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On Boole-Type Combinatorial Numbers and Polynomials

Yilmaz Simsek?

?Department of Mathematics, Faculty of Science, University of Akdeniz, TR-07058 Antalya, Turkey.

Abstract. The aim of this paper is to construct generating functions for Boole-type combinatorial numbers
and polynomials. Using these generating functions, we derive not only fundamental properties of these
numbers and polynomials, but also some identities and formulas. Finally, we present a brief historical
remarks and observations on our generating functions and Peters and Boole-type numbers and polynomials

1. Introduction, Definitions and Notations

Throughout this paper, we need the following definitions and notations. N = {1, 2,3, ...}, Ny = N U {0}.
Z, R and C denotes the set of integers, the set of real numbers and the set of complex numbers, respectively.
Generating functions for some special numbers and polynomials are given below
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The Apostol-Bernoulli polynomials and the Apostol-Euler polynomials are defined by, respectively
Fg(t,x;A) =

Fe(t,x;A) =

e — t"

o= Z_(;an (GA) @
which, for x = 0, are reduced to the Apostol-Bernoulli numbers 8B, (1) = B, (0; A) and the Apostol-Euler
numbers &, (1) = &, (0; A). For special value of the parameter A, we also get the Bernoulli numbers and the
Euler numbers (cf. [2], [7], [8]).

The Stirling numbers of the first kind and the second kind are defined by, respectively

Pty = (08020 Z it
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(W, =x(x=1)...(x=n+1)= Y ds(n, j) (4)
j=0
and
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n=0

(¢f. [11, [2], [3], [8)).

Integral representation of the Cauchy numbers C, is given by

1
Co= [ s ©
0
(df. [5]).
The Peters polynomials are defined by
1+8)" 3 "
N R L R T @)

(1 +(1+ t)A)H —~

(cf. [3], [4], [5]). Setting x = 0 in (7), the polynomials s, (x; A, u) are reduced to the Peters numbers
sn(A,u) = s, (0;A, ). When pu = 1, equation (7) is reduced to the generating function for the Boole
polynomials &,(x; A) = s,(x; A, 1) (cf. [3], [5]). Substituting x = 0 and u = 1 into (7), the Peters polynomials
are reduced to the Boole numbers &,(A) = 5,,(0; A, 1) (cf. [3]) and also Ch,, = 2&,(1) = 25,(0;1,1) denotes the
Changhee numbers (cf. [4]).

We [7] defined the following combinatorial numbers and polynomials:

The numbers Y, (1) and the polynomials Y, (x; A) are defined by, respectively:

(e8]
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and
F O = 0 A F G0 = ) Yo ©)
n=0 .
(cf. [7]).
Observe that

Yy, (_1) = (_1)n+1 Ch,

(cf. [9, Lemma 2]).
We [7, Eq. (2.3)] constructed the following p-adic integral representation for the p-adic meromorphic
function as follows:

. i ~ 2] ot . .
[ A - T ;(—I)JX(J)(Aq)’(l 1),
X 1_qx
where p1,(x) = pg(x +pNZ,) = [Z—N], [x] = [x]; = [x:q] = { 1;1 ’ Z i 1 , X=X, = limg, Z/dpN7z, X, =127,

denotes the set of p-adic integers and d is an odd positive integer and A € Z, with A # 1, x is the Dirichlet
character with odd conductor 4.
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By the above p-adic integral representation, we constructed the following generating function for the
so-called generalized Apostol-Changhee numbers and polynomials, respectively:

[2] DS (DAL + At & pr
Fe(t;A,4,%) = LS = ZO €, (A, 0)
and
VA S tn
Folt,z:A,0,) = Fe(t: A, q 01+ MY = ) €, (530,0) . (10)
n=0 ’

2. Generating functions for combinatorial type numbers

In this section, with the aid of (10), we derive the following generating function

_ [2] Iy L
and
2](1 + Aty .
Fir(tz:0,) = Gy, )1 + A1) = ¢ A[)zi ++ /\tt)+ : Z Yrn(z A, q) . (12)

By using the above equations, we derive various kind of identities, relations and formulas for the
polynomials y7,(z; A, ) and the numbers y7,,(A, 9).

2.1. Identities and relations for the numbers y7 (A, q)

In this section, by using equation (11) with its functional equations, we provide some identities and
relations for not only the numbers y7 (A, g), but also the Stirling numbers, Apostol-type numbers and also
combinatorial numbers.

