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Abstract. In this paper, we find some connections between submodules of a module over a group ring RG
and subgroups of a group G. Also, we prove that there is a direct connection between conjugate elements
of G and RG-submodules of M. Finally, we show that there is a correspondence between the associative
powers A}A(G) of Ap(G) and ith dimension subgroups V(A;(G)) of G over R.

1. Introduction

The history of group rings dates back to long time and since then, many survey articles have appeared
(31, [6], [12], [13], [17]). But modules over group rings are one of the subjects studied in recent years by a
lot of authors interested in algebra ([4], [5], [7], [8], [16]). As distinct from the definition of group module
over group rings as defined in [7], we gave a definition of group module over group rings with the help of
a group homomorphism from G to End(M) in [16]. As a continuous study of our previous papet, in here by
this previous definition, we give some characterizations for modules over group rings in this paper.

Throughout this paper, all rings are commutative with identity and all modules are unital group modules
over group rings unless stated otherwise.

Let R be a commutative ring with identity and G a group. The group ring of G over R is denoted by RG,

which is the set of all formal expressions of the form } r,g where r;, € R and r, = 0 for almost every g € G.
g€G

For elements r = }’ r,9,5 = }. 5,9 € RG, by writing r = s, we mean r, = s, forall g € G.
g€G g€G

In fact, RG is a ring with the following sum and multiplication

r+s:ngg+ZSgg=Z(rg+sy)g

g9€G g9€G 9€G
and
ra = Z (ryah) (gh) = Z Z (rgah_lg)g
g,heG 9€G heG
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wherea = Y, a;h € RG.
heG
The augmentation map of RG is a ring homomorphism from RG to R given by ) 7,9 — ¥ r, and its
g9€G g€G
kernel denoted by Ar(G) is called the augmentation ideal of RG. In other words, the ideal Ag(G) of RG is

defined as the following set:

Zry(g—l):geG,gil,rgeR .
geG

For a left ideal I of RG, V(I), which is a subgroup of G, is defined as the following set:
lgeG:g-1el}=GnA+]).

One can observe that V(Ar(G, H)) = H for a subgroup H of G.

Based on the definition and structure of a group ring, a group module over a group ring is defined as
follows:

Let 7 be a group homomorphism from G to End(M). For all g € G,m € M, the multiplication mg is
defined as

mg = (g)(m).

In here, M is an RG-module with this multiplication and the group homomorphism 7 is a representation
of G for M over R ([16]).
Alkan generalized the augmentation mapping of RG to the group module in [2] and proved the following

property:

Au(H) = {Z a (h=1) |y € M}

heH

is an RG-submodule of M and
AM(I_I) = M‘AR(G! H)/

where H is a normal submodule of G.

Besides the relations among RG-submodules of a group module MG with regard to normal subgroups
and elements of G, there are other relations among subgroups of G and Ag(G), its associative powers A% (G)
and Apm(G), its associative powers ARA(G) which are defined below.

Firstly recall that associative powers

A%(G) = Z o190 (01 = 1) (92 = 1) o (i = D) | 74,9, .0 €R
E’l/gz,~--:gi€H

of Ar(G) are ideals of RG. So, A%(G) is generated as an R-module by the elements (g; — 1)(g2 — 1)...(g; — 1)
where g1, 92, ...,9i € G. Since all AL(G)s are ideals of RG, we have G N (1 + AR(G)) = V(AL(G)), which is a
normal subgroup of G. These normal subgroups V(A%(G)) of G for i > 1 are called ith dimension subgroups
of G over R. And, G = V(Ag(G)) = V(2%(G)) > ... > V(aL(G)) > ... is a filtration of G.

Moreover, the decreasing series Ag(G) > A%{(G) > .. 2> A%(G) > ...is a filtration of the augmentation ideal
AR(G). This filtration has the property that A}'{(G).A{{(G) c Agj (G).

In this paper, we find some connections between RG-submodules of M over RG and subgroups of G and

a correspondence between associative powers Aj\d(G)s of Ap(G) and ith dimension subgroups V(A%(G)) of
G.



O. Ones, M. Alkan and M. Uc / Filomat 34:2 (2020), 575-582 577

In Section 2, we firstly deal with the structure of RG-submodules related to subgroups of G in Lemma
2.1 and Proposition 2.2. After giving a relation for a normal group of G related to an RG-submodule in
Lemma 2.4, we prove that

k
51(G, VN = Y (bm(G, < i >))

i=1

if V(N) =< xq,x2,...,X¢ >, where x; € G and N is an RG-submodule of an RG-module M, in Theorem 2.5.
Before Theorem 2.6, we deal with an RG-submodule of M to find a correspondence between conjugate
elements of G and RG-submodules of M. Thus we close Section 2 by the following result: If

H1 = gHzg_l
holds, then we have
am(G, Hi) = am(G, Hp),

where g € G and H; is a subgroup of G.

