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Abstract. In this paper, we use the fixed point theory to obtain the existence and uniqueness of solutions
for nonlinear implicit Riemann-Liouville fractional differential equations with nonlocal conditions. An
example is given to illustrate this work.

1. Introduction

The concept of fractional calculus is a generalization of the ordinary differentiation and integration
to arbitrary non integer order. Fractional differential equations with and without delay arise from a
variety of applications including in various fields of science and engineering such as applied sciences,
practical problems concerning mechanics, the engineering technique fields, economy, control systems,
physics, chemistry, biology, medicine, atomic energy, information theory, harmonic oscillator, nonlinear
oscillations, conservative systems, stability and instability of geodesic on Riemannian manifolds, dynamics
in Hamiltonian systems, etc. In particular, problems concerning qualitative analysis of linear and nonlinear
fractional differential equations with and without delay have received the attention of many authors, see
[1]–[24], [26]–[30] and the references therein.

Recently, in [7], by using the lower and upper solutions method, the authors proved the existence of
iterative solutions for a class of fractional initial value problem with non-monotone term{

Dα
0+ x (t) = f (t, x (t)) , t ∈ (0,T] ,

t1−αx (t)
∣∣∣
t=0

= x0 , 0, x0 ∈ R,

where Dα
0+ is the standard Riemann-Liouville fractional derivative, f : (0,T] × R → R is a continuous

function and 0 < α < 1.
In [9], the authors discussed the existence and Ulam stability analysis of the following fractional differ-

ential equation Dα
0+ x (t) = f

(
t, x (t) ,Dα

0+ x (t)
)
, t ∈ (0,T] ,

t1−αx (t)
∣∣∣
t=0

= x0, x0 ∈ R,
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where Dα
0+ is the standard Riemann-Liouville fractional derivative, f : (0,T] × R × R → R is a continuous

function and 0 < α < 1.
Inspired and motivated by the above works, we study the existence and uniqueness of solutions for the

following fractional differential equation with nonlocal conditions Dα
0+ x (t) = f

(
t, x (t) ,Dα

0+ x (t)
)
, t ∈ (0,T] ,

t1−αx (t)
∣∣∣
t=0

= x0 − 1(x), x0 ∈ R,
(1)

where Dα
0+ is the standard Riemann-Liouville fractional derivative of order 0 < α < 1, f : (0,T]×R×R→ R

and 1 : C ((0,T] ,R) → R are continuous nonlinear functions. To show the existence and uniqueness of
solutions, we transform (1) into an integral equation and then use the Banach and Krasnoselskii fixed point
theorems. Finally, we provide an example to illustrate our obtained results.

The rest of this paper is organized as follows. Some definitions from fractional calculus theory are
recalled in Section 2. In Section 3, we prove the existence and uniqueness of solutions for (1). Finally, in
Section 4, we give an example to illustrate the usefulness of our main results.

2. Preliminaries

In this section we present some basic definitions, notations and results of fractional calculus which are
used throughout this paper.

Let T > 0, J = [0,T]. By C (J,R) we denote the Banach space of all continuous functions from J into R
with the norm

‖x‖∞ = sup {|x (t)| : t ∈ J} .

Let us set AC(J) be the space of absolutely continuous valued functions on J, and set

ACn (J) =
{
x : J→ R : x, x′, x′′, ..., xn−1

∈ C(J,R) and xn−1
∈ AC(J)

}
.

In what follows γ > 0, we consider the weighted space of continuous functions

Cγ (J,R) = {x : (0,T]→ R : tγx ∈ C (J,R)} ,

with the norm

‖x‖Cγ = sup
t∈J
|tγx (t)| .

Clearly Cγ (J,R) is a Banach space.

Definition 2.1 ([16]). The fractional integral of order α > 0 of a function x : J→ R is given by

Iα0+ x (t) =
1

Γ (α)

∫ t

0
(t − s)α−1 x (s) ds,

provided the right side is pointwise defined on J. Where Γ is the gamma function defined by

Γ (α) =

∫
∞

0
sα−1e−sds.

