Filomat 34:14 (2020), 4685-4695
https://doi.org/10.2298/FIL2014685M

4 Published by Faculty of Sciences and Mathematics,
N/ University of Ni8, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

2K

D
b
gy gy

&
Ipapor®

On Jleli-Samet-Ciri¢-Presi¢ Type Contractive Mappings

Babak Mohammadi?, Manuel De la Sen®, Vahid Parvanah, Farhan Golkarmanesh?, Hassen Aydi®#

?Department of Mathematics, Marand Branch, Islamic Azad University, Marand, Iran
YInstitute of Research and Development of Processes, University of The Basque Country, Campus of Leioa (Bizkaia), 48080 Leioa, Spain
¢Department of Mathematics, Gilan-E-Gharb Branch, Islamic Azad University, Gilan-E-Gharb, Iran
Department of Mathematics, Sanandaj Branch, Islamic Azad University, Sanandaj, Iran
¢Université de Sousse, Institut Supérieur d’Informatique et des Techniques de Communication, H. Sousse 4000, Tunisia
fChina Medical University Hospital, China Medical University, Taichung 40402, Taiwan
8 Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University, Ga-Rankuwa, South Africa.

Abstract. Ciri¢ and Presi¢ [Acta Math. Univ. Comenian. LXXVI (2) (2007), 143-147] extended the notion of
Presi¢ contraction to kth-order Ciri¢ type contractive mappings on a metric space. In this paper, we extend
the concept of Ciri¢-Presi¢ to Jleli-Samet-Ciri¢-Presi¢ contractive mappings and obtain some related fixed

point theorems. Our results generalize some known ones in the literature. A real concrete example and an
illustrating application are given in support of our main result.

1. Introduction

One of the powerful results in fixed point theory is the Banach contraction principle (BCP) [7]. It has
variant applications in the resolution of linear, nonlinear, differential, integral, and fractional analysis.

One can see some applications and recent results in fixed point theory in the following works [1-6, 8, 12—
15,18, 19].

Theorem 1.1. [7] Let (X, d) be a complete metric space and f : X — X so that
d(fx, fy) < yd(x,y) forall x,y € X.

where y € [0,1). Then, there is a unique ¢ in X such that ¢ = fo. Also, for each xo € X, the iterative sequence
Xu+1 = fXn converges to .

The BCP has been extended and generalized in many directions. Namely, Presi¢ [16] gave the following
result.
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Theorem 1.2. [16] Let (X, d) be a complete metric space and f : X* — X (k is a positive integer). Suppose that

k
d(F1 oy 20), (2, s Xp1)) Y i3 Xi11) (1)
i=1

k
forall x1, ..., xx41 in X, where q; > 0 and Y, q; € [0,1). Then f has a unique fixed point x* (that is, f(x*, ..., x*) = x*).
i=1

Moreover, for all arbitrary points x1, ..., Xi41 in X, sequence {x,} defined by X, = f(Xu, Xpnt1, s Xn+k—1), CONVETES t0

x".
It is easy to show that for k = 1, Theorem 1.2 reduces to the Banach contraction principle.
Ciri¢ and Presi¢ [10] generalized above theorem as follows.

Theorem 1.3. [10] Let (X, d) be a complete metric space and f : X* — X (k is a positive integer). Suppose that
A(f(x1, o X1), f(X2, 00 Xk41)) < Amax{d(x;, xi1) : 1 <P <k}, )

forall x1, ..., xx41 in X, where A € [0,1). Then f has a fixed point x* € X. Also, for all points x4, ..., X+1 € X, the
sequence {x,} defined by Xnir = f(Xn, Xps1, ..., Xntk—1), COnVErges to x*. If

a(f(p, -, p), f(, .., 0)) < d(p,0),

forall p,o € Xwith p # o, then x* is the unique fixed point of f.

Obviously, any Presi¢ contraction is a Ciri¢-Presi¢ type contraction. For other related works on Presi¢ type
contractions, see [9, 16, 17].

Consistent with [11] we denote by @ the set of all functions 0 : (0, c0) — (1, o) satisfying the following
conditions:

01. 0 is increasing;

0,. for each sequence {t,} C (0, o), Agl; O(t,) = 1if and only if lim ¢, = 0;

n—oo

0s. there exist r € (0,1) and £ € (0, o0] such that tlirg} 9(?,_1 ={.

Recall the following result.

Theorem 1.4. [11, Corollary 2.1] Let (X, d) be a complete metric space and let T : X — X be a given map. Suppose
that there exist O € ©®y and k € (0,1) such that

x,yeX, d(Tx,Ty)+#0 = 0(d(Tx, Ty)) < 0(d(x, y)).
Then T has a unique fixed point.

