Filomat 34:3 (2020), 843-860
https://doi.org/10.2298/FIL2003843 A

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

)
2 o
iy oS’

5
TIprpor®

New Classes of Condensing Operators and Application
to Solvability of Singular Integral Equations

A. Aghajani®, M. Aliaskari®, D. O’'Regan®

?School of Mathematics, Iran University of Science and Technology, Narmak, Tehran 16846-13114, Iran.
bSchool of Mathematics, Statistics and Applied Mathematics National University of Ireland, Galway, University Road, Galway, Ireland.

Abstract. In this paper, we introduce the notion of Krasnoselskii and Dugundji-Granas condensing
operators in Banach spaces. In order to pave the way for a study the solvability of some classes of singular
integral equations in the Banach algebra C[a, b], we provide some results for the existence of fixed points
for such condensing operators. An example is presented to show the applicability of the results.

1. Introduction and Preliminaries

The significance of fixed point theory and its applications in different branches of mathematics is well

known. One of the most important theorems in fixed point theory, is the widely-used Schauder Theorem,
which is stated as follows:

Theorem 1.1 ([1]). Let Q be a nonempty, bounded, closed and convex subset of a Banach space E. Then each
continuous and compact map F : (3 — € has at least one fixed point in Q.

We know compactness is an essential condition in this theorem. If we want to imagine a condition
which is weaker than compactness, we first look at Darbo’s result which uses the concept of measures of
noncompactness. We refer the reader to [2, 9, 12, 20, 22] for a review of some applications of measure
of noncompactness to differential and integral equations. In this paper, the authors apply the concept of
measures of noncompactness in the axiomatic form. Other methods where authors use important measures
of noncompactness in different Banach spaces is also of interest (see [8, 13, 29] and the references therein).
Assume that E is a given real Banach space with the norm ||.|| and X is a subset of E. The symbols X,
ConvX represent the closure and convex closure of X, respectively. Further, let us denote by M the family
of all nonempty and bounded subsets of E and by 9 its subfamily consisting of all relatively compact sets.
The algebraic operations on sets will be denoted by X + Y and AX(A € R). Moreover, we denote the norm

of a bounded set X by ||X]|, i.e., [|X|| = sup{|lx|| : x € X}. In what follows we will use the following definition
of the concept of a measure of noncompactness [15].

Definition 1.2. A mapping u : Mg — R is said to be a measure of noncompactness on E if it satisfies the following
conditions:

2010 Mathematics Subject Classification. Primary 47H09; Secondary 47H10

Keywords. Measure of noncompactness, Darbo’s fixed point theorem, singular integral equation, condensing operators
Received: 22 July 2019; Revised: 24 September 2019; Accepted: 04 November 2019

Communicated by Adrian Petrusel

Email addresses: aghajani@iust.ac.ir (A. Aghajani), mahdialiaskari66@gmail.com (M. Aliaskari),
donal.oregan@nuigalway.ie (D. O’Regan)



A. Aghajani et al. / Filomat 34:3 (2020), 843-860 844
1 the family kerp = {X € Mg : u(X) = 0} is nonempty and kery C Ng;
2 XCY=uX) < uwy),
3 w(X) = p(ConvX) = u(X);
4 p(AX+ 1 =2)Y) < Au(X) + 1 = A)u(Y) for A €[0,1];

5 if (X,) is a sequence of closed sets from Mg such that X, ;1 C X, forn = 1,2, ... and if lim,, . u(X,) = 0, then
the set Xoo = (yeo Xn is nonempty.

It can be shown that the set X, from axiom 5 is a member of the kerp. This fact will be useful in our further
considerations. Now, we turn our attention to the Darbo’s fixed point theorem, that is formulated below
under the concept of measure of noncompactness.

Theorem 1.3 ([21]). Let () be a nonempty, bounded, closed and convex subset of a Banach space Eand let T : Q) — Q
be a continuous mapping. Assume that there exists a constant k € [0,1) such that

u(TX) < ku(X)
for any nonempty subset X of Q3, where u is a measure of noncompactness defined in E. Then T has a fixed point in Q).

