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Abstract. Recently, the incomplete Pochhammer ratios are defined in terms of incomplete beta and gamma
functions [10]. In this paper, we introduce the extended incomplete version of Pochhammer symbols in
terms of the generalized incomplete gamma functions. With the help of this extended incomplete version
of Pochhammer symbols we introduce the extended incomplete version of Gauss hypergeometric and
Appell’s functions and investigate several properties of them such as integral representations, derivative
formulas, transformation formulas, Mellin transforms and log convex properties. Furthermore, we inves-
tigate incomplete fractional derivatives for extended incomplete version of some elementary functions.

1. Introduction and preliminaries

Special functions have been an active research area in recent years. Some extensions of the well-known
special functions have been considered by several authors (cf.[2, 5, 6, 9, 12, 13, 16, 18, 21, 22]).

The familiar incomplete gamma functions γ(s, x) and Γ(s, x) are defined by

γ(s, x) :=
∫ x

0
ts−1e−tdt, Re(s) > 0; x = 0, Γ(s, x) :=

∫
∞

x
ts−1e−tdt , x = 0; Re(s) > 0 when x = 0,

respectively. The function Γ(s) and its incomplete versions γ(s, x) and Γ(s, x) are crucial in the study for
analytical solutions of various problems including different branches of science and engineering (cf.[8]).

The widely used Pochhammer symbol (λ)ν (λ, ν ∈ C) is defined, in general, by

(λ)ν :=
Γ (λ + ν)

Γ (λ)
=

{
1, ν = 0; λ ∈ C\ {0} ,
λ (λ + 1) ... (λ + ν − 1) , ν ∈N; λ ∈ C.

}
(1)

In terms of the incomplete gamma functions γ(s, x) and Γ(s, x), the incomplete Pochhammer symbols
(λ; x)ν and [λ; x]ν (λ; ν ∈ C; x ≥ 0) were defined as follows (cf.[16]):

(λ; x)ν :=
γ(λ + ν, x)

Γ (λ)
, λ, ν ∈ C; x ≥ 0, [λ; x]ν :=

Γ (λ + ν, x)
Γ (λ)

, λ, ν ∈ C; x ≥ 0. (2)
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The generalized incomplete Gauss hypergeometric functions rγs and rΓs with r numerator and s denom-
inator parameters were defined by means of the incomplete gamma functions as follows (cf.[16]):

rγs

[
(a1, x) , a2, ..., ar;

c1, ..., cs;
z

]
:=

∞∑
n=0

(a1; x)n(a2)n...(ar)n

(c1)n(c2)n...(cs)n

zn

n!
, (3)

and

rΓs

[
(a1, x) , a2, ..., ar;

c1, ..., cs;
z

]
:=

∞∑
n=0

[a1; x]n(a2)n...(ar)n

(c1)n(c2)n...(cs)n

zn

n!
. (4)

The generalized representation of the incomplete gamma functions were defined by (cf.[1]):

γ
(
α, κ; p

)
:=

∫ κ

0
tα−1exp(−t −

p
t

)dt, Γ
(
α, κ; p

)
:=

∫
∞

κ
tα−1exp(−t −

p
t

)dt. (5)

It should be noted if we take p = 0 in (5), we get γ (α, κ; 0) = γ(α, κ) and Γ (α, κ; 0) = Γ (α, κ). These
generalized incomplete gamma functions satisfy the following decomposition formula:

γ
(
α, κ; p

)
+ Γ

(
α, κ; p

)
= 2p

α
2 Kα

(
2
√

p
)

= Γp (α) . (6)

where

Γp (x) :=
∫
∞

0
tx−1 exp

(
−t −

p
t

)
dt, Re(p) > 0. (7)

is the extension of gamma function was introduced by Chaudhry and Zubair [1]. Clearly, when p = 0, (7)
reduces to the familiar gamma function Γ(x).