Note that the Banach contraction principle is a special case of the above Theorem.

In this paper, we establish some fixed point results for self maps satisfying Jleli-Samet-Ciri¢-Presi¢ type
contractions defined on a metric space. An illustrated example is presented. At the end, applying one of
our main results, we ensure the existence of a solution for an integral type equation.

2. Main results

First, like in [11], we denote by © the set of all functions 6 : [0,0) — [1, 00) satisfying the following
conditions:

(61) O is a strictly increasing function and continuous from right at 0;

(02) for each sequence {I,} € [0, c0), lim 6(l,) = 1 iff lim [, = 0;
n—o0 n—oo
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(63) 671[(6(1))*] < Valel forall] > 0and 0 < a < 1.
Example 2.1. The functions 6; : [0, 00) — [1, 00) defined by 0;(t) = ¢!, Ox(t) = € and O3(t) = eVt belong to ©.
Theorem 2.2. Let (X, d) be a complete metric space and f : X¥ — X (k is a positive integer). Assume that
Od(f(x1, s x), f (X2, ey Xk41))) < [B(max{d(xi, xi1) i =1, SN (3)

forall x1, ..., xxe1 in X, where 0 < A < 1. Then, for all arbitrary points x1, ..., xx in X, the sequence {x,} defined by
Xnsk = f(n, Xn41, -y Xnak-1), COnverges to a fixed point of f. Moreover, if for all p, o € X with p # o,

0d(f(p, - p), f(o, - 0)) < [6d(p, 1", (4)
then the fixed point of f is unique.

Proof. Consider the arbitrary points x1, ..., x¢ in X and define a sequence {x,} by x,+k = f(Xn, X1, oos Xpk=1)-
For any n € IN, we have

O(d(Xp sk, Xnakse1)) = G(d(f(xn/ ver Xpk=1) f(xn+1/ s Xpsk)))
< [O(max{d(xy, Xu41), A(Xn1, Xns2), oo A(Xngk-1, xn+k+1)})]/\'

(5)

Therefore,

O(d(xps1, Xir2)) = O@(f(x1, o, x0), (X2, o0 Xk41)))
< [G(max{d(xll x2)/ d(x2/ x3)/ ey d(xkr xk+1)})]A = [G(M)]/\/

where M = max{d(x1, x2), d(x2, x3), ..., d(xk, Xk+1)}- Now,
O(d(xXkr2, Xk43)) = O(d(f(x2, o) Xps1), f(X3, o) Xk42)))

< [O(max{d(x2, x3), d(x3, X), o, d(Xps1, Xes2) D]
< [max{oM), [BMINT = [6(M)]T,

O(d(xak, X2k+1)) = O(A(f (ks e X2k-1), f (X1, +-r X2k)))
< [O(max{d(xk, Xes1), d(Xpr1, Xis2), oy d(X2k1, X2 )]
< [max{6(M), [T = [6@v)]",

O(d(Xok+1, Xok42)) = G(d(f(xkﬂr ey sz),f(xk+2, wes X2k41)))
< [O(max{d(Xes1, Xks2), A(Xks2, Xk43), s A2k, X2k01) D]
< [[o@D]']* =[],

O(d(x3x, x341)) = OA(f (Xok, -os X3k-1), f (X2k41, s X31)))
< [O(max{d(xak, Xok+1), A(Xoks1, Xok42), --vr A(X3k-1, X30) )]
< [max{[0MD)], [0V = [0

Continuing this process, we get

O(d(Xprsis Xpk+iv1)) < e, forall pe Nand i € {1,2,...,k}.



B. Mohammadi et al. / Filomat 34:14 (2020), 4685-4695 4688

We conclude that lim 6(d(xpx+i, Xpk+i+1)) = 1. From (62), we obtain
p—)OO
lim d(xpksi, Xpkriv1) = 0, forall i€ {1,2,...,k}.
p—)OO

Thus,

lim d(x,;, x,41) = 0. (6)

We claim that {x,} is Cauchy. Consider two elements m,n € IN so that n < m. Then, there are p,q € N and
i,j€1{1,2,..,k} such thatp < g, n = pk +iand m = gk + j. Now, we have

At Xm) = ACpkeris Xger)) < Tty T d(Xpicat, Xrkei1)
< I 07 O] < 1k VAT MeM

VML VAT = VAP A ?
1 1= \/X
< k[ \/X]Pl_—ﬁ.