Definition 2.2 ([16]). For a function x ∈ ACn (J), the Riemann-Liouville fractional order derivative of order α of x,
is defined by

Dα
0+ x (t) =

1
Γ (n − α)

(
d
dt

)n ∫ t

0
(t − s)n−α−1 x (s) ds,

where n = [α] + 1 and [α] denotes the integer part of real number α.
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Lemma 2.3 ([16]). The general solution of linear fractional differential equation

Dα
0+ x (t) = 0,

is given by

x (t) = c1tα−1 + c2tα−2 + c3tα−3 + ... + cntα−n, ci ∈ R, i = 1, 2, ...,n,

where n = [α] + 1 and [α] denotes the integer part of real number α.

Lemma 2.4 ([16]). We have

Iα0+ tβ−1 =
Γ
(
β
)

Γ
(
α + β

) tα+β−1, α ≥ 0, β > 0.

Theorem 2.5 (Banach’s fixed point theorem [25]). Let Ω be a non-empty closed convex subset of a Banach space
(S, ‖.‖), then any contraction mapping Φ of Ω into itself has a unique fixed point.

Theorem 2.6 (Krasnoselskii’s fixed point theorem [25]). Let Ω be a non-empty closed bounded convex subset
of a Banach space (S, ‖.‖). Suppose that F1 and F2 map Ω into S such that

(i) F1x + F2y ∈ Ω for all x, y ∈ Ω,
(ii) F1 is continuous and compact,
(iii) F2 is a contraction with constant l < 1.
Then there is a z ∈ Ω with F1z + F2z = z.

3. Existence and uniqueness

Let us start by defining what we mean by a solution of the problem (1).

Definition 3.1. A function x ∈ C1 ((0,T] ,R) is said to be a solution of (1) if x satisfies Dα
0+ x (t) = f

(
t, x (t) ,Dα

0+ x (t)
)

for any t ∈ (0,T] and t1−αx (t)
∣∣∣
t=0

= x0 − 1(x).

For the existence of solutions for the problem (1), we need the following auxiliary lemma.

Lemma 3.2. The function x solves (1) if and only if it is a solution of the integral equation

x (t) = tα−1 (
x0 − 1 (x)

)
+

1
Γ (α)

∫ t

0
(t − s)α−1 f

(
s, x (s) ,Dα

0+ x (s)
)

ds, t ∈ (0,T] . (2)

Proof. Suppose the function x satisfies the problem (1), then applying Iα0+ to both sides of (1), we have

Iα0+ Dα
0+ x (t) = Iα0+ f

(
t, x (t) ,Dα

0+ x (t)
)
.

In view of Lemma 2.3, we get

x (t) = c1tα−1 +
1

Γ (α)

∫ t

0
(t − s)α−1 f

(
s, x (s) ,Dα

0+ x (s)
)

ds. (3)

The condition t1−αx (t)
∣∣∣
t=0

= x0 − 1(x) implies that

c1 = x0 − 1 (x) . (4)

Substituting (4) in (3) we get the integral equation (2). The converse can be proven by direct computations.
The proof is completed.
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In the following subsections we prove existence, as well as existence and uniqueness results, for the
problem (1) by using a variety of fixed point theorems.

The following assumptions will be used in our main results.
(H1) There exist constants k1 > 0 and k2 ∈ (0, 1) such that∣∣∣ f (t,u, v) − f (t,u∗, v∗)

∣∣∣ ≤ k1 |u − u∗| + k2 |v − v∗| ,

for t ∈ (0,T], u, v,u∗, v∗ ∈ R and f (., 0, 0) ∈ C1−α (J,R).
(H2) There exist a constant b ∈ (0, 1) such that∣∣∣1 (u) − 1 (u∗)

∣∣∣ ≤ b ‖u − u∗‖C1−α
,

for u,u∗ ∈ C1−α (J,R).

