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Abstract. In this paper, we find some connections between submodules of a module over a group ring RG
and subgroups of a group G. Also, we prove that there is a direct connection between conjugate elements
of G and RG-submodules of M. Finally, we show that there is a correspondence between the associative
powers 4i

M(G) of 4M(G) and ith dimension subgroups 5(4i
R(G)) of G over R.

1. Introduction

The history of group rings dates back to long time and since then, many survey articles have appeared
([3], [6], [12], [13], [17]). But modules over group rings are one of the subjects studied in recent years by a
lot of authors interested in algebra ([4], [5], [7], [8], [16]). As distinct from the definition of group module
over group rings as defined in [7], we gave a definition of group module over group rings with the help of
a group homomorphism from G to End(M) in [16]. As a continuous study of our previous paper, in here by
this previous definition, we give some characterizations for modules over group rings in this paper.

Throughout this paper, all rings are commutative with identity and all modules are unital group modules
over group rings unless stated otherwise.

Let R be a commutative ring with identity and G a group. The group ring of G over R is denoted by RG,
which is the set of all formal expressions of the form

∑
1∈G

r11where r1 ∈ R and r1 = 0 for almost every 1 ∈ G.

For elements r =
∑
1∈G

r11, s =
∑
1∈G

s11 ∈ RG, by writing r = s, we mean r1 = s1 for all 1 ∈ G.

In fact, RG is a ring with the following sum and multiplication

r + s =
∑
1∈G

r11 +
∑
1∈G

s11 =
∑
1∈G

(r1 + s1)1

and

ra =
∑
1,h∈G

(
r1ah

)
(1h) =

∑
1∈G

∑
h∈G

(
r1ah−11

)
1
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where a =
∑

h∈G
ahh ∈ RG.

The augmentation map of RG is a ring homomorphism from RG to R given by
∑
1∈G

r11 →
∑
1∈G

r1 and its

kernel denoted by 4R(G) is called the augmentation ideal of RG. In other words, the ideal 4R(G) of RG is
defined as the following set:

∑
1∈G

r1(1 − 1) : 1 ∈ G, 1 , 1, r1 ∈ R

 .
For a left ideal I of RG, 5(I), which is a subgroup of G, is defined as the following set:{

1 ∈ G : 1 − 1 ∈ I
}

= G ∩ (1 + I).

One can observe that 5(4R(G,H)) = H for a subgroup H of G.
Based on the definition and structure of a group ring, a group module over a group ring is defined as

follows:
Let τ be a group homomorphism from G to End(M). For all 1 ∈ G,m ∈ M, the multiplication m1 is

defined as

m1 = τ(1)(m).

In here, M is an RG-module with this multiplication and the group homomorphism τ is a representation
of G for M over R ([16]).

Alkan generalized the augmentation mapping of RG to the group module in [2] and proved the following
property:

4M(H) =

∑
h∈H

αh (h − 1) | αh ∈M


is an RG-submodule of M and

4M(H) = M.4R(G,H),

where H is a normal submodule of G.
Besides the relations among RG-submodules of a group module MG with regard to normal subgroups

and elements of G, there are other relations among subgroups of G and 4R(G), its associative powers 4i
R(G)

and 4M(G), its associative powers 4i
M(G) which are defined below.

Firstly recall that associative powers

4
i
R(G) =


∑

11,12,...,1i∈H

r11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
| r11,12,...,1i ∈ R


of 4R(G) are ideals of RG. So, 4i

R(G) is generated as an R-module by the elements (11 − 1)(12 − 1)...(1i − 1)
where 11, 12, ..., 1i ∈ G. Since all 4i

R(G)s are ideals of RG, we have G ∩ (1 + 4i
R(G)) = 5(4i

R(G)), which is a
normal subgroup of G. These normal subgroups 5(4i

R(G)) of G for i ≥ 1 are called ith dimension subgroups
of G over R. And, G = 5(4R(G)) ≥ 5(42

R(G)) ≥ ... ≥ 5(4i
R(G)) ≥ ... is a filtration of G.