In Section 3, we firstly define associative powers of Ay(G) in Definition 3.1. After showing that A (G)
is an RG-submodule of MG for i > 1 in Lemma 3.2, we give a characterization for A}A(G) in Lemma 3.3.
Finally, in Theorem 3.5, we prove that there is a correspondence between the descending module filtration

Am(G) 2 A2(G) 2 ... 2 Al,(G) > ...
and the filtration
G = V(2r(G)) = V(AE(G)) > ... = V(AR(G)) > ...

of G.

2. Submodules related to normal subgroups
In this section, we examine the connections between RG-submodules of M over RG and subgroups of G.

Lemma 2.1. Let Hy and Hy be normal subgroups of a group G and M be an RG-module. Then
i) Am(G, < Hi U H, >) = Apm(G, Hy) + Am(G, Hy), where < Hy U Hy > is the set generated by Hy and H,.
it) ap(G, Hy N Hy) € Ap(G, Hy) N am(G, Hy).

Proof. i) Itis clear that Ap(G, H1) + Apm(G, Ha) € Am(G, < Hy U Hy >).
Take an element x in Ap (G, < HHUH; >). Thenx = Y. my(g—1),wherem, € Mand g €< HiUH; >.
ge<H{UH»>
Since g €< Hy U H, >, we get x € Ap(G, Hi) + Am(G, Hp). Thus we have Ap(G, < Hi U Hy >) = apm(G, Hy) +
am(G, H).
ii) Take an element x in Api(G, Hi N Hy). Thenx =}, m,(g—1), where m, € M and g € H; N H,. Since
gEHlﬁHz
g € Hi N Hy, it follows that g € Hy and g € Hy. Thus x € Apm(G, H1) N am(G, Hp). O

Proposition 2.2. Let N be an RG-submodule of an RG-module M. Then

DanH) =<1 Y nyth—1):ny € N} C Am(G) is an R-submodule of M.
heH
i) Axn,(H) = Y., An,(H) for submodule N; of M.
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Proof. i) It is clear that the sum of any two elements in Ax(H) is in An(H). Let r € R and x € Ay(H). Then

rx = r( Y ny(y— 1)) = Y. ry(y — 1) € An(H), where rn,, € N.
yeH yeH
i) Letxbein Arn,(H). Thenx = } ny(h—1) withny, € 3, N;. Sinceny, € Y, N;, wehaveny, = ty, +tp, +...+1,
heH

with t;, € Nj, and so

x = Znh(h—l)=Z(t1,,+t2,,+...)(h—1)

heH heH
= Z t,(h—1) + Z b(h—1)+..€ Z An,(H)
heH heH
Let x bein }, An,(H). Thenx = ) ny,(h—1) + Z ny,(h —1) + ... and n;, € N;. Since ). n;, € ), N;, it follows
that heH
x= 3" () m) 0 =1) € any (H)
heH

This completes the proof. [J
Corollary 2.3. Let N be an RG-submodule of an RG-module M. If N is generated by the set S, then we have

An(H) = {Z surn(hi—1) 5, € S, 1y € R}.

heH
Proof. The proof of this result is similar to the proof of (ii) in Proposition 2.2. [
Let N be an RG-submodule of M. Then a subgroup V(N) of G is defined in [2] as

V(N) GN(1+ (N :rg M))
{gEG:g—lE(NZRGM)}.

Then we give the following lemma.

Lemma 2.4. Let N; be an RG-submodule of an RG-module M. Then the followings hold:
i) U V(N;) Cc Vv Z Nl), where n is a positive integer.
11) V[ﬂ apm (G, H )] = NH;, where H; is a normal subgroup of a group G.

Proof. i) Using the distributive law, we have the following:

n

U V(N;)

i=1

L@@+ ®; g M)
i=1

= Gn [U(l +(Ni re M)]

i=1

coffE v o]

i=1

if) Letgbe in GN(1+NApm (G, Hy)). Theng—1 € Nay (G, Hy) € Am(G, H;). Thusg € GN(1+am(G, Hy)) =
V(AM(G, Hl)) = H; and so ge NH;.
Let g be in NH;. Then g € H; for each i. Since H; = V(Am(G, H;)), it follows that g € V(am(G, H;). O

N
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Theorem 2.5. Let x; € G and N be an RG-submodule of an RG-module M. If V(N) =< x1, xp, ..., Xx >, then we have

k
51(G,VIN)) = Y (bu(G, < x; >)).