Recently in [3-5, 7, 12, 18, 22, 23] the authors obtained some new generalizations of Darbo fixed point
theorem. In [27], Krasnoselskii investigated a class of operators T on a complete metric space (X, d) that
satisfy the condition:

d(Tx, Ty) < q(a,p)d(x,y), a<dx,y)<p, xyeX,

where q(a,B) < 1 for B > a > 0, and showed that such operators have a fixed point in X. Also, in [25]
Dugundji and Granas have studied a class of mappings T on a complete metric space (X, d) that satisfy the
following condition: there exista 0 : X x X — R, with

inf(6(x,y) :a <d(x,y) <b} >0, forallintervals [a,b] SR, \ {0},
such that
d(Tx, Ty) < d(x,y) — O(x, y),

for all x, y € X, and proved that such operators have a fixed point in X. In this paper, first we introduce the
notion of a Krasnoselskii condensing operator and Dugundji-Granas condensing operator in Banach spaces
and provide some results regarding the existence of fixed points for such operators. Further, we present a
result on the existence of coupled fixed points for a class of condensing operators in Banach spaces. Finally,
the application of our results to the problem of existence of solutions of a large class of integral equations
in the Banach algebra Cla, b] is discussed. We note that the solvability of the following integral equations

H(f)
f x(s)ds, x(g(1)), t € [0,a],

t,
h(t)

t 00
x(t):(pl(t)+ Al x(0) fo v(t,s,x(s))ds)(pz(t)+ ot x(0) fo v(t,s,x(s))ds), € [0, +o00),

x(H) = (T

t f
() = () + fit,x(0) fo 106,56, ¥ (25 + fot 10 fo 92(t, ), x(O)ds), £ [0, +),

t t
(0 = () + it 1) [ =Dt + 00 [ 22, v ego, o)
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were investigated in [14, 16, 18], respectively. Also
! u(t s, x(s))
1"( ) Jo (E=9)'=

was discussed in [24]; for more examples see [10, 23]. In the last section of this paper, we study the
solvability of the following integral equations

o0 (k5 x((6)
> () s )

by establishing some results on the existence of fixed points for the product of two operators each of which
satisfies a special conditions in a Banach algebra, using the technique of measure of noncompactness.

1
x() = (£(tx(60), a5)) (ot 200,30 [ vt xopa) re o

x(t) = f(t, x(t)) Q(f

2. Main results

We begin by defining the notion of Krasnoselskii and Dugundji-Granas condensing operators in Banach
spaces. Then using the technique of measure of noncompactness, we provide some fixed point results for
such operators.

Definition 2.1. Let Q) be a nonempty, bounded subset of a Banach space E and u be an arbitrary measure of
noncompactness on E. Wecall T : QO — Qa Krasnoselskii condensing operator if there exists a mapping ) : Mg — R,
with

v(a,b) :=sup{n(X): a<uX)<bl <1 forallintervals [a,b] C R, \ {0},
such that

w(TX) < nX)uX) 1)
forall X € Q.

Theorem 2.2. Let Q) be a nonempty, bounded, closed and convex subset of a Banach space E, u be a measure of
noncompactness on E and T : QO — Q) a Krasnoselskii condensing and continuous operator. Then T has at least one
fixed point in Q.

Proof. Consider the sequence {Q,} as follows

Qy=Q
Q,, = ConvTQ,,_4, n>1.

If there exists a natural number 7 such that (Q,,) = 0, then Q,,, is compact and using the Schauder fixed
point theorem, we deduce that T has at least one fixed point in Q. So without loss of generality, we assume
for every n > 1, u(Q,) > 0. The sequence {1(Q,)} is a positive nonincreasing sequence, and therefore
convergent to some a > 0. We must have a = 0, otherwise u(Q,) € [a,a + 1] for all large 1, and we could
then choose such an n and use ¢ = v(a,a + 1) to get, by induction

as H(Qn+k) = ”(CoanQ;Hk—l)
(T 1)
c(p(Qpk-1))

IN A

IN

Fu(Qy)
<fa+1)
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for all k > 0, which because ¢ < 1, is a contradiction; therefore 4 = 0. Thus when n — oo, u(€,) — 0. As
{Q,} is a nested sequence, using axiom 5 of measures of noncompactness, we find that Q. is nonempty and
according to the property of (), it is a member of keru. Also we know that Q. is closed, bounded and
convex and is invariant under T. Therefore T : Q. — () satisfies the required conditions of Schauder’s
Theorem. As a result T has a fixed point in Q.. Since Q. C (), the proof is complete. [

Theorem 2.3. Let Q be a nonempty, bounded subset of a Banach space E and u be a measure of noncompactness on E.
Then, T : Q) — Q is a Krasnoselskii condensing operator if and only if for any M > 0 there exist m = m(M) € (0, M)

and ky < 1 such that limsup,, . - % <1 forall My > 0 and
W(TX) < kypa(X)
forall X € Qwithm < u(X) < M.

Proof. Let T be a Krasnoselskii condensing operator with the mapping 7 : Mg — R, given in Definition 2.1.
We put

mM) =4, forall M>0,
kv = sup{n(X) : % < u(X) < M}.

Therefore it is obvious that limsup,, % <1 for all My > 0 and ky = sup{n(X) : ¥ < u(X) <M} < 1.

Conversely, we define G : R, — [0,1) and 1 : M — R, as follows

G(M) = km,
n(X) = G(u(X)).