Moreover, the decreasing series 4R(G) ≥ 42
R(G) ≥ ... ≥ 4i

R(G) ≥ ... is a filtration of the augmentation ideal
4R(G). This filtration has the property that 4i

R(G).4 j
R(G) ⊆ 4i+ j

R (G).
In this paper, we find some connections between RG-submodules of M over RG and subgroups of G and

a correspondence between associative powers 4i
M(G)s of 4M(G) and ith dimension subgroups 5(4i

R(G)) of
G.
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In Section 2, we firstly deal with the structure of RG-submodules related to subgroups of G in Lemma
2.1 and Proposition 2.2. After giving a relation for a normal group of G related to an RG-submodule in
Lemma 2.4, we prove that

4M(G,5(N)) =

k∑
i=1

(4M(G, < xi >))

if 5(N) =< x1, x2, ..., xk >, where xi ∈ G and N is an RG-submodule of an RG-module M, in Theorem 2.5.
Before Theorem 2.6, we deal with an RG-submodule of M to find a correspondence between conjugate
elements of G and RG-submodules of M. Thus we close Section 2 by the following result: If

H1 = 1H21
−1

holds, then we have

4M(G,H1) = 4M(G,H2),

where 1 ∈ G and Hi is a subgroup of G.
In Section 3, we firstly define associative powers of 4M(G) in Definition 3.1. After showing that 4i

M(G)
is an RG-submodule of MG for i ≥ 1 in Lemma 3.2, we give a characterization for 4i

M(G) in Lemma 3.3.
Finally, in Theorem 3.5, we prove that there is a correspondence between the descending module filtration

4M(G) ≥ 42
M(G) ≥ ... ≥ 4i

M(G) ≥ ...

and the filtration

G = 5(4R(G)) ≥ 5(42
R(G)) ≥ ... ≥ 5(4i

R(G)) ≥ ...

of G.

2. Submodules related to normal subgroups

In this section, we examine the connections between RG-submodules of M over RG and subgroups of G.

Lemma 2.1. Let H1 and H2 be normal subgroups of a group G and M be an RG-module. Then
i) 4M(G, < H1 ∪H2 >) = 4M(G,H1) + 4M(G,H2), where < H1 ∪H2 > is the set generated by H1 and H2.
ii) 4M(G,H1 ∩H2) ⊆ 4M(G,H1) ∩ 4M(G,H2).

Proof. i) It is clear that 4M(G,H1) + 4M(G,H2) ⊆ 4M(G, < H1 ∪H2 >).
Take an element x in4M(G, < H1∪H2 >). Then x =

∑
1∈<H1∪H2>

m1(1−1), where m1 ∈M and 1 ∈< H1∪H2 >.

Since 1 ∈< H1 ∪H2 >, we get x ∈ 4M(G,H1) + 4M(G,H2). Thus we have 4M(G, < H1 ∪H2 >) = 4M(G,H1) +
4M(G,H2).

ii) Take an element x in 4M(G,H1 ∩H2). Then x =
∑

1∈H1∩H2

m1(1− 1), where m1 ∈M and 1 ∈ H1 ∩H2. Since

1 ∈ H1 ∩H2, it follows that 1 ∈ H1 and 1 ∈ H2. Thus x ∈ 4M(G,H1) ∩ 4M(G,H2).

Proposition 2.2. Let N be an RG-submodule of an RG-module M. Then

i) 4N (H) =

{ ∑
h∈H

nh(h − 1) : nh ∈ N
}
⊆ 4M(G) is an R-submodule of M.

ii) 4ΣNi (H) =
∑
4Ni (H) for submodule Ni of M.
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Proof. i) It is clear that the sum of any two elements in 4N(H) is in 4N(H). Let r ∈ R and x ∈ 4N(H). Then

r.x = r
( ∑

y∈H
ny(y − 1)

)
=

∑
y∈H

rny(y − 1) ∈ 4N(H), where rny ∈ N.

ii) Let x be in4ΣNi (H). Then x =
∑

h∈H
nh(h−1) with nh ∈

∑
Ni. Since nh ∈

∑
Ni, we have nh = t1h +t2h + ...+tkh

with tih ∈ Ni, and so

x =
∑
h∈H

nh(h − 1) =
∑
h∈H

(t1h + t2h + ...)(h − 1)

=
∑
h∈H

t1h (h − 1) +
∑
h∈H

t2h (h − 1) + ... ∈
∑
4Ni (H).

