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Abstract. Recently, the partially degenerate Bell numbers and polynomials were introduced as a degen-
erate version of Bell numbers and polynomials. In this paper, as a further degeneration of them, we study
fully degenerate Bell numbers and polynomials. Among other things, we derive various expressions for
the fully degenerate Bell numbers and polynomials.

1. Introduction

For λ ∈ R, the degenerate exponential function is defined by

ex
λ(t) = (1 + λt)

x
λ , (see [4, 9, 11 − 14]). (1)

Note that limλ→0 ex
λ(t) = ext. For brevity, we also write

eλ(t) = e1
λ(t). (2)

It is well known that the degenerate Stirling numbers of the second kind are given by

1
k!

(eλ(t) − 1)k =

∞∑
n=k

S2,λ(n, k)
tn

n!
, (see [9]). (3)

Note that limλ→0 S2,λ(n, k) = S2(n, k), where S2(n, k) are the ordinary Stirling numbers of the second kind.
The Bell polynomials (also called Tochard or exponential polynomials and denoted byφn(x)) are defined

by the generating function

ex(et
−1) =

∞∑
n=0

Bn(x)
tn

n!
, (see [1 − 3, 5 − 8, 10]). (4)
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From (4), we note that

Bn(x) = e−x
∞∑

k=0

kn

k!
xk, (see [8, 15]), (5)

which are known as Dobinski’s formula.
It is not difficult to show that

Bn(x) =

n∑
k=0

S2(n, k)xk, (n ≥ 0), (see [7, 8, 15, 16]). (6)

In [10], the partially degenerate Bell polynomials are introduced as

ex(eλ(t)−1) =

∞∑
n=0

bn,λ(x)
tn

n!
. (7)

When x = 1, bn,λ = bn,λ(1) are called the partially degenerate Bell numbers.
From (7), we note that

bn,λ(x) = e−x
∞∑

k=0

(k)n,λ

k!
xk, (see [12]), (8)

where (k)0,λ = 1, (k)n,λ = k(k − λ)(k − 2λ) · · · (k − (n − 1)λ), (n ≥ 1).

Recently, the partially degenerate Bell numbers and polynomials were introduced as a degenerate
version of Bell numbers and polynomials. In this paper, as a further degeneration of them, we study fully
degenerate Bell numbers and polynomials. Among other things, we derive various expressions for the
fully degenerate Bell numbers and polynomials.

2. Fully degenerate Bell numbers and polynomials

Motivated by (4), we consider the fully degenerate Bell polynomials, Bn,λ(n ≥ 0), which are given by

eλ(x(eλ(t) − 1)) =

∞∑
n=0

Bn,λ(x)
tn

n!
, (λ ∈ R). (9)

When x = 1, Bn,λ = Bn,λ(1) are called the fully degenerate Bell numbers.
Note that

∞∑
n=0

lim
λ→0

Bn,λ(x)
tn

n!
= lim
λ→0

eλ(x(eλ(t) − 1))

= lim
λ→0

(1 + λx((1 + λt)
1
λ − 1))

1
λ

= ex(et
−1) =

∞∑
n=0

Bn(x)
tn

n!
.

(10)

By comparing the coefficients on both sides, we get

lim
λ→0

Bn,λ(x) = Bn(x), (n ≥ 0).
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From (9), we have

eλ(x(eλ(t) − 1)) = (1 + λx(eλ(t) − 1))
1
λ

=

∞∑
k=0

(1)k,λxk 1
k!

(eλ(t) − 1)k

=

∞∑
k=0

(1)k,λxk
∞∑

n=k

S2,λ(n, k)
tn

n!

=

∞∑
n=0

( n∑
k=0

(1)k,λxkS2,λ(n, k)
) tn

n!
.

(11)

Therefore, by (9) and (11), we obtain the following theorem.

Theorem 2.1. For n ≥ 0, we have

Bn,λ(x) =

n∑
k=0

(1)k,λxkS2,λ(n, k).

In particular,

Bn,λ =

n∑
k=0

(1)k,λS2,λ(n, k).

By (9), we get

eλ(x(eλ(t) − 1)) = e
1
λ log(1+λx(eλ(t)−1))

=

∞∑
k=0

λ−k 1
k!

(
log(1 + λx(eλ(t) − 1))

)k

=

∞∑
k=0

λ−k
∞∑
l=k

S1(l, k)λlxl 1
l!

(eλ(t) − 1)l

=

∞∑
k=0

λ−k
∞∑
l=k

S1(l, k)λlxl
∞∑

n=l

S2,λ(n, l)
tn

n!

=

∞∑
k=0

∞∑
n=k

( n∑
l=k

S1(l, k)S2,λ(n, l)λl−kxl
) tn

n!

