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Abstract. We first define a new consequence of the (restricted) wreath product for arbitrary two monoids.
After that we give a generating and relator set for this new wreath product. Then we denote some finite

and infinite applications about it. At the final part of this paper we show that this product satisfies the
periodicity and regularity under some conditions.

1. Introduction and Preliminaries

Throughout this paper A and B will always denote arbitrary monoids unless stated otherwise.

In [7, Theorem 2.2], it has been defined a standard presentation for the wreath product of A by B in the
meaning of restricted. Also, in [14, Theorem 7.1], it has been showed that the wreath product of semigroups
satisfies the periodicity when these semigroups are periodic. In here, we purpose to introduce a new
derivation for the wreath product of A and B. Also, we aim to give a presentation for this new type of
wreath products. Finally, we will show that this product satisfies the property of periodicity (as in [14]) and
regularity (as in [12, 15]) under some conditions.

For the monoids A and B, it is well known that while A*® denotes the cartesian product of the number
of B copies of the monoid A, the set A% defines the corresponding direct product. Recall that A®? can be
thought as the set of whole functions f with finite support (in other words, functions with the property
(x)f = 14 for all but finitely many x in B). Then the (un)restricted wreath product of A by B is defined on
the set A®F x B (or the set AX? x B for unrestricted case) with the operation (f,b)(g,b') = (f "g, bb’) such that
bg:B — Ais given by (x)’g = (xb)g where x € B. With the identity (1,1p), where (x)1 = 1,4 for all x € B, it
is not hard to show that wreath products are monoids. Throughout this paper we will assume restricted

when we refer the term wreath products. For more preliminaries and properties over these products, we
may refer [4, §, 11, 13, 14].
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2. A new type of wreath products over monoids

Let A and B be monoids. We recall that A®8 and B®* are the sets of all functions having finite support.
Now to use in our calculations at the rest of this paper, fora € A and b € B, let us define g, : B —» A by

C%:{ a; ifc=b . (1)

14; otherwise

Let us consider the classical operation PP, = (a142, b1b,) of any two elements P1 = (a1, b1) and P, = (ay, by)
in A X B. The new consequence (or type) for the wreath product of A and B, notated by A > B, is defined on
the set A®% x (A x B) x B®! with the multiplication (f, P1, g)(h, P2, k) = (f "th, P1P,, gk), where ""h : B — A
and g” : A — B are defined by (y)"'h = (yb1)h (y € B) and (x)g” = (a2%)g (x € A). Actually it is not a big
deal to show that A = B is a monoid with the identity element (T, (14,1p),1), where 1 and 1 are defined by
(b)i =14 and (a)1 = 13, respectively, for all b € B and a € A. Now, in the following, we will state and proof a
generating set (Lemma 2.1 below) and a relator set (Theorem 2.2 below) of the product A B as one of the
results in this paper.

Lemma 2.1. Assume that the sets X and Y generate the monoids A and B, respectively. Also, for each a € A and
b € B, let us denote

X, = {(%, (1a,15), 1) s x € X}, Yo = {(T,(An,15),Ta) : y € Y} and P={(1,(c,d),1):cecA, deB).

Therefore the monoid A > B is generated by the set (|JXp) U (U Ya) U P.
beB acA

Proof. Let us consider a function x;, from B to A as defined in (1), and with a similar approach let us also
define a function y, : A — B by

ci/;:{ y;  ifa=c

1p; otherwise

Forx,x’ € X, v,y € Y,a1,a0 € A, by, b € B, P1, P, € A X B, we can easily show that the proof follows from
the equalities

oy, (1, 18), D, , (1, 1), 1) = @y %, (1a, 1), 1 1) = (@, , (1, 1), 1), 2)
(L (14, 18), Yo )@, (14, 16), ¥ay) = (11, (14, 18), Ve Vo) = (1, (14, 18), Yar Vo), 3)
(1,P1,1)(1,P,, 1) = (1%1,PP, 1% 1) = (1, PP, 1), (4)

s, (14, 15), DA, (€, d), DA, (Aa, 16), 72) = @, P 7a),

as required. O
We then prove the following result.

