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k-Type Hyperbolic Slant Helices in IH?
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Abstract.

In the present paper, we give the notion of k-type hyperbolic slant helices in H?, where k € {0,1,2,3}.

We give the necessary and sufficient conditions for hyperbolic curves to be k-type slant helices in terms of
their hyperbolic curvature functions.

1. Introduction

The notion of a slant helix was due to Izumiya and Takeuchi ([6]). A curve y with non-zero curvature is
called a slant helix in Euclidean 3-space IR if the principal normal line of y makes a constant angle with a
fixed vector in R3. Also some characterizations of such curves were presented in [1, 7, 8, 14]. Slant helices
are the successor curves of the general helices. In particular, they are geodesics of the helix surfaces.

Further, k-type slant helices emerged and attracted attention of researchers. Ergiit et al ([5]) studied
k-slant helices in Minkowski 3-space, R3. Also curves of such a type were studied in Minkowski space-time
by some researchers such as [2, 10]. Lastly, in [12, 13], the authors studied k-slant helices for null curves in
lightlike cone in Minkowski space-time and k-type spacelike slant helices lying on ligthlike surfaces.

On the other hand, in [9], the author considered hyperbolic curves in 3-dimensional hyperbolic space,
and construct the hyperbolic frame of the hyperbolic space curves. Also, the author studied the associated
curve of a hyperbolic curve in H3. Hyperbolic curves in H? according to their Frenet frame, are characterized
in [4].

In this paper, we introduce the notion of k-type hyperbolic slant helices in H3, where k € {0,1,2,3}. We

give the necessary and sufficient conditions for hyperbolic curves to be k-type slant helices in terms of their
hyperbolic curvature functions. Finally, we give the related examples.

2. Priliminaries

The Minkowski space-time [E{ is the Euclidean 4-space [E* equipped with indefinite flat metric given by

(,)= —dx% + dx% +dx§ + dxi,
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where (x1, x2, X3, X4) is a rectangular coordinate system of lE‘ll. Recall that a vector v € IE%\{O} can be spacelike
if (v,v) > 0, timelike if (v, v) < 0 and null (lightlike) if (v, v) = 0. In particular, the vector v = 0 is said to be a
spacelike. The norm of a vector v is given by |[v]| = V| (v, v)|. Two vectors v and w are said to be orthogonal,
if (v, wy = 0. An arbitrary curve a(s) in E}, can locally be spacelike, timelike or null (lightlike), if all its
velocity vectors ’(s) are respectively spacelike, timelike or null [11].

A null curve «a is parameterized by pseudo-arc s if (a’’(s), a”’(s)) = 1 [3]. On the other hand, a non-null
curve « is parametrized by the arc-length parameter s if (a’(s), a’(s)) = +1.

Let m be a fixed point and r > 0 be a constant. The pseudo-Riemannian hyperbolic space is defined by

H3 (m,r) = {ue]E% u—m,u—m) =—r*).

When m = 0 and r = 1, we denote H? (0, 1) by H®.
For the regular curve x (s) C H3 C ]E‘l1 with hyperbolic Frenet frame {x (s), @ (s),  (s), y (s)} and hyperbolic
curvature functions « (s), 7 (s), the Frenet formulas of hyperbolic space curve x (s) in H® can be written as

X () = als),
a(s) = x(8)+x(s)y(s), 1)
) = 1)y,

y) = —x@)a@) -16)p),
where for all s,
(x(s),x(s) ==1, (a(s),a())y={(B(),p6)=(y(),y@6) =1,
(x(s),a(s)) =(x(s),B(s)) = (x(s),y(s)) =0,

(a(s),B(s)) =(a(s),y () =(B(s),y(s)) =0.

If (x” (s),x"" (s)) = —1, together with (x(s),x(s)) = (x(s),x” (s)) = —1 we know that x” (s) = x(s). So we
assume that (x” (s),x” (s)) > —1 and call the curve regular ([9]).

3. k-type hyperbolic slant helices in 3-dimensional hyperbolic space H?
In this section, we study k-type hyperbolic slant helices in hyperbolic space H>. Let us set that

Vo=x, Vi=a, Vo=8 Vi=uy.
In the following definition, we introduce the k-type slant helices lying in pseudohyperbolic space H3.
Definition 3.1. A hyperbolic space curve x (s) parametrized by arc-length s with hyperbolic Frenet frame {Vy, V1, Vs, V3}
in pseudohyperbolic space H? is called a k-type hyperbolic slant helix for k € {0,1,2, 3} if there exists a non-zero fixed
vector U € IEj such that the following holds

(Vi, Uy = constant.

Firstly, we consider 0-type hyperbolic slant helices in H®.