Then we have ((TX) < n(X)u(X), by assumption. Now, let [4, b] be an arbitrary interval with 0 <a < b. We
prove that the collection {(m(M), M),M > 0} of open sets covers the interval [g, b]. On the contrary, we can
assume that y € [a,0] and y ¢ (m(M), M) for all M > 0. Without loss of generality we may suppose that

(M)

y ¢ (m(M), M) for all M > y. Consequently, y < m(M) and limp_, - = 1 which is in contrast with the

M
assumption. Now, since [a, b] is compact, we can find a finite cover (m(Mi), M,-),i =1,2,3,...,nof [a,b] and
we have

sup{n(X): a < pX) <b} <maxiky, :1=1,2,..,n} <1,
and the proof is complete. [

Corollary 2.4. Let Q be a nonempty, bounded, closed and convex subset of a Banach space E and T : (3 — Q) satisfies
the following condition: for any € > 0, there exists I, < 1 such that

u(TX) <lLuX), forall XCQ with uX)=e.
Then T has at least one fixed point in Q).

Proof. We put m(M) = ¥ and ky = lu for M > 0 in Theorem 2.3. Now applying Theorem 2.2 we can

conclude that T has at least one fixed point in Q3. [

Now we present a common fixed point theorem for commuting mappings. First, we introduce the notion
of an affine mapping.

Definition 2.5. A mapping T on a convex set M is affine if it satisfies the identity
T(kx + (1 =k)y) = kT(x) + (1 - k)T(y)

whenever 0 <k <1,x,y € M.
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Theorem 2.6. Let Q) be a nonempty, bounded, closed and convex subset of a Banach space E with a measure of
noncompactness u. Also, let I be a set of indices, and {T;}ie1, S be continuous self-maps on Q such that for anyi € I, T;

corr;lmutes with S and Ti(Conv(A)) C %(T,-(A))for any A C Qand i € 1. If there exists a mapping 1 : Mg — R4
wit

v(a,b) :=sup{n(X): a<uX)<bl <1 forallintervals [a,b] CR;\ {0},
such that

p(SA) < n(A)u(T;A)
forall A C Q, then S and T; (i € I) have fixed points. Moreover, if T; is affine for all i € I then T; and S have a common
fixed point in Q.

Proof. To prove the theorem, we consider the sequence {Q,} defined as Qy = Q and Q,, = Conv(5(€2,,-1)) for
n=1,2,3,... Then, we show that

Qn - Qn—l ’ Ti(Qn) c Qn (2)

foreveryn=1,2,3,...andie [
It is clear that O; € Oy and

T;(Q1) € Cono(S(T(Q)))
c Conv(S(Q))
= 0.

Thus (2) holds for n = 1. Assume now that (2) is true for some n > 1 and i € I. Then

Q1 = Cono(S(Q))
c Cono(S(Qu-1))
= Qn

and

Ti(Qus1) = Ti(Conv(S(Q)))
C Conv(S(T;Qy))
 Cono(S(Qu))
=0y

for any i € I. Hence, (2) is true by induction.

As before, we can assume that p1(Q,) > Oforalln =1,2, ..... Therefore, the sequence {u(€2,)} is a positive
nonincreasing sequence. Thus, this sequence is convergent to a number say a, 2 > 0. We now show that
a = 0. Suppose a > 0. Then for all large n, we have pu(€2,) € [a,a + 1]. For an adequately large n and
c =v(a,a + 1), by employing inductive reasoning we conclude that

a < Q) < FU(THQy) < Fu(Qy) < cfa+1)

for all k > 0, which because ¢ < 1, is a contradiction; therefore a = 0. Thus, we have u(Q,) = 0asn — .
Since the sequence {Q,} is nested, in view of axiom 5 of Definition 1.2, Q. = (,; Q2 is nonempty, closed
and convex subset of ). Hence (), is the member of keru. Thus, Q. is compact. Next, keeping in mind that
S maps Q. into itself and taking into account the Schauder fixed point theorem, we infer that the operator
S has a fixed point x in the set Q. Obviously x € Q. Further, the set F = {x € QO : Sx = x} is closed by the
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continuity of S. On the other hand, since T; commutes with S for any i € I, we see that T;x is a fixed point
of S for any x € F. Thus, T;(F) C F. Now assume that u(F) > 0, and then we have

u(F) < u(S(F))
< n(F) sup(T;(F))

i€l
< n(F)u(F)
and as a consequence, we obtain 1 < 7n(F), a contradiction. Then u(F) = 0, so F is compact. Thus T; has a
fixed pointin F and F; = {x € Q : T;x = x} is closed by the continuity of T;. Also, Sx is a fixed point of T; for
each x € F; since T; commutes with S. Therefore, S(F;) C F;. For every i € I, F; is convex since T; is an affine
map. Moreover, we have T;(F;) C F; for every j € I and F; is convex, closed and bounded. Consider now
the restriction S : F; — F; of S. For any A C F;, we have u(SA) < n(A)u(T:;A). Then, S has a fixed point in F;
by a similar way to that of employed before. Therefore S and T; have a common fixed pointin Q. [

Definition 2.7. We call ¢ : Mg — R, a compactly positive mapping on Banach space E if
A@,b) :==1inf{p(X): a<u(X) <b} >0 forallintervals [a,b] C R, \ {0}.