Theorem 2.2. Assume [X;R] and [Y; S] are presentations of A and B, respectively. For any elements a € A and
beB, let Xp={xy:x€X}and Y, = {y, : y € Y} be the corresponding copies of the sets X and Y whereas Ry and S,
be the corresponding copies of the sets R and S, respectively. Then the product A »a B is defined by generators

Z= (UXb)U(UY”)U {zeq:c€ A deB)

beB acA

and relations

Ry (b€ B), S, (a € A); ®)
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XpX, = XoXp (x,x € X,b,ec B, b+e); (6)
Ya¥e = Yo (WY €Yac€A a*c); )
XpYa = YaXp (xeXyeYaecA beB) (8)
zea¥y = (] %w)za (xeX ceA bdeB) 9)
m’€bd-1
Vazea = Zeal [[ ww) weY acea deB). (10)
n’ecla

Before giving the proof we first recall that, for a set of alphabet Z, the monoid of all words in Z is notated
by Z*. Now, for just simplicity, let us denote the set {m’ € B : b = m’d} by bd™! and the set {n’ € A : a = cn’}
by c~'a, where b,d € Band a,c € A.

Proof. Let us consider a monoid homomorphism 0 : Z* — A > B defined by (x;)0 = (3, (1A,1B),T)
(xe X, beB), (y,)0 = 1,(14, 18), Va) (y € Y,a € A) and (z.4)0 = 1,(, d),T) (c € A,d € B). In fact 0 is onto by
Lemma 2.1. Now we need to show that A 1 B satisfies relations from (5) to (10). However, it is clear that
relations (5), (6) and (7) follow from (2), (3) and (4).

Now consider agam the operation in Section 2 to obtain the remaining relations. For the relation in (8),
we have (%, (14, 15), 1)(T, (14, 18), ¥a) = @, (14, 18), 2) = (1, (14, 1), %)X, (14, 15),1). On the other hand,
to show the existence of relations (9) and (10), we need to use the equalities 1,(, d),l)(xb, (14,1p), 1) =
(xy, (c,d), 1) and (1, (14, 1p), ya)(l (c,d), 1) 1, (c,d), 15). In fact, for each e € B, we can write

i— _ on— [ x, b=ed [ x, eebdt _ —
(e) "Xy = (ed)xs _{ 1, otherwise _{ 1g, otherwise ~ H eXpr = e H Xor) -

m’ebd-1 m’ebd-1

So we have 9%, = H %r. Hence (1,(c,d), 1), (14,18),1) = ([Lyepar o (14, 15), D), (c, d), 1), for all
m’ebd-1

xeX,ceA,bdeB. 3 : _ B
By a similar argument, we also obtain (1, (14,15), v.)(1, (¢, d),1) = (1,(c,d), )(Hn cea(1, (14, 1p), Ya))-
Hence we obtain that there exists an epimorphism 6 : M — A x B induced by 0 which is defined by the
relations given in (5)-(10). Let us consider a nontrivial word w € Z*. Using relations from (6) to (10), we can
see that there exist some words w(b) in X* (b € B), w(a) in Y* (a € A) and w’ € {z.4 : c € A,d € B}* such that
w = ([T(w(b))y)w ([T (w(a)),) in M. We note that relations from (6) to (10) can be used to show that there
beB aeA

exists a set Ty, € A X B such that w’ = ] z.4. Depending on that, let us define P;, = [](c,d). As a result of
(c,d)eTy, (cdeTw
this, for any word w € Z*, we have

@6 = ([ [e®w ] Je@no = (] [@®, 14, 18), DA, Po, DA, (14, 16), | [@@))
beB a€A beB acA
= ([ [@@®)y, Pu, | [@@)o))-
beB acA

w; ifd=">

. and cw, =
t; otherwise a

For each w € X* U Y* and for each ¢ € A, d € B, we then have dw;, = {

w; ifc=a Ny el oy N
{ L; otherwise , where ( denotes empty word. Hence d(lg(w(b))b) = b]ggd(w(b))b = w(d)and c(ag(w(a))a) =
Hc(z?;(\a)J « = w(c). Therefore, for some wy, w, € Z*, if (w1)0 = (w»)0 then, by the equality of these compo-
acA

nents, we deduce that w;(d) = wa(d) in A for every d in B, wy(c) = wy(c) in B for every c in A, and Py, = Py,.
Relations in (5) imply that wi(d) = wy(d) and wi(c) = wa(c) hold in M, so that wy = w, holds as well.
Therefore 6 is injective. These complete the proof. [
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3. Some other applications

As an application of the Theorem 2.2, our aim in this section is to give an explicit presentation for this
new type of wreath product while A and B are some special monoids.