Theorem 3.2. Let x (s) be a hyperbolic space curve in H3 parametrized by arc-length s with non-zero curvatures x,
7. Then x (s) is a O-type hyperbolic slant helix if and only if

ORI
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Proof. Assume that x (s) is a 0-type hyperbolic slant helix in H? parametrized by arc-length s with non-zero
curvatures x, 7. Then there exists a non-zero fixed vector U € ]E‘l1 such that

(x,Uy=c¢c, ceR. 3)
Taking derivative of the equation (3) with respect to s and using Frenet equations (1), we get

@ Uy =0, (yUy=-=. @
By using (4), we can write U with respect to the frame {x, «, 8, y} as follows

U=-cx+Ap - %y, ®)

where A is some differentiable function of s and ¢ € R\ {0}. Taking derivative of the equation (5) with respect
to s and using Frenet equations (1), we have

, T V)
(/\ +c;)ﬁ+()\r—c(;))y—0
which implies that
DORIDR
/) \x T \K K

Conversely, assume that (2) holds. Choosing the vector U as

, (6)

K

1/1Y 1
U=——clx-=|(- =
¢ [x T ( ) Pt Y
we get U’ = 0 and (x, U) = c (constant). Thus x (s) is a O-type hyperbolic slant helix. [

Example 3.3. The hyperbolic curvature functions

= Vst + 652 + 10 and . 252
a $2+2 T st 4652410

satisfy (2). The hyperbolic curve x (s) with the hyperbolic curvature functions x and t can be written as

x(s) = ( Vs2 + 2,scosA,l,ssinA)

with
s ssin A scos A
a(s) = (ﬁ,COSA—\/%,O,SinA+ Cs(2)8+2)'
452D -s m@ + sz) cosA — (4 + 52) sin A
ye = [\/52+2\/s4+652+10, Vs2 +2 Vst + 652 + 10
—2-2 (4+sz)cosA—s\/m<3+sz)sinA
Vst 1652+ 10 Vs2 + 2 Vst 1 652 + 10 ]
2Vs2 +2 SMCOSA—(SZ+2)SH’1A
pe = [Vs4+6s2+10' V2 +2Vst+ 652+ 10

4482 s\/sz+25inA+(sz+2)cosA
Vi +6s2+10 V2 +2Vst + 652 + 10
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where A =arcsinh%. So we get

1/1Y 1
u-= _C[x_ ; (;) ,8+ ;y:| - (OIOICIO)
and (x, U) = c (constant). Thus x (s) is a 0-type hyperbolic slant helix.

Example 3.4. The following hyperbolic curvature functions satisfy (2).
()x=1/coss, =1 (iyx =1/ cos(Ins), T =1/s

Corollary 3.5. The axis of a 0-type hyperbolic slant helix is given by

1/(1Y 1
U=—C[x‘;(;)ﬁ+;y] ?
where ¢ € R\ {0}.

Corollary 3.6. Let x (s) be a hyperbolic space curve in H? parametrized by arc-length s with non-zero curvatures x,
7. Then x (s) is a 0-type hyperbolic slant helix if and only if

2
1 (/1Y 1
= ((;) ) + == constant. (8)

Proof. Assume that x (s) is a 0-type hyperbolic slant helix in H® parametrized by arc-length s with non-zero
curvatures «, 7. From (7) , we have

1 (1 ) S
— (= + — = constant.
72 \\x K2

Conversely, assume that the relation (8) holds. Then taking derivative of the equation (8) with respect
tos, we get

1V (1y 1/1Y\" =
) \k T\K K
which means that x (s) is a O-type hyperbolic slant helix. [

Secondly, we consider 1-type hyperbolic slant helices in H?.

Theorem 3.7. Let x (s) be a hyperbolic space curve in H> parametrized by arc-length s with non-zero curvatures x,
7. Then x (s) is a 1-type hyperbolic slant helix if and only if

c (%)/ (% - K) - (%)I (%>/ (—as+) +ol (2(%>/ - K’) -1 (%)” (—c1s +c2) — L(—c1s +¢2) =0, ©)

where c1,c; € Rand (c1,¢2) # (0,0).

Proof. Assume that x (s) is a 1-type hyperbolic slant helix in H? parametrized by arc-length s with non-zero
curvatures x, 7. Then there exists a non-zero fixed vector U € ]E‘l1 such that

(a,Uy=1c1, c1€R. (10)
Then we can write U with respect to the frame {x, , §, y} as follows

U=Mx+ca+ Ag,ﬁ + /\4_1/ (11)
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where A1, A3 and A4 are some differentiable functions of s. Differentiating the equation (11) with respect to
s and using Frenet equations (1), we get

0= (A1 +c1)x+ (M —xAg)a+ (A5 = TAs) B+ (crrc + AsT + A}) y
which implies that
/\i +c1 =0,
/\1 - K/\4 = 0,

/\’3—’[/\4 :0,
C1K+/\3’L’+/\:1 =0.

(12)

Solving (12), we get

c1 (%)/ (% - K) - (%)/ (%)/ (—as+ )+t (2(%)’ - K’) -1 (%)H (—as+0) = L(-as+0) =0,

where ¢, € R and (c1,¢p) # (0,0).
Conversely, assume that the relation (9) holds. Then choosing the vector U as follows

{2 (e

1
U= (-cs+o)x+ca+— ﬁ+;(—cls+cz)y,

we get U’ = 0 and (a, U) = c; (constant). Thus x (s) is a 1-type hyperbolic slant helix. [J

Example 3.8. The following hyperbolic curvature functions satisfy (9).
(i)c1=0,c0=1,xk=1/sins, T =1.