Definition 2.8. Let Q) be a nonempty, bounded subset of a Banach space E with a measure of noncompactness . We
call T : Q — Q a Dugundji-Granas condensing operator, if there exists a compactly positive mapping ¢ on E such
that

W(TX) < p(X) ~ $(X),
forall X € Mg.

Theorem 2.9. Let Q be a nonempty, bounded, closed and convex subset of a Banach space Eand T : QO — Q be a
Dugundji-Granas condensing and continuous operator. Then T has at least one fixed point in Q.

Proof. Consider the sequence {Q,} as follows

Q) =Q,
Q, = ConvTQ,,, n>1.

As in the proof of Theorem 2.2, without loss of generality, we can suppose that for all n > 1, we have
u(€2,) > 0. Sequence {u(€,)} is a positive nonincreasing sequence. Therefore this sequence is convergent,
say to a, a > 0. We show that a = 0. Suppose a > 0 and take a b > 4. Then for all large 1, we have
u(€2,) € [a, b]. For an adequately large n and ¢ = A(a, b), by inductive reasoning, we have

a < w(Qyix) = p(ConoTCQyx-1)
= w(TQy1k-1)

< i Qui-1) = P(Qpsi—1)
<..

k
< Q) = Y Qi)
i=0

< u(Q) — ke
<b-kc

for all k > 0, a contradiction with regard to that ¢ > 0, therefore a4 = 0. Thus, when n — oo, u(Q2,) — 0. As
{Q,} is a nested sequence, using axiom 5 of measures of noncompactness, we find that Q. is nonempty and
according to the property of (), it is a member of keru. Also we know that Q. is closed, bounded and
convex and is invariant under T. Therefore Theorem 1.1 completes the proof. [
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Remark 2.10. Comparing the inequalities and assumptions of Theorems 2.2 and 2.9, we can conclude that they are
equivalent. Indeed, the inequality u(TX) < u(X) — ¢(X) takes the form p(TX) < n(X)u(X) if we put

P(X)
0, u(X) =0.

It is not hard to see that 1) satisfies the conditions in Definition 2.1. The converse can be seen similarly.

We now show that some recent generalizations of Darbo’s fixed point theorem studied in [3-5] are in
fact particular cases of Theorem 2.2 and 2.9.

Lemma 2.11. Let ¢ : Ry — R, be a nondecreasing, upper semicontinuous function with o(r) < r for r > 0. Then
A, b) :==inf{r —@(r) : a <r < b} > 0 for all finite interval [a,b] C R, \ {O}.

Proof. Suppose that A(a,b) = 0 for some b > a > 0. Then there exists a sequence {r;} C [a,b] such that
ri — @(r;) — 0. Without loss of generality, we can assume that {r;} is an increasing sequence. Letr; — p > a

when i — oo. Since ¢ is nondecreasing we get lim ¢(r;) = H(p(ri). Then the upper semicontinuity of ¢
gives us

p =limr; = lim@(r;) = limg(r;) < (p),

a contradiction. [

Corollary 2.12. Let ¢ : Ry — Ry be a nondecreasing, upper semicontinuous function and lim,_, ¢"(t) = 0 for
each t > 0. If u is an arbitrary measure of noncompactness on Banach space E then u — oy is compactly positive
mapping on E.

Proof. According to Lemma 2.1 in [4], we know that if ¢ : R, — IR, is a nondecreasing, upper semicontin-
uous function, then the following two conditions are equivalent:

(1) lim,—e @"(t) = 0 foreach t > 0.
(2) Y(t) <tforanyt > 0.
Now using the previous lemma we get the desired result. [

Corollary 2.13 (Theorem 2.2 in [4]). Let Q) be a nonempty, bounded, closed and convex subset of Banach space E
and let T : QQ — Q) be a continuous operator satisfying the inequality

w(TX) < p(u(X))

for any nonempty subset X of (3, where p is an arbitrary measure of noncompactness and ¢ : R, — R, isa
nondecreasing function such that lim,_,., ¢"(t) = 0 for each t > 0. Then T has at least one fixed point in Q.