Let x be in
∑
4Ni (H). Then x =

∑
h∈H

n1h (h − 1) +
∑

h∈H
n2h (h − 1) + ... and nih ∈ Ni. Since

∑
nih ∈

∑
Ni, it follows

that

x =
∑
h∈H

(∑
nih

)
(h − 1) ∈ 4ΣNi (H)

This completes the proof.

Corollary 2.3. Let N be an RG-submodule of an RG-module M. If N is generated by the set S, then we have

4N(H) =

∑
h∈H

shrh(h − 1) : sh ∈ S, rh ∈ R

 .
Proof. The proof of this result is similar to the proof of (ii) in Proposition 2.2.

Let N be an RG-submodule of M. Then a subgroup 5(N) of G is defined in [2] as

5(N) = G ∩ (1 + (N :RG M))
=

{
1 ∈ G : 1 − 1 ∈ (N :RG M)

}
.

Then we give the following lemma.

Lemma 2.4. Let Ni be an RG-submodule of an RG-module M. Then the followings hold:

i)
n⋃

i=1
5(Ni) ⊆ 5

(
n∑

i=1
Ni

)
, where n is a positive integer.

ii) 5[∩ 4M (G,Hi)] = ∩Hi, where Hi is a normal subgroup of a group G.

Proof. i) Using the distributive law, we have the following:
n⋃

i=1

5(Ni) =

n⋃
i=1

(G ∩ (1 + (Ni :RG M)))

= G ∩

 n⋃
i=1

(1 + (Ni :RG M)


⊆ G ∩

1 +

 n∑
i=1

Ni :RG M




= 5

 n∑
i=1

Ni

 .
ii) Let 1 be in G∩ (1 +∩4M (G,Hi)). Then 1− 1 ∈ ∩4M (G,Hi) ⊆ 4M(G,Hi). Thus 1 ∈ G∩ (1 +4M(G,Hi)) =

5(4M(G,Hi)) = Hi and so 1 ∈ ∩Hi.
Let 1 be in ∩Hi. Then 1 ∈ Hi for each i. Since Hi = 5(4M(G,Hi)), it follows that 1 ∈ 5(4M(G,Hi)).
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Theorem 2.5. Let xi ∈ G and N be an RG-submodule of an RG-module M. If 5(N) =< x1, x2, ..., xk >, then we have

4M(G,5(N)) =

k∑
i=1

(4M(G, < xi >)).

Proof. Since xi ∈ 5(N) for all i, it follows that
k∑

i=1
(4M(G, < xi >)) ⊆ 4M(G,5(N)).

Let 5(N) =< x1, x2, ..., xk > and let x be in 4M(G,5(N)). Then x =
∑

h∈5(N)
mh(h − 1) with mh ∈ M. Since

5(N) =< x1, x2, ..., xk >, for each xi ∈ 5(N), there exist some positive numbers y1h , y2h , ..., ykh such that
h = x

y1h
1 x

y2h
2 ...x

ykh
k .

x =
∑

h∈5(N)

mh (h − 1) =
∑

h∈5(N)

mh

(
x

y1h
1 x

y2h
2 ...x

ykh
k − 1

)

=
∑

h∈5(N)

mh


x

y1h
1 x

y2h
2 ...x

yk−1h
k−1

(
x

ykh
k − 1

)
+x

y1h
1 x

y2h
2 ...x

yk−2h
k−2

(
x

yk−1h
k−1 − 1

)
+... + x

y1h
1 (x

y2h
2 − 1) + (x

y1h
1 − 1)

 ∈
k∑

i=1

4M(G, < xi >)

We recall a well-known definition from [9]. Let 1 and h be two elements of a group G. The element
1h1−1 is called the conjugate of h by 1.