As n,m — oo, we have p,q — oo. Thus, the last term in (7) converges to 0, and so {x,} is a Cauchy
sequence. Completeness of (X, d) yields that there is v € X so that

lim d(x,,v) = 0. (8)
Now, we shall prove that v is a fixed point of f. To see this, we have

d(xl1+k/ f(U/ ooy U)) d(f(xn/ Xn41eees xn+k—1)/ f(v/ oo U))

< d(f(x‘rl/ Xii+1s +eer xn+k—1)/ f(xn+1/ X142y +or Xn+k—=1, U))
+ d(f(an/ X2y eoor Xntk=1, U), f(xn+2/ Xn+3s «oor Xn+k-1, 0, v))
+ o+ d(f(xXpek-1,0,..,0), f(0,0,...,0)) )
9
< O (OmaxtdCen, %ar), s st Fsicr), s, 0 ©)
A
+ 07 (Omaxtd(x, + 1, %ns2), . dCnsk 2, Xk 1), dCnsi1, 0)}) ]

+ ot 9—1[(9(d(xn+k_1,v)))A].

Using (01) and (62) and letting n — oo, we get taking in account (6) and (8), the right-hand side of (9) goes
to 0. Hence, lim d(x,4«, f(v, ...,v)) = 0. The continuity of the metric d yields that

d(, f(v,...,v)) = im d(x,4x, f(©, ..., v)) = 0.
Therefore, v = f(v, ..., v). Suppose u,v are two distinct fixed points of f. By hypothesis,
0(d(u,v)) = Od(f(u, ..., u), f(©,...,0))) < [0(d(u,v)]* < O@d(u,v),
which is a contradiction. Thus, the fixed point of f is unique. O

Note that by taking O(t) = ¢!, the above theorem reduces to Theorem 1.3. The following is a straightforward
result of Theorem 2.2.

Theorem 2.3. Let (X, d) be a complete metric space and f : X¥ — X (k is a positive integer). Suppose that

k
O@(f(x1, - X0), f(2, -y x01) < | [1O@Cx: i1 (10)
i=1
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for all xq,..., X1 in X, where 0 < Zle gi < 1. Then for all points x1, ..., xx in X, the sequence {x,} defined by
Xnsk = f(Xn, Xna1..., Xnsk-1), converges to a fixed point of f. Also, if for all p, 0 € X with d(f(p, ..., p), f(0, ..., 0)) > 0,

OW(f(p, -, ), f(0,-- ) < [0((p, DI, 1D
then the fixed point of f is unique.

Taking 6(t) = ¢ in Theorem 2.2, we obtain the following.

Corollary 2.4. Let (X,d) be a complete metric space and f : X¥ — X (k is a positive integer). Suppose that

max{d(x;, xi1):i=1,--- k) <A (12)

forall x1, ..., X1 in X with d(f(x1, ..., xk), f(X2, ..., Xkr1)) > 0, where 0 < A < 1. Then, for all points x1, ..., xx in X,
the sequence {x,} defined by X, = f(Xu, Xp+1, -, Xn+k—1), CONVerges to a fixed point of f. Also, if for all p, o € X with

d(f(p, . p), f(0, s ) > O,
d(f(p, s p), f(0, -, 0))) < d(p, 0),
then the fixed point of f is unique.

We present an example in support of our main result.

Example 2.5. Let X = {7, = @: n=1,2,---1,d(p,0) = lp — ol and define f : X — X by

min{T‘ﬂ—ll Tm—l}r n,m> 1/

f(Tn/ Ty) = {

T1, n=1lorm=1.
Firstly, note that for all m,n € IN with m,n > 1, one writes

d(TVl—l , Tim-1 )ed(Tnfl STn=1)=d(Tn,Ti)

d(an Tm)
(m(yg_l) _ n(nz_l) )e m(rrzl—l) _ n(rzz—l) _( m(nZH-l) _ n(nz-v»l) )
- mm+1)  n(n+1)
2 2
(m+n-—1)e =
= S = A.
m+n+1

Also, for m =1 and n > 1, we have

A(T1, Ty e Tn-1)=d(TT)
d(t1,Tn)
(MDD

<e"<el=A

n(n+1)
e

Now, Let p = 74,0 = Ty and ¢ = 1. If m < min{n, p}, then d(f(p, 0), f(0,¢)) = 0. So, we may assume that either
n <morp < m. We treat the following:
(Case1): n <m < p. Here, ifn =1, then
d(f(p, 0), f(g, c))e !V Porflec)-maxid(p,e)d(oc))
max{d(p, 9), d(g, c)}

d(Tlr Tm_l)ed(TI,Tm—l)_d(Term) < 67m < 671 _ /\
- ATy, Tm) - - ’
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and if n > 1, then

d(f(p, 0), f(o, ¢))elf(p.a)fle.c)-maxid(p,e)d(e,c))
max{d(p, 0),d(o, ¢)}
d(Tn_llTm_])ed(Tn—l/Tm—l)_d(Tanm) < e_l _ /\
- A(Tn, Tm) B o