Proof. We rewrite the inequality u(TX) < @(u(X)) as

H(TX) < w(X) = (uX) = p(u(X)))- €)

Now if we put ¢(X) = u(X) — p(u(X)), then inequality (3) transforms into pu(TX) < p(X) —p(X) in which ¢(X)
according to the previous corollary, is a compactly positive mapping. Now Theorem 2.9 is applicable. [J

Definition 2.14 ([5]). Let C be a nonempty subset of a Banach space E and u an arbitrary measure of noncompactness
on E. We say that an operator T : C — C is a Meir-Keeler condensing operator if for any € > 0, there exists 6 > 0
such that

euX) <e+0= u((TX)) <¢,
for any bounded subset X of C.
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Corollary 2.15 (Theorem 2.2 in [5]). Let C be a nonempty, bounded, closed and convex subset of a Banach space E
and u be an arbitrary measure of noncompactness on E. If T : C — C is a continuous and Meir-Keeler condensing
operator, then T has at least one fixed point in C.

Proof. In view of Theorem 2.6 in [5] and Corollary 2.13, we can conclude that T has at least one fixed point
inC. O

Corollary 2.16 (Theorem 2.1 in [3]). Let Q) be a nonempty, bounded, closed and convex subset of Banach space
E with an arbitrary measure of noncompactness u. Also, let T : Q0 — Q be a continuous operator satisfying the
inequality

w(TX) < p(uX)uX)

for any nonempty subset X of Q, where B : Ry — [0, 1) satisfies the condition: (t,) — 1 implies t, — 0. Then T
has at least one fixed point in Q.

Proof. First we show that
v(a,b) :=sup(f(u(X)) a<uX)<b}<1 forallintervals [a,b] CR,\ {0}

On the contrary, let us assume that a finite interval [a1, b1] € R, \ {0} exists with v(a;, b1) = 1. Therefore, there
must be a sequence {X,} of bounded subsets of ) with lim,_,. f(r,) — 1, where r, := u(X,) € [a,b]. But
then, r, -» 0 which is in contrast with the assumption. Now taking 1 := fou, then Theorem 2.2 completes
the proof. [

Next, we consider the definition of a coupled fixed point for a bivariate mapping and recall a useful
theorem about the construction of a measure of noncompactness on a finite product space.

Definition 2.17 ([28]). An element (x,y) € X X X is called a coupled fixed point of a mapping G : X x X — X if
G(x,y) = xand G(y,x) = y.

Theorem 2.18 ([8]). Suppose u1, 2, ..., tin are measures of noncompactness in Banach spaces E1, Ej, ..., E,,, respec-
tively. Moreover, assume that the function F : [0, 00)" — [0, 00) is convex and F(x1, X2, ..., X,) = 0 if and only if x; = 0
fori=1,2,3,..,n. Then

ZI(X) = F(ul(Xl)/ IuZ(XZ)/ ey ‘UH(XI’I))/

defines a measure of noncompactness in Ey X Ep X E3 X ... X E,, where X; denotes the natural projection of X into E;,
fori=1,2,..,n.

Now, as a consequence of Theorem 2.18, we have the following example (see [6]).

Example 2.19. Let u be a measure of noncompactness on a Banach space E, considering F(x, y) = max{x, y} for any
(x,y) € [0,00)%, then we see that F is convex and F(x,y) = 0 if and only if x = y = 0, hence all the conditions
of Theorem 2.18 are satisfied. Therefore, w(X) = max{u(X1), w(X2)} defines a measure of noncompactness in the
space E X E where X;,i = 1,2 denote the natural projections of X. Similarly, by letting F(x,y) = x + y for any
(x,y) € [0,00)%, we conclude that 1(X) = u(X1) + w(Xy) defines a measure of noncompactness in the space E X E
where X;,i = 1,2 denote the natural projections of X.

Now, we introduce the notion of a bivariate Dugundji-Granas condensing operators and then provide a
coupled fixed point theorem for such operators.

Definition 2.20. Let Q be a nonempty and bounded subset of a Banach space E and u an arbitrary measure of
noncompactness on E. We say that T : Q X Q) — Q is a Dugundji-Granas condensing operator if there exists a
compactly positive mapping ¢ : Mg — R, on E such that

U + (%) 9(X)
2 2

u(G(X1 x X3)) <

forall X1, X, € Q.
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Theorem 2.21. Let Q be a nonempty, bounded, closed, and convex subset of a Banach space E and u an arbitrary
measure of noncompactness on E. If T : Q x Q) — Q is a continuous Dugundji-Granas condensing operator, then T
has at least one coupled fixed point in Q x Q.