We are now ready to prove the relation between conjugate subgroups of G and RG-submodules of M.

Theorem 2.6. Let Hi be a subgroup of a group G and 1 ∈ G. If H1 = 1H21
−1, then we have

4M(G,H1) = 4M(G,H2)

Proof. Suppose that H1 = 1H21
−1 and let x be in 4M(G,H1). Then x =

∑
h∈H1

mh(h− 1) with h ∈ H1 and mh ∈M.

Since h ∈ H1 = 1H21
−1, we have h = 1h21

−1, where h2 ∈ H2. Thus

x =
∑
h∈H

mh(1h21
−1
− 111−1) = 1

 ∑
h2∈H2

mh2 (h2 − 1)

 1−1
∈ 1 4M (G,H2)1−1.

Thus we have 4M(G,H1) ⊆ 1 4M (G,H2)1−1. For the converse inclusion, let x be in 1 4M (G,H2)1−1. Then

x = 1

( ∑
h∈H2

mh(h − 1)
)
1−1, where h ∈ H2 and mh ∈ M. For each h ∈ H2, there exists an element th ∈ H1

such that h = 1−1th1. Thus x = 1

( ∑
h∈H2

mh(1−1th1 − 1)
)
1−1 =

∑
th∈H1

mth (th − 1) ∈ 4M(G,H1). Hence we have

1 4M (G,H2)1−1
⊆ 4M(G,H1).

Theorem 2.7. Let H and K be subgroups of G such that G = HK and let M be an RG-module. Then the followings
hold:

i) 4M(G,H). 4R (G,K) = M.(K − 1)(H − 1),
ii) [4M(G,H). 4R (G,K)] ∩M(H ∩ K) = M.((H ∩ K) − 1)2.
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Proof. i) Let y =
∑

h∈H
mh (h − 1) ∈ 4M(G,H) and x =

∑
k∈K

rk (k − 1) ∈ 4R(G,K), where rk ∈ RG and mh ∈ M. Then

we have

xy =

∑
h∈H

mh (h − 1)


∑

k∈K

rk (k − 1)


=

∑
h∈H

∑
k∈K

mhrk (h − 1) (k − 1) .

Since mhrk ∈M, it follows xy ∈M.(K − 1)(H − 1).
To prove its converse, the same method can be used.
ii) It is enough to show M.(K − 1)(H − 1) ∩M(H ∩ K) = M.((H ∩ K) − 1)2 with (i).
Let x ∈ M.((H ∩ K) − 1)2. Then there exist m ∈ M and t ∈ RG((H ∩ K) − 1)2 such that x = mt. Also there

exist ai, bi ∈ (H ∩ K) and ri ∈ RG such that t =
∑

ri(ai − 1)(bi − 1). Thus we have

x = m
[∑

ri(ai − 1)(bi − 1)
]
∈M.(K − 1)(H − 1).

Since x =
∑

mriaibi −
∑

mriai −
∑

mribi −
∑

mri1G ∈M(H ∩ K), it follows x ∈M.(K − 1)(H − 1) ∩M(H ∩ K).
To prove its converse, the same method can be used.

3. The dimension subgroups 5(4i
R

(G)) of G and the associative powers 4i
M

(G) of MG

In this section, we introduce the associative powers deal with associative powers 4i
M(G) of 4M(G), and

also give some relations about 4i
M(G) and the dimension subgroups 5(4i

R(G)).

Definition 3.1. Let G be a group, R a ring and M an R-module. The associative powers of 4M(G) for i ≥ 1 is the set
defined as

4
i
M(G) =


∑

11,12,...,1i∈G

m11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
| m11,12,...,1i ∈M

 .
Lemma 3.2. 4i

M(G) is an RG-submodule of MG for i ≥ 1. Moreover, 4i+1
M (G) is an RG-submodule of 4i

M(G) for
i ≥ 1.