(Case 2): p <m < n. Here, ifp = 1, then

d(f(p, o), f(o, c))elf(p.a)fle.c)-maxid(p,e)d(e,c))
max{d(p, 0),d(¢, <)}
A(T1,Tn-1)—A(T1,Tim)
< d(T1, Tm-1)e <em<el= )
d(t1,Tm)

and if p > 1, then

A(f(p,0), flo, )P A N mxip <)
max{d(p, 0),d(o, c)}
ATy, Tpq)eH Tt 1) =ATnTy) <el=

- A(Tm, Tp) -

(Case 3): n <p <m. In this case, if n = 1, then

d(f(p, 0), f(g, c))e U p-orflec)-maxid(p,e) (o))

max{d(p, 0), d(¢, )}
d(t1, Ty ) ) T)
<
d(Tll Tp)

and if n > 1, then

<eP<el=),

A(f(p,0), flo, )02 maxip <)
max{d(p, 0),d(o, c)}

A(Tu-1, Ty ) 10T <el=)

= Ty, Tp) - '

(Case4): p <n <m. Here, ifp =1, then

d(f(p, 0), f(o, ¢))ef(p.a).f(ee)-maxid(p,e)d(e,o)}
max{d(p, o), d(¢, <)}
A(t1,Tp-1)=d(T1,Tn)
< d(ﬁ’T"‘;)(eT ; )1 <<l =,
1, tn

and if p > 1, then

A(f(p, 0), f (o, g))ed(f(P,@),f(a,c))fmax{d(p,g),d(a,c)1
max{d(p, 0), d(o, ¢)}

d(Tnflr ,l_p71)ed(-[,,_l,’[1,_1)—11(7»1/7;7) < 6_1 =2

= (T, Tp) B .

Also, for u,v € X with d(f(u,u), f(v,v)) > 0,let u = 1,0 =T andn <m. If n =1, then

d(f(u,u), f(v,0)) = d(f(t1,T1), f(Tm, T))

4690
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and . .
m(m — )_1<m(m+ )

5 - 1 =d(t1, ) = d(u,v),

d(Tlr Tm—l) =

and if n > 1, then
d(f(u, u), f(v,0)) = d(f(Tu, Tn), f(Tms T))
m(m — 1) 3 nn-1)

= d(Tn—l/ Tm—l) =

2 2
_(m-m(m+n-1) (m-n)(m+n+1)
= > < > =
mm+1) nn+1) B
> i =d(ty, Tm) = d(u,v).

We see that all of conditions of Corollary 2.4 are satisfied. Thus, f has a unique fixed point. Here, f(t1,71) = 71 and
T1 1s the unique fixed point. Note that Theorem 1.3 is not applicable. In fact,

d(f(c, ), [T ) d(tea,m) | MR-

=Ssup —/———
b maxtd(ty, 1), AT, Tl e AT T e M

=1
Thus, Theorem 2.2 is a real generalization of Ciri¢-Presic’s result (Theorem 1.3).

3. Application

In this section, we study the existence of solutions for the following integral equation:

x(t) = £t [ 9t y, 20, o)y 13)

n times

where t € [0, o).
We will ensure such an existence by applying Theorem 2.2.
Let BC[0, o0) be the space of all real, bounded and continuous functions on the interval [0, c0). We endow
it with the standard norm
llxll = sup{lx(#)| : t € [0, 00)}.

Recall that the associated metric on BC[0, o) is defined by
d(x, y) = sup{lx(t) = y(b) : £ € [0, c0)).
Theorem 3.1. Suppose that the following assumptions are satisfied:
(i) p,0:10,00) — [0, o0) are continuous functions so that

A =supflot)| : t € [0,00)} <1,

(if) The function f : [0, 00) X R — R is continuous so that

[#(t.) = At )| < e —v

forall t € [0,00) and x,v € R,

/ (14)
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(iii)

0((att, v, 10w, 1o = 9t v, 320w, 1 (p)|) < [O(max e,z (15)

where g : [0,00)> X R¥ — R is continuous and O(At) < [O(H)]* for all A € [0,1),

(iv) M =max{f(t,0,0,0): t € [0, 00)} < co and
G= sup{'g(t,y,ol... ,0)| te [0/00)} < oo,

Then the integral equation (13) has at least one solution in the space BC[0, co).