3.1. Case I: A finite example

In this case, we actually will consider out new product on finite cyclic (monogenic) monoids in which
some examples, applications and algebraic structures about these monoids can be found, for instance, in [2].
Solet A and B be two such monoids having presentations P4 = [x; x* = x'(k > )]and P = [y; ¥° = y'(s > )],
respectively. Therefore we have the following result as an application of Theorem 2.2.

Corollary 3.1. The product A > B has a presentation

Phw = 0, Y0, 2y ; x0xP) = X050 (i < p), yDy@ = @0 (j < g),
K0 = x(l”, y(j)s - y(h*,x(z’)y(]‘) _ y(j)x(i) O<imp<s—1,0<jqgm<k—1),
Zon i x® = 3z (0 <i<t-1),
me,y"x(”i) = x(s”’”)zxm,yn i=0,1,---,s—t—1), me,ynx(i) = Zgn g O<i<t—1<n),
YDz = 2oy ™ (O <m < j<1-1),

y(l+j)zxm,yn = me,yn :l/(k+j_"1) (] = 0/ 1/ e /k - l - 1)/ ]/(j)zxm,y'1 = me,y” (0 < ] < l - 1 < m)]

Proof. Now let us consider the relators (9) and (10) in Theorem 2.2. For the sake of simplicity, let us label 1
by y, where each x1 is the representative element A, and label x,» by x), where each y” is the representative
element Bsuchthat0 <g<k-land0<p<s-1

We note that since d € B in (9), we can take it as y" in this case. So, for 0 < n <i <t — 1, let us think the
relator z. 4xp = ([ 1w epa-t Xm)Zed, Where ¢ = x™,d = y" and b = y'. Since we have m’ € bd~! such that b = m'd,
we get y' = m’y". So we have m’ = y"". Thus we obtain the relator zym,x® = xz. ... Moreover, for the
monoid B, since we have y° = y' in P as a relator, we have ys” = y”i wherei=0,1,---,s—t—1. Let us think
y* = 7y In here, if we take b = y** and m = y**" then we certainly have zyn yux(t*) = Xz,
Also let us consider the elements H Xm, where 0 <i <t —1 < n. In fact, we do not have any b = m'd,

m’€bd1
since we do not have any element m’ that satisfies ' = m’y". Thus the element H X actually represents
m’ebd!

identity. So we only have zmyx) = zem .. Furthermore, for ¢ = x",d = y" and a = x/, by considering
the relator y,z.q = z4( H Yn) and then applying similar argument as in the above paragraph, we get the

n'ecla
remaining relations in #/, ., as required. [J

3.2. Case II: Infinite examples

For a free abelian group of rank 2, say A, and a finite cyclic monoid B, let P4 = [x1, x2 ; x1x2 = xpx1] and
Pp =y; ¥ =y (s > t)] be their monoid presentations, respectively. For a representative element y" in the
monoid B, let us label x,» by x where 0 < n < s —1 (as in the previous section) and for a representative
element xkx} in the monoid A, let us label Yool by y*) where 0 < k,I. Again, by considering Theorem 2.2,
we then have the following corollary which can be proved quite similarly as in Corollary 3.1.
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Corollary 3.2. The product A > B has a presentation with generators xiﬁ), x(ziZ), YU, Zeay (0 < 1y, dp,m <
s—1,0 < j1, j2) and relators

i = 2P 0 <in<iy<s—1,pqe{L,2)), yiRy B = y By Gy ) < G, i),

q 7P
y(fl,]'z)s — y(h,]'z)’ (j1, j2 = 0), x(il)y(jler) — y(jlrjz)x(il) 0<ii<s=1),0< 1, j»)
Zx’{xlz,y”x(lil) = x(lil_")zxﬁx;,yn O<n<ip<t-1), Zx’ixlz,y”x(lt”l) = x§s+il_n)zx§xg,yn (1=01,---,s=-t=-1)
Zx’l‘x’z,y”x(lil) = Zykod O<ip<t-1<mn), le{xlz,ynng) = x(ziz_n)le{xélyn O<n<ip<t-1)
fol(xzzfyy,xg”Z) = x(;ﬂz_n)lel(xlz,yn (p=0,1,---,s—t—-1), leixlzfynx(f) = inxlz,yn O<ip<t-1<n)

y(h'h)zx’;xg,y" = Zx’;xlz,y"y(jj_k'jz_b (0<k<ji, 0<1< ), y(jl'jZ)ZxﬁxIZ, . (0<ji<kor0<j,<I).

= Z,k,l
yn X1X2,y

In fact the above corollary can be generalized for the free abelian group A rank n > 2.