Proof. We know that4M(G) is an RG–submodule of MG. Let δ =
∑
1∈G

r11 ∈ RG andµ =
∑

11,12∈G
m11,12

(
11 − 1

) (
12 − 1

)
∈

4
2
M(G). Since

1
(
11 − 1

) (
12 − 1

)
= (111 − 1)

(
12 − 1

)
− (1 − 1)(12 − 1),

we have δµ ∈ 42
M(G). The rest of the proof is by induction. Similarly, we get 4i+1

M (G) is an RG–submodule
of 4i

M(G).

Lemma 3.3. Let G be a group and M an R-module. Then we have 4i
M(G) = M.4i

R(G).

Proof. Since for any
∑

11,12,...,1i∈G
m11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
∈ 4

i
M(G), we can write∑

11,12,...,1i∈G

m11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
=

∑
11,12,...,1i∈G

m.r11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
= m.

∑
11,12,...,1i∈G

r11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
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for some m ∈ M and
∑

11,12,...,1i∈G
r11,12,...,1i

(
11 − 1

) (
12 − 1

)
...

(
1i − 1

)
∈ RG by the definition of 4i

R(G). Hence,

4
i
M(G) = M.4i

R(G).

Theorem 3.4. Let G be a group and M an R-module. Then 4M(G) ≥ 42
M(G) ≥ ... ≥ 4i

M(G) ≥ ... is a descending
module filtration of 4M(G).

Proof. For the set of additive subgroups 4i
M(G) of 4M(G) for i ≥ 1, we have 4i

M(G) ⊆ 4i+1
M (G). Moreover

4
i
R(G).4 j

M(G) ⊆ 4i+ j
M (G) for all i, j ≥ 1, obviously.

Theorem 3.5. Let G be a group and M an R-module. There is a correspondence between the descending module
filtration

4M(G) ≥ 42
M(G) ≥ ... ≥ 4i

M(G) ≥ ...

and the filtration

G = 5(4R(G)) ≥ 5(42
R(G)) ≥ ... ≥ 5(4i

R(G)) ≥ ...

of G. In other words, there is a correspondence between the associative powers 4i
M(G) of 4M(G) and ith dimension

subgroups 5(4i
R(G)) of G over R.

Proof. We have a correspondence between 4i
M(G) and 4i

R(G) by the equality 4i
M(G) = M.4i

R(G) given above.
For all 4i

R(G) are ideals of RG, we have another correspondence between the associative powers 4i
R(G) of

4R(G) and the ith dimension subgroups of G over R via G∩ (1 +4i
R(G)) = 5(4i

R(G)). Consequently, we have
the correspondence between 4i

M(G) and 5(4i
R(G)). Hence, we get the following diagram which shows the

desired correspondence between the descending module filtration of 4M(G) and the filtration of G by the
ith dimension subgroups of G over R.

5(4R(G)) ≥ 5(42
R(G)) ≥ ... ≥ 5(4i

R(G)) ≥ ...
↑ ↑ ↑

4R(G) ≥ 4
2
R(G) ≥ ... ≥ 4

i
R(G) ≥ ...

↑ ↑ ↑

4M(G) ≥ 4
2
M(G) ≥ ... ≥ 4

i
M(G) ≥ ...

Acknowledgement

This article is dedicated to Professor Gradimir V. Milovanovic on the Occasion of his 70th anniversary.
The authors thank the referees for their valuable comments and suggestions.

References

[1] F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Springer-Verlag, New York, 1992.
[2] M. Alkan, On the Relations between Subgroups of a Group and Submodules of Modules over Group Rings, AIP Conference

Proceedings 1863 (2017), 300008(1)-300008(4).
[3] I. G. Connell, On the Group Ring, Canadian J. Math. 15 (1963) 650-685.
[4] O. Y. Dashkova, On Modules over Group Rings of Nilpotent Groups, Ukrainian Mathematical Journal 64 (2012), 13-23.
[5] O. Y. Dashkova, Modules over Group Rings of Locally Soluble Groups with a Certain Condition of Minimality, Miskolc Mathe-

matical Notes 15 (2014), 383-392.
[6] I. Kaplansky, Problems in the theory of rings, Amer. Math. Monthly 77 (1970), 445-454.
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