=

∞∑
n=0

( n∑
k=0

n∑
l=k

S1(l, k)S2,λ(n, l)λl−kxl
) tn

n!
,

(12)

where S1(n, k) are the Stirling numbers of the first kind.

Therefore, by (9) and (12), we obtain the following theorem.

Theorem 2.2. For n ≥ 0, we have

Bn,λ(x) =

n∑
k=0

n∑
l=k

S1(l, k)S2,λ(n, l)λl−kxl.
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From (9), we have

∞∑
n=0

Bn,λ(x)
tn

n!
= eλ(x(eλ(t) − 1))

= (1 + λx((1 + λt)
1
λ − 1))

1
λ

=

∞∑
l=0

(1)l,λxl 1
l!

((1 + λt)
1
λ − 1))l

=

∞∑
l=0

(1)l,λxl 1
l!

l∑
m=0

(
l

m

)
(−1)l−m(1 + λt)

m
λ

=

∞∑
l=0

(1)l,λxl 1
l!

l∑
m=0

(
l

m

)
(−1)l−m

∞∑
n=0

(m)n,λ
tn

n!

=

∞∑
n=0

( ∞∑
l=0

l∑
m=0

(
l
m

)
(−1)l−m(1)l,λ(m)n,λxl 1

l!

) tn

n!
.

(13)

Therefore, by comparing the coefficients on both sides of (13), we obtain the following theorem.

Theorem 2.3. (Dobinski-like formula) For n ≥ 0, we have

Bn,λ(x) =

∞∑
l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l,λ(m)n,λxl 1

l!
.

In particular,

Bn,λ =

∞∑
l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l,λ(m)n,λ

1
l!
.

Remark. By (5), we get

Bn(x) = e−x
∞∑

k=0

kn

k!
xk

=

∞∑
l=0

(−1)l

l!
xl
∞∑

k=0

kn

k!
xk

=

∞∑
m=0

( m∑
k=0

kn

k!
(−1)m−km!
(m − k)!

)xm

m!

=

∞∑
m=0

m∑
k=0

(
m
k

)
(−1)m−kkn 1

m!
xm.

(14)

From Theorem 2.3, we note that

lim
λ→0

Bn,λ(x) =

∞∑
m=0

m∑
k=0

(
m
k

)
(−1)m−kkn 1

m!
xm = Bn(x).



D. V. Dolgy et al. / Filomat 34:2 (2020), 507–514 511

Now, we observe that
∞∑

n=1

Bn,λ(x)
tn−1

(n − 1)!

=
∂
∂t

eλ(x(eλ(t) − 1))

=
∂
∂t

(1 + λx((1 + λt)
1
λ − 1))

1
λ

= x(1 + λx((1 + λt)
1
λ − 1))

1
λ (1−λ)(1 + λt)

1
λ (1−λ)

= xe1−λ
λ (x(eλ(t) − 1))e1−λ

λ (t)

= x
∞∑

l=0

(1 − λ)l,λ
xl

l!
(eλ(t) − 1)l

∞∑
m=0

(1 − λ)m,λ
tm

m!

= x
∞∑

l=0

(1 − λ)l,λxl
∞∑
k=l

S2,λ(k, l)
tk

k!

∞∑
m=0

(1 − λ)m,λ
tm

m!

= x
∞∑

k=0

k∑
l=0

(1 − λ)l,λxlS2,λ(k, l)
tk

k!

∞∑
m=0

(1 − λ)m,λ
tm

m!

=

∞∑
n=0

( n∑
k=0

k∑
l=0

(
n
k

)
(1 − λ)l,λxl+1S2,λ(k, l)(1 − λ)n−k,λ

) tn

n!
.

(15)

By (15), we get

∞∑
n=0

Bn+1,λ(x)
tn

n!

=

∞∑
n=0

( n∑
k=0

k∑
l=0

(
n
k

)
(1 − λ)l,λxl+1S2,λ(k, l)(1 − λ)n−k,λ

) tn

n!
.

(16)

Therefore, by comparing the coefficients on both sides of (16), we obtain the following theorem.

Theorem 2.4. For n ≥ 0, we have

Bn+1,λ(x) =

n∑
k=0

k∑
l=0

(
n
k

)
(1 − λ)l,λxl+1S2,λ(k, l)(1 − λ)n−k,λ.

In particular,

Bn+1,λ =

n∑
k=0

k∑
l=0

(
n
k

)
(1 − λ)l,λS2,λ(k, l)(1 − λ)n−k,λ.

