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(A, ϕ)- Lacunary Statistical Convergence of Order α
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Abstract. In the present paper, we introduce and study (A, ϕ) -statistical convergence of order α, using the
ϕ-function, infinite matrix and we establish some inclusion theorems.

1. Introduction and Background

By a ϕ-function we understood a continuous non-decreasing function ϕ(u) defined for u ≥ 0 and such
that ϕ(0) = 0, ϕ(u) > 0, for u > 0 and ϕ(u)→∞ as u→∞, (see, [15], [19]).

Let A = (ank) be an infinite matrix such that

(i) is nonnegative i.e. anv ≥ 0 for n, v = 1, 2, ...

(ii) for an arbitrary positive integer n (or v) there exists a positive integers v0 ( or n0) such that anv0 , 0 (
or an0v , 0, respectively,

(iii) there exist lim
n→∞

anv = 0 for v = 1, 2, ...,

(iv) supn
∑
∞

n anv = K < ∞.

(v) supnanv →∞ as v→∞.

Following Ruckle [13] and Maddox [8], we recall that a modulus f is a function f : [0,∞) to [0,∞) such
that

(i) f (x) = 0 if and only if x = 0,

(ii) f (x + y) ≤ f (x) + f (x) for all x, y ≥ 0,

(iii) f increasing,

(iv) f is continuous from the right at zero.
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It follows that f must be continuous everywhere on [0,∞).

By a lacunary θ = (kr); r = 0, 1, 2, ... where k0 = 0, we shall mean an increasing sequence of non-negative
integers with kr − kr−1 → ∞ as r → ∞. The intervals determined by θ will be denoted by Ir = (kr−1, kr] and
hr = kr − kr−1. The ratio kr

kr−1
will be denoted by qr. The space of lacunary strongly convergent sequences Nθ

was defined by Freedman at al. [5] as follows:

Nθ =

x = (xk) : lim
r

1
hr

∑
k∈Ir

|xk − L|) = 0, for some L

 .
In [3], Et and Sengül studied the Cesàro-type summability spaces of order α, 0 < α ≤ 1 and also lacunary

statistical convergence of order α where the notion of lacunary statistical convergence was introduced by
replacing hr by hαr in the denominator in the definition of lacunary statistical convergence. The idea of
lacunary strong (A, ϕ) with respect to a modulus function was introduced and studied by Waszak [19].
Strongly almost lacunary statistical A-convergence defined by a Musielak-Orlicz function was studied by
Savaş and Borgahain [16] and also lacunary statistical and sliding window convergence for measurable
functions was present by Connor and Savaş [2].

In the present paper, we introduce and study (A, ϕ) -statistical convergence of order α, using the ϕ-
function, infinite matrix and we establish some inclusion theorems.

2. Main Results

Let ϕ and f be given ϕ-function and modulus function, respectively and p = (pk) be a sequence of
positive real numbers. Moreover, let A be the infinite matrix, a lacunary sequence θ = (kr) and 0 < α ≤ 1 be
given. Then we define the following sequence spaces,

Nα
θ(A, ϕ, f , p)0 =

x = (xk) : lim
r

1
hαr

∑
n∈Ir

f
( ∣∣∣∣∣∣∣
∞∑

k=1

ankϕ(|xk|)

∣∣∣∣∣∣∣ )pk
= 0

 ,
where hαr denote the α th power (hr)α of hr, that is hα = (hαr ) = (hα1 , h

α
2 , h

α
3 , ....).

The idea of statistical convergence was given by Zygmund [18] in the first editon of his monograph pub-
lished in Warsaw in 1935. The notion of statistical convergence was introduced by Fast [4] and Schoenberg
[17] independently. Over the years and under different names, statistical convergence has been discussed
in the theory of Fourier analysis, ergodic theory, and number theory. Moreover, statistical convergence is
closely related to the concept of convergence in probability. Later on, it was further investigated from the
sequence space point of view and linked with summability theory by Fridy [6], Connor [1], Kolk [12], Šalát
[14], Mursaleen [11], Savas [10], Maddox [9] and many others.