3.1. Existence and uniqueness results via Banach’s fixed point theorem
Theorem 3.3. Assume that the assumptions (H1) and (H2) are satisfied. If

b +
Γ (α) k1Tα

Γ (2α) (1 − k2)
< 1, (5)

then there exists a unique solution for the problem (1) in the space C1−α (J,R).

Proof. We define the operator Φ : C1−α (J,R)→ C1−α (J,R) by

(Φx) (t) = tα−1 (
x0 − 1 (x)

)
+

1
Γ (α)

∫ t

0
(t − s)α−1 h (s) ds, t ∈ (0,T] ,

where h : (0,T]→ R be a function satisfying the functional equation

h (t) = f (t, x (t) , h (t)) .

By Lemma 3.2, the fixed points of operator Φ are solutions of (1). The operator Φ is well define, i.e. for
every x ∈ C1−α (J,R) and t > 0, the integral

1
Γ (α)

∫ t

0
(t − s)α−1 h (s) ds, (6)

belongs to C1−α (J,R). Under the condition (H1),

|h (t)| =
∣∣∣ f (t, x (t) , h (t))

∣∣∣ ≤ k1

1 − k2
|x (t)| + ctα−1 for each t ∈ (0,T] , (7)

where c =
supt∈J|t

1−α f (t,0,0)|
1−k2

. For every x ∈ C1−α (J,R), we have∣∣∣∣∣∣ t1−α

Γ (α)

∫ t

0
(t − s)α−1 h (s) ds

∣∣∣∣∣∣ ≤ t1−α

Γ (α)

∫ t

0
(t − s)α−1

|h (s)| ds

≤
t1−α

Γ (α)

∫ t

0
(t − s)α−1

(
k1

1 − k2
|x (s)| + csα−1

)
ds

≤
t1−α

Γ (α)

∫ t

0
(t − s)α−1 sα−1

(
k1

1 − k2

∣∣∣s1−αx (s)
∣∣∣ + c

)
ds

≤

(
k1

1 − k2
‖x‖C1−α

+ c
)

t1−αIα0+

(
tα−1

)
.
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By Lemma 2.4, we have∣∣∣∣∣∣ t1−α

Γ (α)

∫ t

0
(t − s)α−1 h (s) ds

∣∣∣∣∣∣ ≤
(

k1

1 − k2
‖x‖C1−α

+ c
)

Γ (α) tα

Γ (2α)
≤

(
k1

1 − k2
‖x‖C1−α

+ c
)

Γ (α) Tα

Γ (2α)
.

That is to say that the integral exists and belongs to C1−α (J,R).
Let x, y ∈ C1−α (J,R). Then for t ∈ (0,T], we have∣∣∣(Φx) (t) −

(
Φy

)
(t)

∣∣∣ ≤ tα−1
∣∣∣1 (x) − 1

(
y
)∣∣∣ +

1
Γ (α)

∫ t

0
(t − s)α−1

∣∣∣hx (s) − hy (s)
∣∣∣ ds

where hx, hy ∈ C1−α (J,R) be such that

hx (t) = f (t, x (t) , hx (t)) ,

and

hy (t) = f
(
t, y (t) , hy (t)

)
.

By (H1) we have∣∣∣hx (t) − hy (t)
∣∣∣ =

∣∣∣∣ f (t, x (t) , hx (t)) − f
(
t, y (t) , hy (t)

)∣∣∣∣ ≤ k1

∣∣∣x (t) − y (t)
∣∣∣ + k2

∣∣∣hx (t) − hy (t)
∣∣∣ .

Then ∣∣∣hx (t) − hy (t)
∣∣∣ ≤ k1

1 − k2

∣∣∣x (t) − y (t)
∣∣∣ .