The incomplete beta function is defined by (cf. [10])

By(x, z) :=
∫ y

0
tx−1(1 − t)z−1dt,Re(x) > 0,Re(z) > 0, 0 ≤ y < 1. (8)

It can be seen easily when y→ 1 in equation (8), this equation will reduce to the well-known beta function.
In terms of the incomplete beta function By(x, z), the incomplete Pochhammer ratios

[
b, c; y

]
n and

{
b, c; y

}
n

were introduced as follows [10]:

[
b, c; y

]
n :=

By (b + n, c − b)
B (b, c − b)

,
{
b, c; y

}
n :=

B1−y(c − b, b + n)
B(b, c − b)

(9)

where 0 ≤ y < 1. With the help of these incomplete Pochhammer ratios
[
b, c; y

]
n and

{
b, c; y

}
n , incomplete

Gauss and confluent hypergeometric functions were defined as follows [10]:

2F1(a, [b, c; y]; x) :=
∞∑

n=0

(a)n[b, c; y]n
xn

n!
, 2F1(a,

{
b, c; y

}
; x) :=

∞∑
n=0

(a)n
{
b, c; y

}
n

xn

n!
, (10)

1F1([a, b; y]; x) :=
∞∑

n=0

[a, b; y]n
xn

n!
, 1F1(

{
a, b; y

}
; x) :=

∞∑
n=0

{
a, b; y

}
n

xn

n!
(11)

where 0 ≤ y < 1.
On the other hand, the incomplete Appell’s functions were defined by [10]:

F1[a, b, c; d; x, z; y] :=
∞∑

m,n=0

[a, d; y]m+n(b)m(c)n
xm

m!
zn

n!
, (12)
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F1{a, b, c; d; x, z; y} :=
∞∑

m,n=0

{a, d; y}m+n(b)m(c)n
xm

m!
zn

n!
, (13)

where max{|x| , |z|} < 1, and

F2[a, b, c; d, e; x, z; y] :=
∞∑

m,n=0

(a)m+n[b, d; y]m[c, e; y]n
xm

m!
zn

n!
, (14)

F2{a, b, c; d, e; x, z; y} :=
∞∑

m,n=0

(a)m+n{b, d; y}m{c, e; y}n
xm

m!
zn

n!
, (15)

where |x| + |z| < 1.
Furthermore, the incomplete Riemann-Liouville fractional integral operator were introduced as follows

[10]:

Dµ
z [ f (z); y] :=

z−µ

Γ
(
−µ

) ∫ y

0
f (uz)(1−u)−µ−1du, Dµ

z { f (z); y} :=
z−µ

Γ
(
−µ

) ∫ 1

y
f (uz)(1−u)−µ−1du; Re(µ) < 0. (16)

In this paper, in terms of the generalized incomplete gamma functions γ
(
α, κ; p

)
and Γ

(
α, κ; p

)
, the

extended incomplete version of Pochhammer symbols
(
α, κ; p

)
n and

〈
α, κ; p

〉
n are defined by

(
α, κ; p

)
n :=

γ
(
α + n, κ; p

)
Γ (α)

,
〈
α, κ; p

〉
n :=

Γ
(
α + n, κ; p

)
Γ (α)

; Re(α) > 0. (17)

On the other hand, the extended incomplete binomial expansions are introduced as follows:

(
1 − z; p

)−α
κ− :=

∞∑
n=0

〈
α, κ; p

〉
n

zn

n!
,

(
1 − z; p

)−α
κ+ :=

∞∑
n=0

(
α, κ; p

)
n

zn

n!
; |z| < 1. (18)

The organization of the paper as follows:
In Section 2, extended incomplete versions of hypergeometric functions are introduced with the help

of these extended incomplete versions of Pochhammer symbols and we obtain integral representations,
derivative formulas, transformation formulas, Mellin transforms and log convex properties for these func-
tions. In Section 3, we define extended incomplete versions of Appell’s functions and obtain their integral
representations. In Section 4, the Riemann-Liouville fractional integrals of some elementary functions are
given.

2. Extended incomplete version of hypergeometric functions

In this section, we begin by introducing the extended incomplete versions of Gauss hypergeometric
functions by

2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
:=

∞∑
n=0

(
α, κ; p

)
n
[
b, c; y

]
n

xn

n!
, (19)

2F1
(
(α, κ; p), {b, c; y}; x

)
:=

∞∑
n=0

(α, κ; p)n
{
b, c; y

}
n

xn

n!
, (20)

and

2F1
(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
:=

∞∑
n=0

〈
α, κ; p

〉
n
[
b, c; y

]
n

xn

n!
, (21)
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2F1
(〈
α, κ; p

〉
, {b, c; y}; x

)
:=

∞∑
n=0

〈
α, κ; p

〉
n {b, c; y}n

xn

n!
(22)

where 0 ≤ y < 1.