i=1

k
Proof. Since x; € V(N) for all i, it follows that ), (Am(G, < xi >)) € 2Am(G, V(N)).
i=1
Let V(N) =< x1,Xp,...,,xx > and let x be in Ay(G,V(N)). Thenx = Y, my(h — 1) with m, € M. Since
hev(N)
V(N) =< x1,x2,...,X¢ >, for each x; € V(N), there exist some positive numbers y1,,y,, ..., Y, such that

— Y Yk
h=x"x" o x

x = Z my(h—1) = Z my (xfl”xgzh...xzk” —1)
hev(N) hev(N)
Y, Y2, yk’lh( Yo, _ )
X, x% S b 1 k
= Z m| (xzk_‘ll” - 1) € Z am(G, < x; >)
hev(N Yy 0 Y2 n i=1
eviN) Footx 0" =)+ (" = 1) !

O

We recall a well-known definition from [9]. Let g and & be two elements of a group G. The element
ghg™! is called the conjugate of 1 by g.
We are now ready to prove the relation between conjugate subgroups of G and RG-submodules of M.

Theorem 2.6. Let H; be a subgroup of a group G and g € G. If Hy = gHpg™ !, then we have
Am(G, Hy) = Am(G, Hp)

Proof. Suppose that H; = gHpg ™! and let x be in A (G, Hy). Thenx = Y, my(h — 1) with h € Hy and my, € M.
hEHl

Since h € Hy = gHpg~!, we have h = ghyg~!, where h; € Hy. Thus

x =Y my(ghg™ - g1g7") = 9[ Y (i - 1)) g €gam (G H)g

heH hz €H,

Thus we have Apm(G,Hi) € g 2m (G, Hz)g‘l. For the converse inclusion, let x be in g Ay (G, Hz)g‘l. Then

x = g(hz my(h — 1)) g‘l, where h € H, and m;, € M. For each h € H,, there exists an element f;, € H;
€H,

SuCh that h = g_lthg- Thus X = g( Z mh(g—lthg - 1)) g_l = Z mth(th — 1) IS AM(G, Hl) Hence we have
heH, teH,
9 2m (G Ha)g™' € am(G, Hy). O

Theorem 2.7. Let H and K be subgroups of G such that G = HK and let M be an RG-module. Then the followings
hold:

i) am(G, H). g (G, K) = M(K — 1)(H - 1),
ii) [am(G, H). g (G, K)]1 N M(H N K) = M.((H N K) — 1)2.
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Proof. i) Lety = ), my(h—1) € ap(G,H) and x = ), r¢ (k — 1) € Ar(G, K), where 1, € RG and mj, € M. Then
heH kekK

we have
xy = {Z my (h — 1)] [Z ri (k - 1)]
heH keK
- Zthrk(h—l)(k—l).

heH keK
Since myry € M, it follows xy € M.(K - 1)(H - 1).
To prove its converse, the same method can be used.
ii) It is enough to show M.(K — 1)(H — 1) " M(H N K) = M.((H N K) — 1)* with (7).
Let x € M.((H N K) — 1)%. Then there exist m € M and t € RG((H N K) — 1) such that x = mt. Also there
exista;, b; € (HNK) and r; € RG such that t = Y, r;(a; — 1)(b; — 1). Thus we have
x=m[) | rila - (b= 1)] € M.(K = 1)(H - 1).

Since x = Y, mra;b; — Y, mria; — Y, mr;b; = Y, mrilg € M(H N K), it follows x € M.(K — 1)(H — 1) " M(H N K).
To prove its converse, the same method can be used. [

3. The dimension subgroups V(A;(G)) of G and the associative powers A;'VI(G) of MG

In this section, we introduce the associative powers deal with associative powers A}'\A(G) of Apm(G), and
also give some relations about ARA(G) and the dimension subgroups V(A% (G)).

Definition 3.1. Let G be a group, R a ring and M an R-module. The associative powers of Ap(G) for i > 1 is the set
defined as

A;IVI(G) = Z My, g (g1 = D) (g2 = 1) . (gi = 1) | My, 5, 5 € M.
91,92,--,9i€G

Lemma 3.2. A} (G) is an RG-submodule of MG for i > 1. Moreover, A%!(G) is an RG-submodule of Al (G) for

i>1

Proof. Weknow that Aj(G)isan RG-submoduleof MG. Let6 = } r,g € RGandu =}, my4(g1-1)(2-1)€
geG 71,92€G

A2 (G). Since

g1 -1)(2-1) =@ -1 (92-1) = (g-1)(92 - 1),

we have 6y € A2/ (G). The rest of the proof is by induction. Similarly, we get A/!(G) is an RG-submodule
of A),(G). O

Lemma 3.3. Let G be a group and M an R-module. Then we have Ajw(G) = M.A%(G).