Proof. By Example 2.19, we conclude that 1i(X) = u(X1) + #(X2) is a measure of noncompactness in the space

E1 X E; where X;, (i = 1,2) denote the natural projections of X. Now, we consider the map G : QxQ — QxQ
defined by the formula

G(x,y) = (G(x, ), Gy, v)),
which is continuous on Q x Q. We show that G satisfies all the conditions of Theorem 2.9. For this purpose,
let X C Q) X Q) be a nonempty subset. Then, we have
H(G(X)) < WG(X1 X Xa) X G(X2 X X1))
= u(G(Xy X X3)) + p(G(X2 x X1))

L HEXD) +pXe)  P(X) N pXo) + uX1)  p(X)
- 2 2 2 2
= 1(X) - ¢(X).

As a result, we get

WG(X) < HX) = (X).
Therefore, all the conditions of Theorem 2.9 are satisfied then G has a coupled fixed pointin Q x Q). O

Now we employ the Dugundji-Granas condensing operators to provide some results for the existence
of fixed points in Banach algebras. For a Banach space E and given subsets X and Y of E, let

XY={xy:xeXyeY}

Definition 2.22 ([16]). We say that a measure of noncompactness p on a Banach algebra E satisfies the condition
(m), if for arbitrary sets X, Y € Mg we have

p(XY) < [IXlp(Y) + 1Y1u(X),
where || X]| := sup,  |lx]|.

Let us consider the Banach space Cl[a, b] consisting of all real functions defined and continuous on
interval [a,b]. This space is endowed with the standard norm ||x|| = sup{|[x(¢)l| : t € [a,b]}. Obviously
Cla, b] has also the structure of a Banach algebra with the standard multiplication of functions. Moreover,
fix a set X € M,y and an arbitrary € > 0. For an arbitrary function x € X let us denote by w(x, €) the
modulus of continuity of x , i.e.

w(x, €) = supflx(t) — x(s)| : t,s € [a,b], |t — 5| < €}.
Moreover,

w(X, €) = supfw(x, €) 1 x € X},
wo(X) = 15138 w(X, ¢).

Now, we introduce a measure of noncompactness in the Banach algebra C[a, b] which satisfies condition
(m) on some subfamily of the family Mc,4). To do this, let us take a set X € My, and for x € X consider
the following quantities:

d(x) = supilx(s) — x(t)] — [x(s) — x(t)] : t,s € [a,b]; t,s € [a,b], t < s}.
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The quantity d(x) represents the degree of decrease of the function x. In addition, d(x) = 0 if and only if x is
nondecreasing on [, b]. Moreover, let us put d(X) = sup{d(x) : x € X} and denote p;(X) = wo(X) + d(X). It
can be shown that p, is a measure of noncompactness in the space C[a, b] and satisfies condition (m) on the
subfamily of the family 3¢, 4}, consisting of sets of functions being nonnegative on the interval [a, b]. (cf.

[18]).

Remark 2.23. It is noteworthy to mention that if X € keruy then X is equicontinuous and every x € X is a
nondecreasing function on [a, b].

Theorem 2.24. Let Q) be a nonempty, bounded, closed and convex subset of a Banach algebra E and operators P and
T continuously transform Q) into E such that P(Q)) and T(QQ) are bounded. Moreover, we assume that the operator
S = P.T transforms Q into itself. Assume P and T on Q satisfy the conditions

{ u(PX) < u(X) - ¢1(X),
w(TX) < w(X) — p2(X),

for any nonempty subset X of ), where u is an arbitrary measure of noncompactness satisfying condition (m),
1, G2 - Mg — Ry and |IT(Q)lIp1 + IP(Q)I|p2 is a compactly positive mapping on E. If |[P(Q)Il + [IT(Q)I| < 1, then
S has at least fixed point in Q.

Proof. Let us take an arbitrary nonempty subset X of the set ). Then in view of the assumption that y
satisfies condition (m) we obtain

#(S(X)) = u(P(X).T(X))
< IPONu(T(X)) + ITX)l(P(X))
< IPE)I(T(X)) + IT(EC)]u(P(X))

< IP@Q)II((X) = $2(X)) + IT@QII((X) = ¢1(X))
= (IPII + IT@)11)u(X) = (IPQ)llpa(X) + IT(Q)ll1 (X))
< u(X) = (IP@)lip2(X) + IT@Q) I (X))- @)

Now, letting 6(X) = |IT(Q)llp1(X) + [|[P(Q)l|p2(X), then from (4), we have p(5(X)) < u(X) — 6(X). Now, with
regard to the fact that 0 is compactly positive, we can apply Theorem 2.9, to get the desired result. [J

Remark 2.25. The set of all fixed points of the operator S on the set Q) is a member of the kerp.

Corollary 2.26. Let E, u,Q, P, T,S be as in Theorem 2.24. Assume P and T satisfy the conditions

H(P(X)) < 1 (u(X)),
H(T(X) < P2 (u(X)),

for any nonempty subset X of Q, where 11,1, : Ry — Ry are continuous nondecreasing functions such that

1m0 () = 0,
lim,, e ¥1(H) = 0,

forany t > 0. If IT(Q)|| + [P(Q)]| < 1, then S has at least fixed point in C).