Remark 2.1. Note that when p = 0 and κ = 0, (20) and (22) reduce to the corresponding versions given by (10),
respectively.

Remark 2.2. Note that when κ = 0 and y = 0, (20) and (22) reduce to the corresponding versions given by (4),
respectively.

Remark 2.3. In view of (6), these extended incomplete versions of Gauss hypergeometric functions satisfy the
following decomposition formula:

2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
+ 2F1

(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
=

2p
α
2

Γ (α)

∞∑
n=0

[
b, c; y

]
n p

n
2 Kα+n

(
2
√

p
)
, (23)

and

2F1
(
(α, κ; p), {b, c; y}; x

)
+ 2F1

(〈
α, κ; p

〉
, {b, c; y}; x

)
=

2p
α
2

Γ (α)

∞∑
n=0

b, c; y n p
n
2 Kα+n

(
2
√

p
)
. (24)

Theorem 2.4. The following integral representations hold true:

2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
=

kα

Γ (α)

∫ 1

0
uα−1e−uk− p

uk 1F1(
[
b, c; y

]
; xuk)du, Re(α) > 0, (25)

2F1
(
(α, κ; p), {b, c; y}; x

)
=

kα

Γ (α)

∫ 1

0
uα−1e−uk− p

uk 1F1(
{
b, c; y

}
; xuk)du, (26)

2F1
(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
=

1
Γ (α)

∫
∞

κ
tα−1e−t− p

t 1F1(
[
b, c; y

]
; xt)dt, (27)

2F1
(〈
α, κ; p

〉
, {b, c; y}; x

)
=

1
Γ (α)

∫
∞

κ
tα−1e−t− p

t 1F1({b, c; y}; xt)dt. (28)

where Re(α) > 0,Re(c) > Re(b) > 0.

Proof. Replacing the extended incomplete version of Pochhammer symbol (α, κ; p) in the definition (17) by
its integral representation given by (5) and interchanging the order of summation and integral which is
permissible under the conditions given in the hypothesis of the Theorem, we find

2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
=

1
Γ (α)

∫ k

0
tα−1e−t− p

t

∞∑
n=0

[
b, c; y

]
n

(xt)n

n!
dt,

=
kα

Γ (α)

∫ 1

0
uα−1e−uk− p

uk 1F1(
[
b, c; y

]
; xuk)du.

Hence the proof is completed. Formula (26), (27) and (28) can be proved in a similar way.

Remark 2.5. The case p = 0 in the above Theorem gives

2F1
(
(α, κ) ,

[
b, c; y

]
; x

)
=

1
Γ (α)

∫ κ

0
tα−1e−t

1F1
([

b, c; y
]

; xt
)

dt = 2γ1
(
(α, κ) ,

[
b, c; y

]
; x

)
, (29)

2F1
(
(α, κ), {b, c; y}; x

)
=

1
Γ (α)

∫ κ

0
tα−1e−t

1F1(
{
b, c; y

}
; xt)dt = 2γ1

(
(α, κ) ,

{
b, c; y

}
; x

)
, (30)
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2F1
(
〈α, κ〉 ,

[
b, c; y

]
; x

)
=

1
Γ (α)

∫
∞

κ
tα−1e−t

1F1
([

b, c; y
]

; xt
)

dt = 2Γ1
(
(α, κ) ,

[
b, c; y

]
; x

)
, (31)

2F1
(
〈α, κ〉 , {b, c; y}; x

)
=

1
Γ (α)

∫
∞

κ
tα−1e−t

1F1({b, c; y}; xt)dt = 2Γ1
(
(α, κ) ,

{
b, c; y

}
; x

)
. (32)

which are called double incomplete Gauss hypergeometric functions.

Theorem 2.6. The following integral representations hold true:

2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
=

yb

B(b, c − b)

∫ 1

0
ub−1 (

1 − uy
)c−b−1 (

1 − xuy; p
)−α
κ+ du, (33)

Re(c) > Re(b) > 0, |x| < 1,

2F1
(
(α, κ; p), {b, c; y}; x

)
=

(
1 − y

)c−b

B (b, c − b)

∫ 1

0
uc−b−1 (

1 − u
(
1 − y

))b−1 (
1 − x

(
1 − u

(
1 − y

))
; p

)−α
κ+ du, (34)

Re(c) > Re(b) > 0, |x| < 1.

