ YA B
aeh JJa.(f) [T — wal*

Xae(f) (W)
(1-lwf?)>=s

Since
€ > dz.
Since E.(f)(0) = 0, we have

dy = distg:(f, F(p,q,5))) < If = Pe(Hlga = NEe(llgx = NEe(f)ll3

To conclude dq < Cdy, we left to show that [|[Ec(f)|lg: < Ce if € > ds.

dxdy is an s-Carleson measure, by Lemma B, we know L is finite. So P.(f) € F(p, q,s) if
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Since |f'(z)|(1 — |z*)* > €, by Lemma 4.2.2 in [12], we have

ol = 2f'(w)(1 — [wP) A-fwP)l . 2
Ec(f) (Z)|_|ffA\Qe(f) 107 @1 b g, |<2€ff T—op dudo ~ A=

By [|Ec(f)llp= < Ce and the definition of d,, we have d; < ds.
(2) We now prove d, < d; by contradiction.

. X
Indeed, suppose that d; < d, then there exists 0 < €1 < e and f;, € F(p,q, ) such that g Qlfz(lf;)zz )Q dxdy is not
an s-Carleson measure and ||f — f¢, [l < €1.

For z € A, we have

@I = 2" < I, @A = 2P +1If = fellse < £ @I = 2P + €
This means Qc(f) € Q¢ (fe,) and

Ifé (= |(1 — |z )“

Xa.plz) < s

which implies
Xop@) _1fE@PA - )™
A-EP= = (e—ey
Note that |f/ (2)IP(1 — |z|?)7**dxdy is an s-Carleson measure, by Lemma B and (5), which implies that

X z . .. o .
(f‘fz“ﬁ))(z,)s dxdy is also an s-Carleson measure. This is a contradiction. Hence dy < d1. Moreover d; ~ d,.

Part 2: (1) To prove dy < d,, we start with the assumption that @ sz(lfz))(zz ), dxdy is an s-Carleson measure. By

Lemma B and 5, we know that
up ff (-l0@Py _
1SN (1 - |Z|2
Hence we have

_ 2\s
sup [[ 17 @PA - BRI - @y < 1, sup ff (o loa@l)
aer JJaup ser JJap (1 —1z1)

(2) d» < d, is obvious from the following estimate and Lemma B. Because |f’(z)|(1 — |zI*)* > €, we have

— loa(2)P)* . D1 o2\ 2y 4
aeA ff(; ¢ (1=1zP) a—ppp =l ) Salelf ffg;( F@P Q=) ~ loa)Fy dxdy.

Part 3: Since 1 — |z < 2log for z € A, we have ds < Cds. We only need to prove d; < Cdy. Set
I y p

1= [ rera-eergeadd =t s,
Qc(f)

where A(a,r) ={z€ A:|z—a| <r}and

I = f f F QP - 2P G, a)dxdy,
Q(HNAO,3)

L = ff (21 - 2976 (z, a)dxdy.
Q(MAQ,

By the following inequality
1 > log4d > 1, 0a(z
g(z,a) = { 04(2)

|<i;
log——— 1
Toa@) | <40 - l0,@)P), loa(2) = 1
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Hence

I < 4.[[06(]‘) If @)1 - |z|2)qg5(z,a)dxdy

and
h< f f OO~ Ry G iy < I, f f - ER R aindy <G
e e (

where C is a constant number independent of a. Therefore d; < Cdy. O

Corollary 1. Suppose0 <p <o0,-2<g<o0,0<s<ooand0<s<a= ‘%2 <2 IffeHA)and1 <a+s<3.
Then the following conditions are equivalent:
1. f isin the closure of F(p,q, s) in B%;

Xae(n(2)
©(1-zR)%s

2
3. sup,., [, ol @Pa- z12)1g° (2, a)dxdy < oo} for all € > 0;
4. sup,ey [ ) IF @FP (1 = 2711 = lou(2)P)dxdy < oo for all € > 0.

dxdy is an s-Carleson measure for all € > 0;

Corollary 2. SupposeO<p<oo,—2<q<oo,0<s<ooand0<s<0(=%<2. IffeHA),1<a+s<3
and s1 < Sp. Then

diStB"‘ (f/ F(P/ q, 51)) = diStB“ (f/ F(p/ q, SZ))'
Remark:
1. Ifs>1,F(p,q,s) =
2. Ifg+s<-1,F(p,q,s) is trivial.

Similarly, we have the following result.

Theorem 2. SupposeO<p<00,—2<q<00,0<s<ooand0<s<a=% <2 IffeB*andl <a+s<3.
Then the following quantities are equivalent:
1. distp(f, Fo(p, q,5));
distp(f, BY);
infle: (){o;lfz(zz)s dxdy is a compact s-Carleson measure};

infle : limpg ffoe(f) If' @)1 — |z17)19°(z, a)dxdy = 0};
infle : limgon [, o If @P (1= 2271 = loa(2)P)dxdy = 0}.

SIS

Corollary 3. Suppose 0 < p < oo, —2<q<oo,0<s<ooand0<s<a=%<2. IffeBjand1 <a+s<3.

Then f € Fo(p,q,s) if and only if 7 nglfz)(f ! dxdy is a compact s-Carleson measure for all € > 0.
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