Therefore, for each t ∈ (0,T]∣∣∣(Φx) (t) −
(
Φy

)
(t)

∣∣∣ ≤ btα−1
∥∥∥x − y

∥∥∥
C1−α

+
k1

Γ (α) (1 − k2)

∫ t

0
(t − s)α−1

∣∣∣x (s) − y (s)
∣∣∣ ds

= tα−1b
∥∥∥x − y

∥∥∥
C1−α

+
k1

Γ (α) (1 − k2)

∫ t

0
(t − s)α−1 sα−1

∣∣∣s1−α (
x (s) − y (s)

)∣∣∣ ds

≤ tα−1b
∥∥∥x − y

∥∥∥
C1−α

+
k1

1 − k2
Iα0+

(
tα−1

) ∥∥∥x − y
∥∥∥

C1−α
.

By Lemma 2.4, we have∣∣∣(Φx) (t) −
(
Φy

)
(t)

∣∣∣ ≤ tα−1b
∥∥∥x − y

∥∥∥
C1−α

+
Γ (α) k1t2α−1

Γ (2α) (1 − k2)

∥∥∥x − y
∥∥∥

C1−α
,

which implies that∣∣∣t1−α (
(Φx) (t) −

(
Φy

)
(t)

)∣∣∣ ≤ b
∥∥∥x − y

∥∥∥
C1−α

+
Γ (α) k1tα

Γ (2α) (1 − k2)

∥∥∥x − y
∥∥∥

C1−α

≤ b
∥∥∥x − y

∥∥∥
C1−α

+
Γ (α) k1Tα

Γ (2α) (1 − k2)

∥∥∥x − y
∥∥∥

C1−α
.

Thus ∥∥∥Φx −Φy
∥∥∥

C1−α
≤

(
b +

Γ (α) k1Tα

Γ (2α) (1 − k2)

) ∥∥∥x − y
∥∥∥

C1−α
.

From (5), Φ is a contraction. As a consequence of Banach’s fixed point theorem, we get that Φ has a unique
fixed point which is a unique solution of the problem (1).
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3.2. Existence results via Krasnoselskii’s fixed point theorem

Theorem 3.4. Assume (H1), (H2) and the following hypothesis
(H3) There exist p1 ∈ C1−α (J,R+), p2, p3 ∈ C (J,R+) with p∗3 = supt∈J p3 (t) < 1 such that∣∣∣ f (t,u, v)

∣∣∣ ≤ p1 (t) + p2 (t) |u| + p3 (t) |v| ,

for t ∈ (0,T] and each u, v ∈ R.
If

λ = b +
p∗2Γ (α) Tα(

1 − p∗3
)
Γ (2α)

< 1,

where p∗2 = supt∈J p2 (t). Then the boundary value problem (1) has at least one solution in Ω.

Proof. Set

R =
1

1 − λ
, Λ = |x0| + Q +

Tαp∗1Γ (α)(
1 − p∗3

)
Γ (2α)

,

where p∗1 = supt∈J

{
t1−αp1 (t)

}
and Q =

∣∣∣1 (0)
∣∣∣. Let us fix

M ≥ RΛ.

Consider the non-empty closed bounded convex subset Ω =
{
x ∈ C1−α (J,R) : ‖x‖C1−α

≤M
}

and define two
operators F1 and F2 on Ω, as follows

(
F1 x

)
(t) =

1
Γ (α)

∫ t

0
(t − s)α−1 h (s) ds,

and (
F2 x

)
(t) = tα−1 (

x0 − 1 (x)
)
,

where h : (0,T]→ R be a function satisfying the functional equation

h (t) = f (t, x (t) , h (t)) .

We shall use the Krasnoselskii fixed point theorem to prove there exists at least one fixed point of the
operator F1 + F2 in Ω. The proof will be given in several steps.