Theorem 2.1. Let n € INg. Then we have

() = 211y 13)
Y7u\N, q) = (/\q+1)n+l'
Proof. By (11), we have
(A%l p t”
”Z_:(_ (Ag+ 1)1 n! ;; yrn(A )
Comparing the coefficients of L on the both sides of the above equation, we get the derived result. []
Theorem 2.2 (Recurrence Relation). Let
L+q
y70(A,q) = g
Then we have
*q
y7,n(A/ 4) = _Aq +1 ]/7,n—1()\/ q) (14)

where n € IN.
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Proof. By (11), we have

[2]= (g + 1)2 Yrn(d, Q)_ +qA? Z ”W,n—l(%@)%-

n=0

Therefore we get
(2] = (Aq + Dy7,0(A, q)
and
= (A + 1)y74(A,9) + qA*1y7,0-1(A, 9)-
Thus we get the result of theorem. [
Theorem 2.3. Let m > 1. Then we have

qA?
" (W —gA - 1) [2](

m=1

g2 —gA - 1)25(;71— 1,1)y7,4(7, 9).

Proof. Replacing t by ¢! — 1 in (11), and by using (1), we get

tm

G —1)”
Z]ﬁn()\ q) t(q/\z—qA—l)Z (q)LZ—q/\ 1)m"

After some elementary calculations, we get

(qAZ—qA DRSS - )
Z ZS(m 1ny7n(M)——Z "\ gAZ=gA =1 ) m!’

m=0

Comparing the coefficients of £ on the both sides of the above equation, we get the derived result.

By using same computation of equation (15), we also derive the following thoerem:
Theorem 2.4. Let m € INg. Then we have
-q A2

S(W) A SIS ”ZS(’" ")yra(A0)

2.2. Logarithm functions associated with integral representation of the numbers

562

(15)

Here, we give integral representation of the numbers y7,(A,q) and also give some integral formulas.

Integrating equation (11) with repect to ¢ from 0 to 1, we get

21 (" dt
Y7u(A, q) f —
nOf /\q+1 —/\)‘;flt-f-l

Hence, we have

> yra(Ag) (2] ( A%q

i+ Dl A%q Aq+1+1)‘

Thus, we arrive at the following theorem:
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Theorem 2.5.

= y7a(A, ) [2] Ag+Ag+1
Z ni) g™\ T ager )

(16)
n=0

Combining (16) with (13), we get

y R o m(AZquH)
: .

4 (n+1)!(Ag+ 1)1~ A Ag+1

Therefore, after some elementary calculations, we arrive at a series representation of In function by the
following corollary:

Corollary 2.6.

Azq (o] (_1)71 /\2[] n+1
ln(/\q+1 ”)‘2 (n+1)(/\q+1) :

We remark that the above series has also been studied in [6].

3. A new polynomials y7,(x; A, )

In this section, we give some properties of the polynomials y7,(x; A, ). By using equation (12), we derive
formulas for these polynomials.

By (12), we get
- R~ A" £
Z Y7 A, Q) = Z(x)n% Z Y7u(A, @) s
n=0 n=0 n=0
Therefore
0 fn o n n y n
Zy7,n(x; A/q) Z ( )(x n— ] ]y7,j()\rq);'
n=0 n=0 j=0 ’

Comparing the coefficients of £ on the both sides of the above equation, we get the following theorem.

Theorem 3.1.
n n .
ZCZOEDY ( ].)(x)n_jm 7,14, 9). (17)
=0
By (17), we see that

"+jqj

Yru(x; A, q) = Z]Z( 1)]( )]'m( X)n—j-

Integrating the above equation from 0 to 1 with respect to x, we get

An+igl
f Yra(x A, q)dx = [2] Z( 1)]( ) i +f’)]+1 f (X)n—jelx.
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By (6), we derive

; Amtigi
f Yra(; A, q)dx = [2] Z( 1)]( ) (MH)MC (18)

By (4), we also derive

Amigh s - k)
f Yru(x; A, g)dx = 2] Z( 1)1( ) (g + 1) Z; kvl (19

Combining (18) and (19), we get the following theorem:
Theorem 3.2.

An+1q1 n\. Atigi | s(n— j, k)
Z(_ )]() Qgv iy T Z( ()'(Aqﬂ)f“; k1 =

j=0

By using (20), we have

ig g st i)
Z(_ )]( )]'(A +1J+1 Z;‘ 1 )70

We observe from the above equation that the well-known formula for the Cauchy numbers is given by

”Z]‘ s(n—jk)
k+1
k=0

(. [5D).

4. Further remarks and observations
Motivation of the numbers y7,(A, q) is briefly given by

g+1

y7n(A q) ( )n+1 zqn

Yo (=q7). (1)

In addition, substituting g = 1 into (12), we have

00

2L+ ADE
AT+ AD+1 ZW"(" & 1)_

When A = 1, we obtain

201+ N
t+ 2 - ; y7,1’l(x/ 1/ 1)5

Hence, we have the following relations between the polynomials y7,(x; A, q), Peters polynomials and Boole
polynomials:

1
sn(x;1,1) = Eym(x;l,l).

Substituting x = 0, A = g = 1, we see that

1 1
50(0;1,1) = €(1) = 5Chy = 7y7(0;1,1).
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