Proof. Replacing the incomplete Pochhammer ratio
[
b, c; y

]
in the definition (9) by its integral representation

given by (8) and using the extended incomplete version of
(
1 − z; p

)−α
κ+ in the definition (18),we get the result

in (33). Formula (34) can be proved in a similar way.

Theorem 2.7. The following integral representations hold true:

2F1
(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
=

yb

B(b, c − b)

∫ 1

0
ub−1 (

1 − uy
)c−b−1 (

1 − xuy; p
)−α
κ− du, (35)

Re(c) > Re(b) > 0, |x| < 1,

2F1
(〈
α, κ; p

〉
, {b, c; y}; x

)
=

(
1 − y

)c−b

B (b, c − b)

∫ 1

0
uc−b−1 (

1 − u
(
1 − y

))b−1 (
1 − x

(
1 − u

(
1 − y

))
; p

)−α
κ+ du, (36)

Re(c) > Re(b) > 0, |x| < 1.

Theorem 2.8. The following derivative formula holds true:

dn

dxn

(
2F1

((
α, κ; p

)
,
[
b, c; y

]
; x

))
=

(α)n (b)n

(c)n
2F1

((
α + n, κ; p

)
,
[
b + n, c + n; y

]
; x

)
. (37)

Theorem 2.9. The following transformation formulas hold true:

2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
= (1 − x)−α 2F1

((
α, κ (1 − x) ; p (1 − x)

)
, {c − b, c; 1 − y};

−x
1 − x

)
, (38)

2F1
(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
= (1 − x)−α 2F1

(〈
α, κ (1 − x) ; p (1 − x)

〉
, {c − b, c; 1 − y};

−x
1 − x

)
. (39)

Proof. Using transformation formula for incomplete confluent hypergeometric function (cf. [10])

1F1(
[
b, c; y

]
; x) = ex

1F1
({

c − b, c; 1 − y
}

;−x
)

(40)

in (27), we find that

2F1
(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
=

1
Γ (α)

∫
∞

κ
tα−1e−t(1−x)− p

t 1F1
({

c − b, c; 1 − y
}

;−xt
)

dt. (41)

The substitution τ = (1 − x) t in (41), we get the desired result. Formula (38) can be proved in a similar
way.
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In the following theorem, we give the Mellin transform representation of the function 2F1
((
α, κ; p

)
,
[
b, c; y

]
; x

)
in

terms of the double incomplete Gauss hypergeometric function.

Theorem 2.10. The following Mellin transformation representation holds true:

M
{
2F1

((
α, κ; p

)
,
[
b, c; y

]
; x

)
: p→ s

}
=

Γ (s) Γ (α + s)
Γ (α) 2γ1

(
(α, κ) ,

[
b, c; y

]
; x

)
. (42)

Proof. Using the Mellin transform operator and we find from (20) that

M
{
2F1

((
α, κ; p

)
,
[
b, c; y

]
; x

)
: p→ s

}
=

∫
∞

0
ps−1

 1
Γ (α)

∞∑
n=0

γ
(
α + n, κ; p

) [
b, c; y

]
n

xn

n!

 dp

=
1

Γ (α)

∫
∞

0
ps−1

∫ κ

0
tα−1e−t− p

t

∞∑
n=0

[
b, c; y

]
n

(xt)n

n!
dtdp. (43)

From the uniform convergence of the integral, the order of integration in (43) can be interchanged. Therefore,
we have

M
{
2F1

((
α, κ; p

)
,
[
b, c; y

]
; x

)
: p→ s

}
=

1
Γ (α)

∫ κ

0
tα−1e−t

1F1
([

b, c; y
]

; xt
) {∫ ∞

0
ps−1e

−p
t dp

}
dt

=
Γ(s)
Γ (α)

∫ κ

0
tα+s−1e−t

1F1
([

b, c; y
]

; xt
)

dt. (44)

Using (29) in (44), we have the result.

In the following theorem, we give log convex property of the function 2F1
(〈
α, κ; p

〉
,
[
b, c; y

]
; x

)
.