Step 1. We prove that F1 x + F2y ∈ Ω for all x, y ∈ Ω.
For any x, y ∈ Ω and t ∈ (0,T], we have

∣∣∣(F1 x
)

(t) +
(
F2y

)
(t)

∣∣∣ ≤ ∣∣∣∣∣∣tα−1 (
x0 − 1 (x)

)
+

1
Γ (α)

∫ t

0
(t − s)α−1 h (s) ds

∣∣∣∣∣∣
≤ tα−1

|x0| + tα−1
∣∣∣1 (x) − 1 (0)

∣∣∣ + tα−1
∣∣∣1 (0)

∣∣∣ +
1

Γ (α)

∫ t

0
(t − s)α−1 sα−1

∣∣∣s1−αh (s)
∣∣∣ ds

≤ tα−1
|x0| + tα−1b ‖x‖C1−α

+ tα−1Q +
1

Γ (α)

∫ t

0
(t − s)α−1 sα−1

∣∣∣s1−αh (s)
∣∣∣ ds

≤ tα−1
|x0| + tα−1bM + tα−1Q +

1
Γ (α)

∫ t

0
(t − s)α−1 sα−1

∣∣∣s1−αh (s)
∣∣∣ ds. (8)
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By (H3), for each t ∈ (0,T], we have

|h (t)| =
∣∣∣ f (t, x (t) , h (t))

∣∣∣ ≤ p1 (t) + p2 (t) |x (t)| + p3 (t) |h (t)| .

Hence, we get∣∣∣t1−αh (t)
∣∣∣ ≤ t1−αp1 (t) + p2 (t)

∣∣∣t1−αx (t)
∣∣∣ + p3 (t)

∣∣∣t1−αh (t)
∣∣∣ ≤ p∗1 + p∗2M + p∗3

∣∣∣t1−αh (t)
∣∣∣ ,

then, we have∣∣∣t1−αh (t)
∣∣∣ ≤ p∗1 + p∗2M

1 − p∗3
. (9)

Replacing (9) in the inequality (8) and with Lemma 2.4, we get

∣∣∣(F1 x
)

(t) +
(
F2y

)
(t)

∣∣∣ ≤ tα−1
|x0| + tα−1bM + tα−1Q +

(
p∗1 + p∗2M

1 − p∗3

)
1

Γ (α)

∫ t

0
(t − s)α−1 sα−1ds

≤ tα−1
|x0| + tα−1bM + tα−1Q +

(
p∗1 + p∗2M

1 − p∗3

)
Γ (α)
Γ (2α)

t2α−1.

Therefore

∣∣∣t1−α ((
F1 x

)
(t) + (F2x) (t)

)∣∣∣ ≤ |x0| + Q +
Tαp∗1Γ (α)(

1 − p∗3
)
Γ (2α)

+

b +
p∗2Γ (α) Tα(

1 − p∗3
)
Γ (2α)

 M.

Thus ∥∥∥F1 x + F2x
∥∥∥

C1−α
≤ Λ + λM ≤

M
R

+
(
1 −

1
R

)
M = M.

Hence F1x + F2y ∈ Ω for all x, y ∈ Ω.
Step 2. We show that F1 is continuous.
Let (xn)n∈N be a sequence such that xn → x in C1−α (J,R), then for each t ∈ (0,T], we have

∣∣∣(F1 xn
)

(t) −
(
F1 x

)
(t)

∣∣∣ ≤ 1
Γ (α)

∫ t

0
(t − s)α−1

|hn (s) − h (s)| ds, (10)

where hn, h ∈ C1−α (J,R) be such that

hn (t) = f (t, xn (t) , hn (t)) ,

and

h (t) = f (t, x (t) , h (t)) .

By (H1) we have

|hn (t) − h (t)| =
∣∣∣ f (t, xn (t) , hn (t)) − f (t, x (t) , h (t))

∣∣∣ ≤ k1 |xn (t) − x (t)| + k2 |hn (t) − h (t)| .