The idea of convergence of a real sequence was extended to statistical convergence by Fast [4] as follows
: IfN denotes the set of natural numbers and K ⊂N then K(m,n) denotes the cardinality of the set K∩ [m,n].
The upper and lower natural density of the subset K is defined by

d(K) = lim
n→∞

sup
K(1,n)

n
and d(K) = lim

n→∞
inf

K(1,n)
n

.

If d(K) = d(K) then we say that the natural density of K exists and it is denoted simply by d(K). Clearly

d(K) = lim
n→∞

K(1,n)
n

.

A sequence (xk) of real numbers is said to be statistically convergent to L if for arbitrary ε > 0, the set
K(ε) = {k ∈N : |xk − L| ≥ ε} has natural density zero.

In another direction, a new type of convergence called lacunary statistical convergence was introduced
in [7] as follows.
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A sequence (xk) of real numbers is said to be lacunary statistically convergent to L ( or, Sθ-convergent to
L ) if for any ε > 0,

lim
r→∞

1
hr
|{k ∈ Ir : |xk − L| ≥ ε}| = 0

where |A| denotes the cardinality of A ⊂N. In [7] the relation between lacunary statistical convergence and
statistical convergence was established among other things. Recently Et and Hacer [3] defined lacunary
statistical convergence of order α as follows:

Let θ be a lacunary sequence and 0 < α ≤ 1 be given. The sequence (xk) of real numbers is said to be
lacunary statistically convergent of order α to L ( or, Sθ-convergent of order α to L ) if for any ε > 0,

lim
r→∞

1
hαr
|{k ∈ Ir : |xk − L| ≥ ε}| = 0.

In this case we write Sαθ − lim xk = L.
Assume that A is a non-negative regular summability matrix. Then the sequence x = (xn) is called

A-statistically convergent to L provided that, for every ε > 0

lim
j

∑
n:|xn−L|≥ε

a jn = 0

We denote this by stA − limn xn = L.
Let θ be a lacunary sequence, and let A = (ank) be the infinite matrix and the sequence x = (xk), the ϕ-

function ϕ(u) and a positive number ε > 0 be given. We write, for all i

Kr
θ((A, ϕ), ε) =

n ∈ Ir :
∞∑

k=1

ankϕ(|xk|) ≥ ε

 .
The sequence x is said to be (A, ϕ)- lacunary statistically convergent of order α to a number zero if for

every ε > 0

lim
r

1
hαr
µ(Kr

θ((A, ϕ), ε) = 0,

where µ(Kr
θ((A, ϕ), ε) denotes the number of elements belonging to Kr

θ((A, ϕ), ε). We denote by Sαθ(A, ϕ), the
set of sequences x = (xk) which are lacunary (A, ϕ)− statistical convergent of order α to zero and we write

Sαθ(A, ϕ)0 =

{
x = (xk) : lim

r

1
hαr
µ(Kr

θ((A, ϕ), ε) = 0
}
.

If we take A = I and ϕ(x) = x respectively, then Sαθ(A, ϕ)0 reduce to (Sαθ)0
which was defined as follows:

S0
λ =

{
x = (xk) :

1
hαr
|{k ∈ Ir : |xk| ≥ ε}| = 0

}
.

Remark 2.1. (i) If for all i,

ank := {
1
n , if n ≥ k,
0, otherwise.

then Sαθ(A, ϕ)0 reduce to Sαθ(C, ϕ)0,i.e., uniform (C, ϕ)− statistical convergence. (ii) If for all i,

ank := {
pk
Pn
, if n ≥ k,

0, otherwise.
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then Sαθ(A, ϕ)0 reduce to Sαθ(N, p), ϕ),i.e., uniform ((N, p), ϕ)− statistical convergence, where p = pk is a sequence of
nonnegative numbers such that p0 > 0 and

Pi =

n∑
k=0

pk →∞(n→∞).

Theorem 2.2. If 0 < α ≤ β ≤ 1 then Sαθ(A, ϕ)0 ⊂ Sβθ(A, ϕ)0.