Theorem 2.11. Let 1 < q < ∞ and 1
q + 1

z = 1. Then

2F1

(〈
β

q
+
γ

z
, κ; p

〉
,
[
b, c; y

]
; x

)
≤

(
2F1

(〈
β, κ; p

〉
,
[
b, c; y

]
; x

)) 1
q
(

2F1
(〈
γ, κ; p

〉
,
[
b, c; y

]
; x

)) 1
z . (45)

Proof. Taking α =
β
q +

γ
z in (27), we find

2F1

(〈
βq−1 + γz−1, κ; p

〉
,
[
b, c; y

]
; x

)
=

1
Γ (α)

∫
∞

κ

(
tβ−1e−t− p

t 1F1(
[
b, c; y

]
; xt)

) 1
q
(
tγ−1e−t− p

t 1F1(
[
b, c; y

]
; xt)

) 1
z dt.

Using the Hölder inequality, we find

2F1

(〈
βq−1 + γz−1, κ; p

〉
,
[
b, c; y

]
; x

)
≤

(
1

Γ (α)

∫
∞

κ
tβ−1e−t− p

t 1F1(
[
b, c; y

]
; xt)dt

) 1
q
(

1
Γ (α)

∫
∞

κ
tγ−1e−t− p

t 1F1(
[
b, c; y

]
; xt)dt

) 1
z

.

Whence the result.

3. Extended incomplete version of Appell’s functions

In this section, we define the extended incomplete versions of Appell’s functions as follows:

F1[a,
(
b, κ; p

)
,
(
c, κ; p

)
; d; x, z; y] :=

∞∑
m,n=0

[
a, d; y

]
m+n

(
b, κ; p

)
m
(
c, κ; p

)
n

xm

m!
zn

n!
, (46)

F1
{
a,

(
b, κ; p

)
,
(
c, κ; p

)
; d; x, z; y

}
:=

∞∑
m,n=0

{a, d; y}m+n
(
b, κ; p

)
m
(
c, κ; p

)
n

xm

m!
zn

n!
, (47)
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F1[a,
〈
b, κ; p

〉
,
〈
c, κ; p

〉
; d; x, z; y] :=

∞∑
m,n=0

[
a, d; y

]
m+n

〈
b, κ; p

〉
m
〈
c, κ; p

〉
n

xm

m!
zn

n!
, (48)

F1
{
a,

〈
b, κ; p

〉
,
〈
c, κ; p

〉
; d; x, z; y

}
:=

∞∑
m,n=0

{a, d; y}m+n
〈
b, κ; p

〉
m
〈
c, κ; p

〉
n

xm

m!
zn

n!
, (49)

where max{|x| , |z|} < 1,

F2
[(

a, κ; p
)
, b, c; d, e; x, z; y

]
:=

∞∑
m,n=0

(
a, κ; p

)
m+n

[
b, d; y

]
m
[
c, e; y

]
n

xm

m!
zn

n!
, (50)

F2{
(
a, κ; p

)
, b, c; d, e; x, z; y} :=

∞∑
m,n=0

(
a, κ; p

)
m+n {b, d; y}m{c, e; y}n

xm

m!
zn

n!
, (51)

F2
[〈

a, κ; p
〉
, b, c; d, e; x, z; y

]
:=

∞∑
m,n=0

〈
a, κ; p

〉
m+n

[
b, d; y

]
m
[
c, e; y

]
n

xm

m!
zn

n!
, (52)

F2{
〈
a, κ; p

〉
, b, c; d, e; x, z; y} :=

∞∑
m,n=0

〈
a, κ; p

〉
m+n {b, d; y}m{c, e; y}n

xm

m!
zn

n!
, (53)

where |x| + |z| < 1.

Remark 3.1. Note that when κ = 0 and p = 0, (46) and (47) reduce to the corresponding versions given by (13),
respectively (similarly, when κ = 0 and p = 0, (50) and (51) reduce to the corresponding versions given by (15)).

Now, we proceed by obtaining the integral representations of these functions.

Theorem 3.2. The following integral representations holds true:

F1[a,
(
b, κ; p

)
,
(
c, κ; p

)
; d; x, z; y] =

ya

B (a, d − a)

∫ 1

0
ua−1(1 − uy)d−a−1 (

1 − xuy; p
)−b
κ+

(
1 − zuy; p

)−c
κ+ du, (54)

F1
{
a,

(
b, κ; p

)
,
(
c, κ; p

)
; d; x, z; y

}
=

(
1 − y

)d−a

B (a, d − a)

∫ 1

0
ud−a−1(1 − u

(
1 − y

)
)a−1 (

1 − x
(
1 − u

(
1 − y

))
; p

)−b
κ+

×
(
1 − z

(
1 − u

(
1 − y

))
; p

)−c
κ+ du, (55)