Then

|hn (t) − h (t)| ≤
k1

1 − k2
|xn (t) − x (t)| . (11)
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By replacing (11) in inequality (10), we find

∣∣∣(F1 xn
)

(t) −
(
F1 x

)
(t)

∣∣∣ ≤ k1

(1 − k2) Γ (α)

∫ t

0
(t − s)α−1

|xn (t) − x (t)| ds

=
k1

(1 − k2) Γ (α)

∫ t

0
(t − s)α−1 sα−1

∣∣∣s1−α (xn (t) − x (t))
∣∣∣ ds

≤
k1

1 − k2
Iα0+

(
tα−1

)
‖xn − x‖C1−α

By Lemma 2.4, we have

∣∣∣(F1 xn
)

(t) −
(
F1 x

)
(t)

∣∣∣ ≤ Γ (α) k1t2α−1

(1 − k2) Γ (2α)
‖xn − x‖C1−α

,

which implies that

∣∣∣t1−α ((
F1 xn

)
(t) −

(
F1 x

)
(t)

)∣∣∣ ≤ Γ (α) k1tα

(1 − k2) Γ (2α)
‖xn − x‖C1−α

≤
Γ (α) k1Tα

(1 − k2) Γ (2α)
‖xn − x‖C1−α

.

Thus ∥∥∥F1 xn − F1 x
∥∥∥

C1−α
≤

Γ (α) k1Tα

(1 − k2) Γ (2α)
‖xn − x‖C1−α

,

and hence∥∥∥F1 xn − F1 x
∥∥∥

C1−α
→ 0 as n→∞.

Consequently, F1 is continuous.
Step 3. We prove that F1 is compact.
For all x ∈ Ω and t ∈ (0,T], we have

∣∣∣(F1 x
)

(t)
∣∣∣ ≤ 1

Γ (α)

∫ t

0
(t − s)α−1 sα−1

∣∣∣s1−αh (s)
∣∣∣ ds. (12)

Replacing (9) in the inequality (12) and with Lemma 2.4, we get

∣∣∣(F1 x
)

(t)
∣∣∣ ≤ (

p∗1 + p∗2M
1 − p∗3

)
Γ (α)
Γ (2α)

t2α−1.

Therefore∣∣∣t1−α (
F1 x

)
(t)

∣∣∣ ≤ (
p∗1 + p∗2M

1 − p∗3

)
Γ (α)
Γ (2α)

Tα.

Thus ∥∥∥F1 x
∥∥∥

C1−α
≤

(
p∗1 + p∗2M

1 − p∗3

)
Γ (α)
Γ (2α)

Tα.

Hence F1 (Ω) is uniformly bounded.
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It remains to show that F1 (Ω) is equicontinuous, let 0 ≤ t1 < t2 ≤ T and x ∈ Ω. Then∣∣∣t1−α
2

(
F1 x

)
(t2) − t1−α

1
(
F1 x

)
(t1)

∣∣∣
=

1
Γ (α)

∣∣∣∣∣∣
∫ t1

0
t1−α
2 (t2 − s)α−1 h (s) ds +

∫ t2

t1

t1−α
2 (t2 − s)α−1 h (s) ds −

∫ t1

0
t1−α
1 (t1 − s)α−1 h (s) ds

∣∣∣∣∣∣
≤

1
Γ (α)

∫ t1

0

∣∣∣t1−α
2 (t2 − s)α−1 sα−1

− t1−α
1 (t1 − s)α−1 sα−1

∣∣∣ ∣∣∣s1−αh (s)
∣∣∣ ds

+
1

Γ (α)

∫ t2

t1

t1−α
2 (t2 − s)α−1 sα−1

∣∣∣s1−αh (s)
∣∣∣ ds

≤
p∗1 + p∗2M

1 − p∗3

(
1

Γ (α)

∫ t1

0

∣∣∣t1−α
2 (t2 − s)α−1

− t1−α
1 (t1 − s)α−1

∣∣∣ sα−1ds
)

+
p∗1 + p∗2M

1 − p∗3

(
1

Γ (α)

∫ t2

t1

t1−α
2 (t2 − s)α−1 sα−1ds

)
.