Proof. Let us consider the operator Y : BC[0, ) — BCJ0, c0) defined by
Y(x1,x2, -+, xi)(£) (16)

o(f)
= f(t, fo 9, y,x1(p(W), x2(p(y), -+, xi(p(Y)))dy). (17)

In view of given assumptions, we infer that the function Y(x1,x,---,x,) is continuous for arbitrarily
X1,%2,+ -+ , X € BC[0, o). Now, we show that Y'(x1,xp,- -, x¢) is bounded in BC[0, 00). As

Y(x1,x2--+, x) ()]

o(t)
=Jft | 9y xow) wow) - 2oy

o(t)

906,y 110, 1a(p() -+ 1pO)dy) — £(t,0)] + | (1, 0)]

< |f(t, 0

we have

o()
‘f(f/ fo 9, y, x1(pW)), x2(p(y)) - - ,xk(p(t)))dy)—f(t,o)'
olt)
e j; gt y, x1(p(W)), x2(p(y)), -+~ xn(p(y)))dy'
< Amax{lxll, lxall, - llxdl} + AG.

Thus,

o(t)
|f(t, fo 9(t, v, x1(p)), x2(p(V)), - - - xu(p(¥)))dy) = f (£, 0)

<Amax{|[xl, [lx2ll, - -+, llxall} + AG.
From the above calculations, we have
0 (x1, x2, -+, x) (DI < Amax{|lxall, [Ixzll, -« [lxll} + AG + M. (18)

Due to the above inequality, the function Y is bounded.
Now, we show that Y satisfies all the conditions of Theorem 2.2. Let x1,x, - - - Xk, Xx+1 be some elements
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of BC[0, o). Then we have

(|1, 22, -+~ x) () = Y2, X3, -+ i1 ) (1))
o(t)
<ol(f(e [ a0, mxo0), (o), -+ (o))

o(t)
= 1lo [ att 1, 220000) 520, oM

<] fo " 41,000, 1o @), 1oy (19
- [ ™ 4,1, 22000, 200, 311 (PN
< 0(o(t)(max{d(x;, xis1) :i =1, k)
< O(A(max{d(x;, xis1) :i =1, k)
Thus, we obtain that
OA(Y (X1, ooy 1), Y (X2, ooy Xs1))) < [O(max{d(xs, xi1) 1 =1, kDI (20)

Using Theorem 2.2, we obtain that the operator Y has a fixed point. Thus, the functional integral
equation (13) has at least one solution in BC[0, ). m [J

4. Example

Example 4.1. Consider the following integral equation

nh ¢ i
X(t) _ %642 n %arctan(fota s(\smhx(s);;arctanx(s))ds) (21)

We observe that the integral equation (21) is a special case of (13) with p(t) = t and o(t) = tanht, where t € [0, o).
Also,

arctan(x
» | arctan(x)

— 1 —t
f(trx)_ ze 8 7

and

s(| sinh x7| + arctan xy)

t/ 7 a =
g(t, s, x1,x2) et

To show the existence of a solution for this equation, we need to verify the conditions (i)-(iv) of Theorem 2.2.
Condition (i) is clearly evident. Take O(t) = cosht. Now,

| arctan x — arctan u|
8

arctan |x — u|

- 8

<l|x—ul.

f(trx) _f(tru) <

(22)

So, we find that f satisfies condition (ii) of Theorem 3.1. Also,

M= sup{|f(t, O)I :te[0,00)) = sup{%e_t2 +€[0,00)} =05
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Obviously, condition (iii) of Theorem 3.1 is valid, that is, g is continuous on [0, 00) X [0, 00) X R2, and

tanh f

G =sup {|f0 %ds' :tel0, oo)} (23)
tanh ¢
= ~ 0.1501.
tes[lol,g)( 2et )
On the other hand,
0(|9(t, s, x1(p(5)), x2(p(s))) = g(t, 5, x2(p(5)), x3(p(5))))) (24)
—— e ——————

_ Cosh(s(lsinh xl(s)lzztarctanxz(s)) B s(| sinh xz(s)lz-ie:tarctanxg,(s))) (25)
< cosh (s(l sinh x(s) — sinh x,(s)| ;—;rctan x(s) — arctan x3(s))) 26)
< | JoCmax (di xiv))) (27)

Consequently, all the conditions of Theorem 2.2 are satisfied. Hence, the integral equation (21) has at least one

solution, which belongs to the space BC[0, c0).
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