Corollary 3.9. The axis of a 1-type hyperbolic slant helix is given by

o) (2 cese

U=(—cs+0)x+caa+—
T

1
B+ p (—c1s+c2)y,

where ¢1,c; € Rand (c1,¢2) # (0,0).
Assume that ¢; = 01in (9), Then we have ¢, # 0 and
B2 o
) \x T \K K
Then x (s) is a 0-type hyperbolic slant helix. Thus we give the following corollary.

Corollary 3.10. Let x (s) be a hyperbolic space curve in H> parametrized by arc-length s with non-zero curvatures
k, T. Then x (s) is a O-type hyperbolic slant helix if and only if x (s) is a 1-type hyperbolic slant helix whose axis U
satisfies (o, U) = 0.

Thirdly, we consider 2-type hyperbolic slant helices in H5.

Theorem 3.11. Let x (s) be a hyperbolic space curve in H? parametrized by arc-length s with non-zero curvatures x,
7. Then x (s) is a 2-type hyperbolic slant helix if and only if

(%) -2 =0, (13)

or equivalently

T _
— =16 + e
K
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Proof. Assume that x (s) is a 2-type hyperbolic slant helix in H? parametrized by arc-length s with non-zero
curvatures x, 7. Then there exists a non-zero fixed vector U € ]E‘l1 such that

B, U)y=c, ceR. (14)

Assume that ¢ = 0. Then U = 0 which is a contradiction. So ¢ # 0.
Taking derivative of the equation (14) with respect to s and using Frenet equations (1), we get

(a, Uy = —%c, (y, U) = 0. (15)
By using (15), we can write U with respect to the frame {x, «, , y} as follows
U=Ax- %ca+cﬁ (16)

where A is some differentiable function of s. Differentiating the equation (16) with respect to s and using
Frenet equations (1), we get

0= (A’ - Ec)x + (/\ —c(z) )a
K K
which implies that
5 20
K K
or equivalently

T _
— =16 + e’
K

Conversely, assume that the relation (13) holds. Then choosing the vector U as follows
U= c(z) x-Zea +cf,
K K
where c € R\ {0}, we get U’ = 0 and (B, U) = ¢ (constant). Thus x (s) is a 2-type hyperbolic slant helix. [
Example 3.12. The following hyperbolic curvature functions satisfy (13).

Hx=11=¢ @ x=€,1=1

Corollary 3.13. The axis of a 2-type hyperbolic slant helix is given by
U=c(c1e —ce™®)x — (c16® + c2¢™°) a + cf,
where ¢ € R\ {0}.
Lastly, we consider 3-type hyperbolic slant helices in H?.

Theorem 3.14. Let x (s) be a hyperbolic space curve in H? parametrized by arc-length s with non-zero curvatures x,
7. Then x (s) is a 3-type hyperbolic slant helix if and only if

f(%fids)ds—(%)lfnis: KZ;TZ. (17)
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Proof. Assume that x (s) is a 3-type hyperbolic slant helix in H? parametrized by arc-length s with non-zero
curvatures x, 7. Then there exists a non-zero fixed vector U € ]E‘l1 such that

(y,Uy=¢, ceR\{0}. (18)
Then we can write U with respect to the frame {x, , §, y} as follows
U=Mx+ Aa+ A3‘B +cy (19)

where A1, A; and A3 are some differentiable functions of s. Differentiating the equation (19) with respect to
s and using Frenet equations (1), we get

0= (/\1 +A2)x+(/\1 +A§—cx)oc+()\g—CK)ﬁ+()\2K+/\31)y,

which implies that
/\i +A, =0,
A+ /\é —cx =0,
/\’3 —cxk =0, (20)

Ak + Azt =0.

Solving (20), we get

s fram2e

Conversely, assume that the relation (13) holds. Then choosing the vector U as follows

U=(f(%f’[ds)ds)x—(%f’fds)a"'f”fdsﬁ"'yf

we get U’ = 0 and (y, U) = 1 (constant). Thus x (s) is a 3-type hyperbolic slant helix. [

Example 3.15. The following hyperbolic curvature functions satisfy (17).
x=s1t=1 (f)x=-s,1=1

Corollary 3.16. The axis of a 3-type hyperbolic slant helix is given by

[ e

where c € R\ {0}.
Assume that ¢ = 0 in (20) , then we have

A+ =0, A+A,=0,
)\é =0, Ax+Az3r=0.

which implies that
T S —S
— =€ +cpe .
K
Then x (s) is a 2-type hyperbolic slant helix. Thus we give the following corollary.

Corollary 3.17. Let x (s) be a hyperbolic space curve in H> parametrized by arc-length s with non-zero curvatures
k, T. Then x (s) is a 2-type hyperbolic slant helix if and only if x (s) is a 3-type hyperbolic slant helix whose axis U
satisfies (y, U) = 0.
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