As t1 → t2, the right-hand side of the above inequality tends to zero. That is to say that F1 (Ω) is equicon-
tinuous, then by Ascoli-Arzela theorem, we can conclude that the operator F1 is compact.

Step 4. We prove that F2 : Ω→ C1−α (J,R) is a contraction mapping.
For all x ∈ Ω and from (H2), we have∣∣∣(F2 x

)
(t) −

(
F2 y

)
(t)

∣∣∣ =
∣∣∣tα−1 (

1 (x) − 1
(
y
))∣∣∣ ≤ tα−1b

∥∥∥x − y
∥∥∥

C1−α
.

Therefore∣∣∣t1−α ((
F2 x

)
(t) −

(
F2 y

)
(t)

)∣∣∣ ≤ b
∥∥∥x − y

∥∥∥
C1−α

.

Thus ∥∥∥F2 x − F2 y
∥∥∥

C1−α
≤ b

∥∥∥x − y
∥∥∥

C1−α
.

Hence, the operator F2 is a contraction.
Clearly, all the hypotheses of the Krasnoselskii fixed point theorem (see [25]) are satisfied. Thus there a

fixed point x ∈ Ω such that x = F1 x + F2 x, which is a solution of the problem (1).

4. Example

We consider the following fractional initial value problem
D

2
3
0+ x (t) = 1

4 exp(−t+2)
(
1+|x(t)|+

∣∣∣∣∣D 2
3
0+ x(t)

∣∣∣∣∣) + 1

t
1
3
, t ∈ (0, 1] ,

t
1
3 x (t)

∣∣∣
t=0

= 1
2 −

n∑
i=1

cit
1
3
i y (ti) ,

(13)

where 0 < t1 < ... < tn < 1 and ci, i = 1, ...,n are positive constants with
n∑

i=1
ci ≤

1
4 . Set

f (t,u, v) =
1

4 exp(−t + 2) (1 + |u| + |v|)
+

1

t
1
3

, t ∈ (0, 1] , u, v ∈ R,

We have

C1−α ([0, 1] ,R) = C 1
3

([0, 1] ,R) =
{
h : (0, 1]→ R : t

1
3 h ∈ C ([0, 1] ,R)

}
,
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with α = 2
3 . Clearly the functions f and 1 are continuous, f (., 0, 0) ∈ C 1

3
([0, 1] ,R). For each u,u∗, v, v∗ ∈ R

and t ∈ (0, 1], we have∣∣∣ f (t,u, v) − f (t,u∗, v∗)
∣∣∣ =

∣∣∣∣∣∣ 1
4 exp(−t + 2)

(
1

(1 + |u| + |v|)
−

1
(1 + |u∗| + |v∗|)

)∣∣∣∣∣∣
≤

|u − u∗| + |v − v∗|
4 exp(−t + 2) (1 + |u| + |v|) (1 + |u∗| + |v∗|)

≤
1
4e

(|u − u∗| + |v − v∗|) ,

and ∣∣∣1 (u) − 1 (u∗)
∣∣∣ ≤ n∑

i=1

cit
1
3
i |u (ti) − u∗ (ti)| ≤

n∑
i=1

ci ‖u − u∗‖C 1
3
≤

1
4
‖u − u∗‖C 1

3
.

Hence, conditions (H1) and (H2) are satisfied with k1 = k2 = 1
4e and b = 1

4 . The condition

b +
Γ (α) k1Tα

Γ (2α) (1 − k2)
=

1
4

+

Γ( 2
3 )

4e

Γ
(

4
3

) (
1 − 1

4e

) ' 0.4 < 1,

is satisfied with T = 1. It follows from Theorem 3.3 that the problem (13) has a unique solution in the space
C 1

3
([0, 1] ,R).
Acknowledgments. The authors would like to thank the anonymous referee for his valuable comments.
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