Proof. Let 0 < α ≤ β ≤ 1. Then

1

hβr
µ(Kr

θ((A, ϕ), ε) ≤
1
hαr
µ(Kr

θ((A, ϕ), ε)

for every ε > 0 and finally we have that Sαθ(A, ϕ)0 ⊂ Sβθ(A, ϕ)0. This proves the theorem.

Theorem 2.3. Let θ = (kr) and θ′ = (sr) be two lacunary sequences such that Ir ⊂ Jr for all r ∈ N and let α and β be
such that 0 < α ≤ β ≤ 1
(i) if

lim
r→∞

inf
hαr
lβr
> 0 (1)

then Sβθ1
(A, ϕ)0 ⊆ Sαθ(A, ϕ)0.

(ii) If

lim
r→∞

lr
hβr
> 0 (2)

then Sαθ(A, ϕ)0 ⊆ Sβθ1
(A, ϕ)0.

Proof. (i) Suppose that Ir ⊂ Jr for all r ∈N and let (1) be satisfied. For given ε > 0, we have

k ∈ Jr :
∞∑

k=1

ankϕ(|xk|) ≥ ε

 ⊇
k ∈ Ir :

∞∑
k=1

ankϕ(|xk|) ≥ ε


and also

1

`
β
r

∣∣∣∣∣∣∣
k ∈ Jr :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣ ≥ hαr

`
β
r

1
hαr

∣∣∣∣∣∣∣
k ∈ Ir :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

for all r ∈N, where Ir = (kr−1, kr], Jr = (sr−1, sr], hr = kr− kr−1 and `r = sr− sr−1. Now taking the limit as r→∞
in the last inequality and using (1), we get Sβθ1

(A, ϕ)0 ⊆ Sαθ(A, ϕ)0.
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(ii) Let x = (xk) ∈ Sαθ and (2) be satisfied. Since Ir ⊂ Jr , for ε > 0 we may write

1

`
β
r

∣∣∣∣∣∣∣
k ∈ Jr :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣ =

1

`
β
r

∣∣∣∣∣∣∣
sr−1 < k ≤ kr−1 :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

+
1

`
β
r

∣∣∣∣∣∣∣
kr < k ≤ sr :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

+
1

`
β
r

∣∣∣∣∣∣∣
kr−1 < k ≤ kr :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

≤
kr−1 − sr−1

`
β
r

+
sr − kr

`
β
r

+
1

`
β
r

∣∣∣∣∣∣∣
k ∈ Ir :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

=
`r − hr

`
β
r

+
1

`
β
r

∣∣∣∣∣∣∣
k ∈ Ir :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

≤
`r − hβr

hβr
+

1

hβr

∣∣∣∣∣∣∣
k ∈ Ir :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

≤

 `r

hβr
− 1

 +
1
hαr

∣∣∣∣∣∣∣
k ∈ Ir :

∞∑
k=1

ankϕ(|xk|) ≥ ε


∣∣∣∣∣∣∣

for all r ∈ N. Since lim
r→∞

`r

hβr
= 1 by (2) the first term and since x = (xk) ∈ Sαθ(A, ϕ)0, the second term

of right hand side of above inequality tend to 0 as r → ∞. Note that
(
`r

hβr
− 1

)
≥ 0. This implies that

Sαθ(A, ϕ)0 ⊆ Sβθ1
(A, ϕ)0.

From the above, we have the following results.

Corollary 2.4. Let θ = (kr) and θ′ = (sr) be two lacunary sequences such that Ir ⊆ Jr for all r ∈N.