F1[a,
〈
b, κ; p

〉
,
〈
c, κ; p

〉
; d; x, z; y] =

ya

B (a, d − a)

∫ 1

0
ua−1(1 − uy)d−a−1 (

1 − xuy; p
)−b
κ−

(
1 − zuy; p

)−c
κ− du, (56)

F1
{
a,

〈
b, κ; p

〉
,
〈
c, κ; p

〉
; d; x, z; y

}
=

(
1 − y

)d−a

B (a, d − a)

∫ 1

0
ud−a−1(1 − u

(
1 − y

)
)a−1 (

1 − x
(
1 − u

(
1 − y

))
; p

)−b
κ−

×
(
1 − z

(
1 − u

(
1 − y

))
; p

)−c
κ− du. (57)

Proof. Replacing the integral representation for incomplete beta function which is given by (8) and using
the extended incomplete binomial expansion in the definition (18),we get the result in (54). Formula (55),
(56) and (57) can be proved in a similar way.

Theorem 3.3. The following integral representations holds true:

F2
[(

a, κ; p
)
, b, c; d, e; x, z; y

]
=

yb+c

B (b, d − b) B (c, e − c)

∫ 1

0

∫ 1

0
ub−1 (

1 − uy
)d−b−1 vc−1 (

1 − vy
)e−c−1 (58)

×
(
1 − xuy − zvy; p

)−a
κ+ dudv, (59)
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F2
{(

a, κ; p
)
, b, c; d, e; x, z; y

}
=

(1 − y)d−b+e−c

B (b, d − b) B (c, e − c)

∫ 1

0

∫ 1

0
ud−b−1 (

1 − u
(
1 − y

))b−1 ve−c−1 (
1 − v

(
1 − y

))c−1

×
(
1 − x

(
1 − u

(
1 − y

))
− z

(
1 − v

(
1 − y

))
; p

)−a
κ+ dudv, (60)

F2
[〈

a, κ; p
〉
, b, c; d, e; x, z; y

]
=

yb+c

B (b, d − b) B (c, e − c)

∫ 1

0

∫ 1

0
ub−1 (

1 − uy
)d−b−1 vc−1 (

1 − vy
)e−c−1

×
(
1 − xuy − zvy; p

)−a
κ− dudv, (61)

F2{
〈
a, κ; p

〉
, b, c; d, e; x, z; y} =

(1 − y)d−b+e−c

B (b, d − b) B (c, e − c)

∫ 1

0

∫ 1

0
ud−b−1 (

1 − u
(
1 − y

))b−1 ve−c−1 (
1 − v

(
1 − y

))c−1

×
(
1 − x

(
1 − u

(
1 − y

))
− z

(
1 − v

(
1 − y

))
; p

)−a
κ− dudv. (62)

Proof. Replacing the integral representation for incomplete beta function which is given by (8) and using
the extended incomplete binomial expansion in the definition (18), we are led to the desired result (58).
Formula (60), (61) and (62) can be proved in a similar way.

4. Fractional calculus

In this section, we use the incomplete Riemann-Liouville fractional integral operators which are given
by (16) and investigate the incomplete fractional derivatives for extended incomplete versions of some
elementary functions.

Theorem 4.1. Let Re(λ) > 0, Re(α) > 0, Re(µ) < 0 and |z| < 1. Then

Dλ−µ
z

[
zλ−1 (

1 − z; p
)−α
κ+ ; y

]
=

Γ (λ)
Γ
(
µ
)zµ−1

2F1
((
α, κ; p

)
,
[
λ, µ; y

]
; z

)
, (63)

Dλ−µ
z

{
zλ−1 (

1 − z; p
)−α
κ+ ; y

}
=

Γ (λ)
Γ
(
µ
)zµ−1

2F1
((
α, κ; p

)
,
{
λ, µ; y

}
; z

)
. (64)

Proof. Direct calculations yield

Dλ−µ
z

[
zλ−1 (

1 − z; p
)−α
κ+ ; y

]
=

zµ−λ

Γ
(
µ − λ

) ∫ y

0
(uz)λ−1 (

1 − uz; p
)−α
κ+ (1 − u)µ−λ−1 du.

By (33), we can easily obtain Dλ−µ
z

[
zλ−1 (

1 − z; p
)−α
κ+ ; y

]
asserted by (63). Formula (64) can be proved in a

similar way.