Proof. Since forany Y, g g, .0 (91— 1) (92 = 1) ...(gi — 1) € £},(G), we can write

91,92,---,9i€G
Y Mg 1 =D (2= 1) (9= 1)
71,92,--.9i€G
=Y M@ =D (@2 -1 (- 1)
91,92,-,9i€G

MY g (@1 =1 (2= 1) (g1 = 1)

91,92,--,9i€G
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forsomem € Mand Y, 74,0 (91— 1)(92—1)...(9i — 1) € RG by the definition of AL(G). Hence,
91,92,--,9i€G
A(G) = MLAR(G). O

Theorem 3.4. Let G be a group and M an R-module. Then Apy(G) = A%A(G) > .. > A}A(G) > ... 1s a descending
module filtration of Ap(G).

Proof. For the set of additive subgroups Ajw(G) of Ap(G) for i > 1, we have A}A(G) - A}C}l(G). Moreover
AL(G).0},(G) € 2,/ (G) for all i, j > 1, obviously. [

Theorem 3.5. Let G be a group and M an R-module. There is a correspondence between the descending module
filtration

Am(G) 2 82(G) 2 ... 2 A, (G) > ...
and the filtration
G = V(2r(G)) = V(AE(G)) > ... = V(AR(G)) > ...

of G. In other words, there is a correspondence between the associative powers A} (G) of Ap(G) and ith dimension
subgroups V(A%(G)) of G over R.

Proof. We have a correspondence between A} (G) and A% (G) by the equality A}, (G) = M.AL(G) given above.
For all AL(G) are ideals of RG, we have another correspondence between the associative powers Ay (G) of
AR(G) and the ith dimension subgroups of G over R via GN (1 + AL (G)) = V(AL(G)). Consequently, we have
the correspondence between A} (G) and V(A(G)). Hence, we get the following diagram which shows the
desired correspondence between the descending module filtration of A»;(G) and the filtration of G by the
ith dimension subgroups of G over R.

V(ar(G) = V(a%(G) 2. =V(AR(G) >.
T I i
Ar(G) >A2(G)  >.. 2ARG) >
1 1 1
Am(G) >A(G) 2. =aLG) >
0
Acknowledgement

This article is dedicated to Professor Gradimir V. Milovanovic on the Occasion of his 70th anniversary.
The authors thank the referees for their valuable comments and suggestions.

References

[1] E. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Springer-Verlag, New York, 1992.

[2] M. Alkan, On the Relations between Subgroups of a Group and Submodules of Modules over Group Rings, AIP Conference
Proceedings 1863 (2017), 300008(1)-300008(4).

[3] I G. Connell, On the Group Ring, Canadian J. Math. 15 (1963) 650-685.

[4] O.Y.Dashkova, On Modules over Group Rings of Nilpotent Groups, Ukrainian Mathematical Journal 64 (2012), 13-23.

[5] O.Y. Dashkova, Modules over Group Rings of Locally Soluble Groups with a Certain Condition of Minimality, Miskolc Mathe-
matical Notes 15 (2014), 383-392.

[6] I Kaplansky, Problems in the theory of rings, Amer. Math. Monthly 77 (1970), 445-454.

[7] M. T.Kosan, T. K. Lee, Y. Zhou, On Modules Over Group Rings, Algebras and Representation Theory 17 (2014), 87-102.

[8] L. A.Kurdachenko, J. Otal, I. Y. Subbotin, Artinian Modules over Group Rings, Birkhéuser, Basel, 2007.

[9] S. K. Sehgal, Topics in Group Rings, Marcel Dekker, New York, 1978.



[10]
[11]
[12]
[13]

[14]
[15]
[16]
[17]

O. Ones, M. Alkan and M. Uc / Filomat 34:2 (2020), 575-582 582

S. K. Sehgal, An Introduction to Group Rings Springer, Dordrecht, 2002.

L. B. S. Passi, Group Rings and Their Augmentation Ideals, Springer-Verlag, Berlin, 1974.

D. S. Passman, Advances in Group Rings, Israel J. Math. 19 (1974), 67-107.

D. S. Passman, The Jacobson Radical of Group Rings of Locally Finite Groups, Transactions of the American Mathematical Society
349 (1997), 4693-4751.

D. S. Passman, The Algebraic Structure of Group Rings, Dover Publications, New York, 2011.

0. Oneg, M. Alkan, On The Relations between Subgroups And Ideals, AIP Conference Proceedings (2018), accepted.

M. Ug, O. Ones, M. Alkan, On modules over Groups, Filomat 30 (2016), 1021-1027.

A. E. Zalesskii, A. V. Mikhalev, Group Rings, Journal of Soviet Math. 4 (1975), 1-78.