Note that

lim
λ→0

Bn+1,λ(x) =

n∑
k=0

k∑
l=0

(
n
k

)
xl+1S2(k, l)

= x
n∑

k=0

(
n
k

)
Bk(x)

= Bn+1(x).
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For n ∈N, by Theorem 2.3, we get

Bn,λ(x) =

∞∑
l=1

l∑
m=1

(
l

m

)
(−1)l−m(1)l,λ(m)n,λ

1
l!

xl

=

∞∑
l=1

l−1∑
m=0

(
l

m + 1

)
(−1)l−m−1(1)l,λ(m + 1)n,λ

1
l!

xl

=

∞∑
l=1

l−1∑
m=0

l!
(m + 1)!(l −m − 1)!

(−1)l−m−1(1)l,λ(m + 1)n,λ
1
l!

xl

= x
∞∑

l=0

l∑
m=0

(−1)l−m

(l −m)!
1

m!
(1)l+1,λ

( n∑
k=0

S1(n, k)λn−k(m + 1)k−1
)
xl

= x
∞∑

l=0

l∑
m=0

(
l
m

)
(−1)l−m(1)l+1,λ

n∑
k=0

S1(n, k)λn−k(m + 1)k−1 xl

l!

= x
n∑

k=0

∞∑
l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l+1,λS1(n, k)

xl

l!
λn−k(m + 1)k−1

= x
n∑

k=0

∞∑
l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l+1,λS1(n, k)

xl

l!
λn−k

k−1∑
j=0

(
k − 1

j

)
m j

= x
n∑

k=0

λn−kS1(n, k)
∞∑

l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l+1,λ

xl

l!

k∑
j=1

(
k − 1
j − 1

)
m j−1

= x
n∑

k=1

k∑
j=1

λn−kS1(n, k)
(
k − 1
j − 1

) ∞∑
l=0

l∑
m=0

(
l
m

)
(−1)l−m(1)l+1,λm j−1 xl

l!
.

(17)

By comparing the coefficients on both sides of (17), we obtain the following theorem.

Theorem 2.5. For n ∈N, we have

Bn,λ(x) = x
n∑

k=1

k∑
j=1

λn−kS1(n, k)
(
k − 1
j − 1

) ∞∑
l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l+1,λm j−1 xl

l!
.

In particular,

Bn,λ =

n∑
k=1

k∑
j=1

λn−kS1(n, k)
(
k − 1
j − 1

) ∞∑
l=0

l∑
m=0

(
l

m

)
(−1)l−m(1)l+1,λm j−1 1

l!
.
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From (9), we can derive the following equation.

∞∑
n=1

d
dx

Bn,λ(x)
tn

n!

=

∞∑
n=0

d
dx

Bn,λ(x)
tn

n!

=
∂
∂x

eλ(x(eλ(t) − 1))

= (eλ(t) − 1)
eλ(x(eλ(t) − 1))

1 + λx((1 + λt)
1
λ − 1)

=
eλ(t) − 1

1 + λx((1 + λt)
1
λ − 1)

eλ(x(eλ(t) − 1))

=
1
λ

d
dx

log(1 + λx(eλ(t) − 1))eλ(x(eλ(t) − 1))

=
1
λ

d
dx

∞∑
l=1

(−1)l−1

l
λlxl(eλ(t) − 1)l

∞∑
m=0

Bm,λ(x)
tm

m!

=

∞∑
l=1

(−1)l−1λl−1xl−1l!
1
l!

(eλ(t) − 1)l
∞∑

m=0

Bm,λ(x)
tm

m!

=

∞∑
l=1

(−1)l−1λl−1xl−1l!
∞∑
k=l

S2,λ(k, l)
tk

k!

∞∑
m=0

Bm,λ(x)
tm

m!

=

∞∑
k=1

(
k∑

l=1

(−1)l−1λl−1xl−1l!S2,λ(k, l))
tk

k!

∞∑
m=0

Bm,λ(x)
tm

m!

=

∞∑
n=1

( n∑
k=1

k∑
l=1

(
n
k

)
(−1)l−1λl−1xl−1l!S2,λ(k, l))Bn−k,λ(x)

) tn

n!
.

(18)

Therefore, by comparing the coefficients on both sides of (18), we obtain the following theorem.

Theorem 2.6. For n ≥ 1, we have

d
dx

Bn,λ(x) =

n∑
k=1

k∑
l=1

(
n
k

)
(−1)l−1λl−1xl−1l!S2,λ(k, l))Bn−k,λ(x).

Note that

lim
λ→0

d
dx

Bn,λ(x) =

n∑
k=1

(
n
k

)
Bn−k(x)

=

n−1∑
k=0

(
n
k

)
Bk(x)

=
d

dx
Bn(x), (n ∈N).
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