Another application of Theorem 2.2 is the following. Let A be the free group with a presentation
P4 = [x; ] and let B be the direct product monoid Z; X Z,, with a presentation Pg = [y1,12 ; Vil =

Voy1, V5 = Y., y¥ = yi (s > t,m > n)]. For a representative element yy5} in the mono'id B,' let us label Xykyl
by x*) where 0 < k <s—1,0 <! < m - 1. Then we have a generating set {x(1"2), ygh), y(ZJZ),Zxr,yIIyIZ } for the

monoid A  B. Therefore, applying suitable changes in Theorem 2.2, the following corollary is obtained.

Corollary 3.3. For the monoids A and B as given above, the set of relators for the monoid A > B is

i \S s t s m ;s\ . . . . . . . .
{yi]l) — y(lh) ’y;]z) — y(2]2) , x12) y 3ia) — 3 (i3,a) 1. (i1,2) (i1, 12) < (i3, 14)),

y;jl)yf]m = yéjZ)y;,jl), (0<iy,i3<s-1,0<1ip,is <m—-1,0<j; < ja),

x@i2) = x(=k =) (0<k<ij<s—1,0<I<i<m-1),

i, i,
zx,,yﬁyzzx(”il’””” = x(s”l‘k’"’”Z_szr,yﬁyzz ((1=01,---,8—t-1,i,=0,1,--- ,m—n-1),
zx,,yﬁylzx(ihlé) =Zeyy  (O0<ii<k or 0<i<),
ygjl)zxfl,yﬁy’z = Zx'l,y?yéygjl_rl) O<r<h), y(sz)Zx'z,yﬁyé = Zx'z,yﬁy’zy(zjz_m 0<r<j))
Wz oy = Zagy,  0Sji<n), y(sz)ZX*Z/yﬁy‘z =Zoyy (0<p<n)

4. Periodicity

In this part of the paper, our aim is to prove that this special wreath product satisfies the periodicity.
Recall that a monoid A is called periodic if every element a € A has finite order.
For arbitrary monoids A and B, we can give the following periodicity result for A > B.

Theorem 4.1. The product A » B is periodic if and only if both A and B are periodic.

Proof. (=) By the assumption, the element (1,(a,b), 1) has finite order where a € A and b € B. Thus there
exist m,n € N with m < n such that (1, (a,b),1)" = (1, (a,b), 1)". By equating first components, we have
a™ =a" and b" = b" which gives both A and B are periodic.

(<) Let (f, (a,b), g) be an arbitrary element of A > B. Since A and B are periodic, we may assume that
a =dj and b = d;, are idempotents. It is known that f and g have finite images X € Aand Y C B, respectively,
for f € A%, g € B¥. Since X and Y are finite sets of periodic elements, we may find positive integers
m < n such that x™ = x”, for all x € X, and y™ = y", for all y € Y. Therefore, for alla’ € A, b’ € B, we have
(U'dy)f € X and (d1a’)g € Y, and so

G)FE™) = @)Y 2" = @) (U d) )" = O) (' do) )" = @) F(O) 2" = OB,
@)(g(g™)") = @)g(@)g™)" = @)g((dra')g)" = @)g((dra")9)" = (@)g((@)g™)" = @ )(g(g™)").
It follows that (f, (a,b), 9)"*! = (f, (a,b), 9)"** which proves that A B is periodic, as required. [J
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5. Regularity

In [15], the question of the regularity of the wreath product of monoids has been explained. After that,
in [12], it has been investigated the regularity of semidirect products of monoids. In this part we purpose
to give necessary and sufficient conditions of A > B to be regular where both A and B are any monoids. We
recall that a monoid M is called regular if, for every a € M, there exists b € M such that aba = a and bab = b.

Theorem 5.1. Let A and B be monoids. The wreath product A v B is reqular if and only if A and B are reqular, and
also for every x € B, y € A, f € A®® and g € B4, there exist ey € B and e, € A such that e = ey, €5 = e, with

(x)f € A(xer)f and (y)g € (e2)9B.

Proof. Let us suppose that A > B is regular. Thus, for (T, (a, b),T) € A < B, there exists (T, (c, d),T) such
that (1, (a,b),1) = (1, (a,b), 1)1, (c,d), 1)1, (a,b),1) and (1, (c,d), 1) = (1, (¢, d), 1)(1, (a,b), 1)(1, (¢, d), 1). We then
have a = aca, ¢ = cac, b = bdb and d = dbd. This implies that both A and B are regular. Moreover, by the
assumption, for (f, (a,b), g) € A = B, we have (I, (c,d), k) € A > B such that

(f,(a,b),9) = (f,@,b), ), (c,d), K)(f, (@,b), 9) = (f "h " f, (aca, bdb), g K"g).