If (2.1) holds, then

1. Sαθ1
(A, ϕ)0 ⊆ Sαθ(A, ϕ)0 for each α ∈ (0, 1],

2. Sθ1 (A, ϕ)0 ⊆ Sαθ(A, ϕ)0 for each α ∈ (0, 1],
3. Sθ1 (A, ϕ)0 ⊆ Sθ(A, ϕ)0.

If (2.2) holds, then

1. Sαθ(A, ϕ)0 ⊆ Sαθ1
(A, ϕ)0 for each α ∈ (0, 1],

2. Sαθ(A, ϕ)0 ⊆ Sθ1 (A, ϕ)0 for each α ∈ (0, 1],
3. Sθ(A, ϕ)0 ⊆ Sθ1 (A, ϕ)0.

Finally we conclude this paper by presenting inclusion relations between N0
θ(A, ϕ, f , p) and S0

θ(A, ϕ).

In the following theorem we assume that 0 < h = in f pn ≤ pn ≤ suppn ≤ H < ∞.

Theorem 2.5. (a) If the matrix A and sup pn = H, the sequence θ and functions f and ϕ be given, then

Nα
θ((A, ϕ), f , p)0 ⊂ Sαθ(A, ϕ)0.

(b) If the ϕ- function ϕ(u) and the matrix A are given, and if the modulus function f is bounded, then

Sαθ(A, ϕ)0 ⊂ Nα
θ(A, ϕ), f , p)0.
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Proof. (a) Let f be a modulus function and let ε be a positive numbers. We write the following inequalities,

1
hαr

∑
n∈Ir

f
( ∣∣∣∣∣∣∣
∞∑

k=1

ankϕ(|xk|)

∣∣∣∣∣∣∣ )pn
=

1
hαr

∑
n∈I1

r

f
( ∣∣∣∣∣∣∣
∞∑

k=1

ankϕ(|xk|)

∣∣∣∣∣∣∣ )pn

≥
1
hαr

∑
n∈I1

r

[ f (ε)]pn

≥
1
hαr

∑
n∈I1

r

min
(
[ f (ε)]inf pn , [ f (ε)]H

)
≥

1
hαr
µ(Kr

θ(A, ϕ), ε) min
(
[ f (ε)]inf pn , [ f (ε)]H),

where

I1
r =

n ∈ Ir :
∞∑

k=1

ankϕ(|xk|) ≥ ε

 .
Finally, if x ∈ N0

θ(A, ϕ, f , p) then x ∈ S0
θ(A, ϕ, f ).

(b) Let us suppose that x ∈ Sαθ(A, ϕ)0. If the modulus function f is a bounded function, then there exists
an integer K such that f (x) < K for x ≥ 0. Let us take

I2
r =

n ∈ Ir :
∞∑

k=1

ankϕ(|xk|) < ε

 .
Thus we have, for all i

1
hαr

∑
n∈Ir

f
( ∣∣∣∣∣∣∣
∞∑

k=1

ank(i)ϕ(|xk|)

∣∣∣∣∣∣∣ )pn
≤

1
hαr

∑
n∈I1

r

f
( ∣∣∣∣∣∣∣
∞∑

k=1

ank(i)ϕ(|xk|)

∣∣∣∣∣∣∣ )pn

+
1
hαr

∑
n∈I2

r

f
( ∣∣∣∣∣∣∣
∞∑

k=1

ank(i)ϕ(|xk|)

∣∣∣∣∣∣∣ )pn

≤
1
hαr

∑
n∈I1

r

max(Kh,KH) +
1
hr

∑
n∈I2

r

[ f (ε)]pn

≤ max(Kh,KH)
1
hαr
µ(Kr

θ((A, ϕ), ε)) + max([ f (ε)]h, [ f (ε)]H).

Taking the limit as ε→ 0, we observe that x ∈ Nα
θ(A, ϕ, f , p)0.

This completes the proof.
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[16] E. Savaş and S. Borgohain, On strongly almost lacunary statistical A-convergence defined by a Musielak-Orlicz function, Filomat 30

(2016), no. 3, 689-697. 40A35
[17] I. J. Schoenberg, The integrability of certain functions and related summability methods, Amer. Math. Monthly, 66 (1959) 361-375.
[18] A. Zygmund, Trigonometrical Series, Cambridge University Press, Cambridge, UK, 2nd edition, 1979.
[19] A. Waszak, On the strong convergence in sequence spaces, Fasciculi Math. 33, (2002), 125-137.