Proof. We let

$1(X) = p(X) = Y1 (u(X)),
$2(X) = u(X) = Pa(u(X)).
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In view of Lemma 2.1 in [4], we have

TP (t) < T,
IPE)ly2(t) < IP(Q)llE.

Therefore, [|T(Q)[|1(t) + IIPQ)llY2(t) < (llT(Q)lI + ||P(Q)||)t < t and by Lemma 2.11, we can conclude
IT(C)llp1(t) + IP(C)Ilp2(t) is compactly positive mapping on E and Theorem 2.24 completes the proof. [

3. Application

In this section, we consider the Banach algebra C(I), where I is a bounded and closed interval. For the
sake of simplicity we presume [ = [0, 1], and employ the measure of noncompactness p; defined in section
2. We investigate the following class of singular integral equations:

PO &t s, x((5))
T ds)
(p(t) = 5)
where t € I, @ € (0,1) and I'(a) symbolizes the gamma function. By ® we denote the family of all
nondecreasing and continuous functions ¢ : Ry — R, such that lim,_,. ¢"(t) = 0. Notice that (5) can be

rewritten in the form x(t) = (Fx)(t).(Vx)(t), where F is the so-called superposition operator which is defined
by the formula

(Fx)(t) = (£, x(D)),

and V is the Volterra integral operator of fractional order

1 (P9 &t s, x(p(5)))
d
rmxﬁ pB -

Integral and differential equations of fractional order are important for application in many problems in
physics, mechanics and other fields (for example in the theory of neutron transport, the theory of radioactive
transfer, the kinetic theory of gases [26], traffic theory, etc).

For our purposes, we will need the following Lemma [11]. In what follows denote by X; the subset of C(I)
consisting of all functions x : [ — J.

1
(0 = it 5o+ 5 [ ®)

(Vx)(t) = q(t) +

Lemma 3.1. Assume that | is an arbitrary real interval and f : I X ] — R is a given function continuous on the
set I x | . Then the superposition operator generated by the function f maps continuously the set Xj into the space
C(I). Moreover, if the function t — f(t, x) is nondecreasing on I for any fixed x € | and the function x — f(t,x) is
nondecreasing on | for any fixed t € I, then the operator F transforms every nondecreasing function from the set X;
into a function of the same type belonging to C(I).

We will investigate (5) assuming that the following conditions are satisfied:

(I) g € C(I) and g is a nondecreasing nonnegative function on the interval I and p : I — R, is a
nondecreasing continuous function such that p(t) < L for all t € I, where L is a positive constant and
y :[0,L] — I is a continuous function.

(I) The function f : I X R — R is continuous with f(I x R;) € R,. Also, the function t — f(t,x) is
nondecreasing on I for any fixed x € R, and the function x — f(¢, x) is nondecreasing on R, for any
fixed t € I.

(III) There exists a function ¢ € ® such that for any ¢t € I and for all x, y € R we have

Ift x) = ft Yl < p(lx = yl).

Moreover, we presume that ¢ is superadditive i.e., p(t) + ¢(s) < @(t +s) for all ¢, 5 € R,.
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(IV) £:IxIxR — Risa continuous function such that £ : [ x I Xx Ry — R, and £(%, 5, x) is nondecreasing
with respect to each variable ¢, s and x, separately.

(V) There exists a continuous and nondecreasing function ¥ : R, — R, such that &(t,s,x) < W(|x|) for
t,seland forallxeR.

(VI) There exists a positive solution ry of the inequality

V) .
() + Bl + 7 5L <7

where F = max{ f(t,0),t € I}. Moreover, the number r is such that (¢(rg) + I)+ (llqll + r\i;(:‘)l)L"‘) <1.

First, we prove the following theorem that we will need in establishing our main result in this section.
Theorem 3.2. Assume that the hypotheses (1) and (III) are satisfied and x € X;. Then
d(Fx) < @(d(x)).
Proof. Let I, be the subset of I x I defined as follows
={t,s)elxI:t<s and x(f) = x(s)}.
For (t,5) € I,, we have

|(Fx)(s) = (Fx)(B)] = [(Fx)(s) = (Fx)()] = | f (s, x(5)) — f(t, x(B))] = [f (5, x(5)) = (£, x(£))]
= f(s,x(8)) = f(t, x(®)] = [f (5, x(8)) = f(t, x(£))]
=0.