Theorem 4.2. Let Re(λ) > Re
(
µ
)
> 0, Re(α) > 0, Re(β) > 0; |az| < 1 and |bz| < 1. Then

Dλ−µ
z

[
zλ−1 (

1 − az; p
)−α
κ+

(
1 − bz; p

)−β
κ+ ; y

]
=

Γ (λ)
Γ
(
µ
)zµ−1F1[λ,

(
α, κ; p

)
,
(
β, κ; p

)
;µ; az, bz; y], (65)

Dλ−µ
z

{
zλ−1 (

1 − az; p
)−α
κ+

(
1 − bz; p

)−β
κ+ ; y

}
=

Γ (λ)
Γ
(
µ
)zµ−1F1{λ,

(
α, κ; p

)
,
(
β, κ; p

)
;µ; az, bz; y}. (66)

Proof. Considering Theorem 3.2, we have

Dλ−µ
z

[
zλ−1 (

1 − az; p
)−α
κ+

(
1 − bz; p

)−β
κ+ ; y

]
=

zµ−λ

Γ
(
µ − λ

) ∫ y

0
(uz)λ−1 (

1 − auz; p
)−α
κ+

(
1 − buz; p

)−β
κ+ (1 − u)µ−λ−1 du.

By (54), we can write

Dλ−µ
z

[
zλ−1 (

1 − az; p
)−α
κ+

(
1 − bz; p

)−β
κ+ ; y

]
=

zµ−1

Γ
(
µ − λ

)B
(
λ, µ − λ

)
F1[λ,

(
α, κ; p

)
,
(
β, κ; p

)
;µ; az, bz; y]

Hence the proof is completed. Formula (66) can be proved in a similar way.
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Theorem 4.3. Let Re(λ) > Re
(
µ
)
> 0, Re(α) > 0, Re(β) > 0, Re(γ) > 0;

∣∣∣ t
1−z

∣∣∣ < 1 and |t| + |z| < 1 we have

Dλ−µ
z

[
zλ−1 (

1 − z; p
)−α
κ+ 2F1

((
α, κ; p

)
,
[
β, γ; y

]
;

t
1 − z

)
; y

]
=

Γ (λ)
Γ
(
µ
)zµ−1F2

[(
α, κ; p

)
, λ, β;µ, γ; z, t; y

]
, (67)

Dλ−µ
z

{
zλ−1 (

1 − z; p
)−α
κ+ 2F1

((
α, κ; p

)
,
{
β, γ; y

}
;

t
1 − z

)
; y

}
=

Γ (λ)
Γ
(
µ
)zµ−1F2

{(
α, κ; p

)
, λ, β;µ, γ; z, t; y

}
. (68)

Proof. Direct calculations yield

Dλ−µ
z

[
zλ−1 (

1 − z; p
)−α
κ+ 2F1

((
α, κ; p

)
,
[
β, γ; y

]
;

t
1 − z

)
; y

]
=

zµ−λ

Γ
(
µ − λ

)
B(β, γ − β)

∫ y

0

∫ y

0
(uz)λ−1 (1 − u)µ−λ−1 sβ−1 (1 − s)γ−β−1 (

1 − uz − st; p
)−α
κ+ dsdu.

By (58), we can write

Dλ−µ
z

[
zλ−1 (

1 − z; p
)−α
κ+ 2F1

((
α, κ; p

)
,
[
β, γ; y

]
;

t
1 − z

)
; y

]
=

zµ−1

Γ
(
µ − λ

)B
(
λ, µ − λ

)
F2

[(
α, κ; p

)
, λ, β;µ, γ; z, t; y

]
Whence the result. Formula (68) can be proved in a similar way.

5. Concluding Remarks

It should be mentioned that further generalization of extended Gauss, Appell and Lauricella hyperge-
ometric functions have been introduced and investigated in [14] and their generating relations have been
obtained with the help of extended fractional derivative operator. On the other hand, families of incomplete

H-functions and
−

H-functions have been defined and investigated and also potential applications of them
involving probability theory have been indicated in [15].

The above mentioned papers will be the motivation of the new investigations, where the authors can
introduce more general forms of the functions defined in this paper. These new defined functions will have
many potential applications in different areas.
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M. A. Özarslan, C. Ustaoğlu / Filomat 34:2 (2020), 653–662 662
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