Hence, by equating the components, f = f "1 " f and g = g*k"g. Clearly we had already obtained a = aca
and b = bdb since A and B are regular by (i). These show that, for every x € Band y € A,

@)f = @f @7 )" f = (0Of (xb)h (xbd) f € A(xbd) f and (y)g = ()9 WK ()9 = (cay)g (ay)k (y)g € (cay)gB.

If we take e; = bd and e, = ca then condition (ii) becomes true.

Conversely, let us suppose that the monoids A and B satisfy conditions (i) and (ii). For x,b,d € B and
f,h € A®B, consider (x)f (x)"h (x)" f, where dbd = d. By condition (ii), for a € A, we have (x)f = a(xbd)f
where bd = e;. Thus

@ f Oh ()" f = a(xbd) f (X)°h (0" f = a@)" f (0)°h ()" f. (11)
Since A is regular, A®P is regular [12]. Thus we can take & = %v such that fof = f and vfv = v. Hence
(11) becomes a(x)" f (x)°h (x)" f = a(x)" f (x)"v ()" f = a(x)*(fof) = a(x)"f = (x)f. This implies that
f = fbhbf On the other hand, similarly as in the above procedure, we obtain h @ f %p = dpdfdbiy =
dpdfdy = d(vfv) = % = h. Furthermore, by condition (ii), let us take (y)g = (cay)gb where cac = ¢ and
b € B such that ca = e,. Also, let us consider

W WK (g = g™ (YK (cay)gb = (yv)g™ (K" (y)g*D. (12)

Again, by [12], regularity of B implies regularity of B®A. Hence we may take k = u° such that ugu = u
and gug = g. Thus (12) becomes (v)g% (y)k* (1)g9“b = (yY)g* W)u* (y)g°b = (y)(gug)“’b = (y)9“b = (y)g. This
conclude that g k* g = g. Similarly, we also get k*g°k = u““g°u® = u°g°u® = (ugu)® = u° = k. Therefore, for
every (f,(a,b),g) € A = B, there exists (I, (c,d), h) € A > B such that

(f, (@,5), 9) = (f *h ™, (aca, bdb), **k'g) and (1, ¢, d), k) = (h * “°h, (cac, dbd), K* 4°K)
with the equalities obtained above. Hence the result. [

Theorem 5.2. Let A and B be regular monoids. Then the wreath product A » B is regular if and only if either A or
B is a group.

Proof. Let A » B be regular. Now let us assume that A is not a group. (By this assumption we will show
that the group B must be a group). So there is an element ¢t € A such that At # A, for otherwise every
element of A would have an inverse since 1 € A. Choose x € B and define f, : B — A (as in the proof of [15,
o 1, u=x
Proposition 3.2]) such that (u)f, = { t otherwise
we have (i, (c,d), k) € A = B such that b = bdb and (u) f(ub)h(ubd)f = (u)f, for all u € B. Letting u = x, we
see that this can be only happen if (xbd)f = 1 since 1 ¢ At. But, for e = bd, this shows that xe = x. Thus, by
taking x = 1, we have 1le = 1. So bd = 1. This implies that B is a group.
The converse part of the proof is clear. Hence the result. O

. By the regularity of A » B, for (fy,(a,b),9) € A~ B,
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6. Conclusions and Open Problems

This paper mainly deals with a new monoid obtained by advanced version of the standard (restricted)
wreath products, and so presents some new results and applications in terms of this subject. Since the
unrestricted version of this new product also defines a monoid (see the last paragraph of Section 1), one
may generalize the whole results in here for unrestricted case for a future study.

In the light of the idea used in here, in fact there might also be studied such new products not only wreath
products based extensions but also, for instance, Zappa-Szep products based monoids (cf. [3, 5, 6,9, 16, 17]).
It is known that this product is also defined on mutual actions between monoids and can be obtained some
other interesting results as well.

Finally, by considering the new extension just on groups rather than monoids and also taking into
account A and B (in Lemma 2.1, Theorem 2.2 and Corollary 3.1) are maximal subgroups of the Sylow
subgroups of a finite group G, it would be worth to study the characterization of the generalized Fitting
subgroup of some normal subgroup of G. We may refer [1, 10] for the fundamentals of those classifications.
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