Now, assume thatt,s € I ,t <sand (¢,s) ¢ I, i.e x(t) # x(s). Then we have

|(Fx)(s) = (Fx)(D)] = [(Fx)(s) — (Fx)(D)] = [ (s, x(s)) — f(£, x(£)) = [f (s, x(5)) — f(£, x())]
<|f(s,x(s)) = f(t, x() + |f (£, x(5)) = f(£, x(W)] = [f (s, x(5)) = f(t, x(s))] = [f (£, x(5)) — f(£, x(t))]
= [f(s,x(5)) = f(t, x(s)] + |f (£, x(5)) = f(t, x(}))] = [f(5,x(5)) = f(t, x(s)] = [f(£, x(s)) — f(£, x(t))]
= |f(t, x(s)) — f(t, x())] = [f (¢, x(5)) — f(t, x(1))].
If x(t) < x(s), the expression [f (¢, x(s)) — f(t, x(t))] is nonnegative and hence |f(t, x(s)) — f(t, x(t))| = [f(t, x(s)) —

ft,x(t))] = 0. If x(t) > x(s), the expression [f(t,x(s)) — f(t, x(t))] is negative and [f(t, x(s)) — f(t, x(t))] =
—If(t, x(s)) — f(t, x(t))|. Hence, we have

|f(t, x(5)) = f(t, x(D)] = [f (£, x(5)) = f(E, x(D)] = |f (£, x(5)) = f (£, x(O))] + £ (£, x(5)) = f(E, x(£))]
< @(lx(s) = x(B)]) + p(|x(s) = x(B)])
< @(lx(s) = x(B)) + p([x(t) = x(s)])
< @(lx(s) = x(B)] + [x(t) = x(s)])
= @(|x(s) — x(H)| = [x(s) — x(H)]).
Let us mention that in the above calculations we used the fact that ¢ is superadditive. As a consequence,
we infer
d(FX) < p(d(X)).
O

Theorem 3.3. Under assumptions (I)—(VI) equation 5 has at least one solution x(t) = x € C(I) which is nonnegative
and nondecreasing on I.
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Proof. First observe that with regard to assumption (II) and by Lemma 3.1, F transforms C(I) into itself and
is continuous . We show that the operator V has also the same properties. To do so, let us ¢ > 0 and take
arbitrarily ¢, t, € I such that |, — t;]| < €. Without loss of generality we may presume that t; < t,. Then, for
arbitrarily fixed x € C(I), we have

I(Vx)(t2) — (Vx)(t1)| < lq(t2) — q(t1)]
ol [ e, [ s,
0 2) — 0 2)—
1 P(2) £(t, 5, x()(5))) ) &(ty,5,x(y(5)))
ds — ——{s
I'(a) j; (p(t2) — s)1=@ jo‘ (p(t2) = s)l=@
1 fpw £t s, x0O) ff’(“) £t s, X(/6)
L)1 Jo (p(t2) —s)t- 0 (p(t) —s)t=
1 (P &(ty,8,x(0() — &t s, X))
I'(a) (p(t2) —s)t@
1 [r® Ié(tl,s,X(V(S)))l
(Oé) oty () —s)1™@

fw(ge)+ =

p(t) 1 1
i ] s s - g

1 (P2 & e) 1 (P2 W)
s %f (P(fz) —or ™ T fp(n) (p(tz) = 5)0-)

p(t1) 1
d
T f Wl i ) e (p(tl)—s)l“"] 5

@ (€, €) a ‘I’(II )
AT (@) [p(t2)]" + e )(P( t) — p(t1))*

[pt)]* = [p(E)]* + (p(t2) — p(t1))"]

(&), 2W(1Ixl)
T(a+1) Ia+1)

<w(g, &)+ ———

W(llxll)
"ol ()

<w(g,e)+

[w(p, )]%,
where

wa(&, &) = supll&(ta, s, y) — E(tr, s, y)l 1 to,t1 € L,s € [0, L], |t — t1] < &,y € [, 4]},

and

a)(pr 6) = sup”P(tZ) - p(t1)|/ t2/ tl € I/ |t2 - tll < 5}.

Therefore, considering the uniform continuity of the function &(%, 5, x) on the compact set I X I X [—||x]|, ||x][]
we conclude that the function Vx is continuous on I. Thus, V transforms C(I) into itself. For a fixed x € C(I)
and t € I we have

|(Fx)(t)| < |f(tr X) - f(tr 0)| + |f(t/ O)l
< p(x(t))) +F
< (I + F. (©6)
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Moreover,

1 (POt s, ()
(VOO <O+ 705 fo g
W) (70 ds

L@ Jo  (p(t) =)'~
W([lx[])

L. (7)

By linking (6), (7) and assumption (VI) we can conclude that there exists a positive number ry such that
the operator W = F.V transforms the ball B,, into itself. Now, from estimates (6) and (7) and from the fact
established above we get

IFB,,|l < @(ro) + F, (8)
W(”O) a
VBl < lill+ e L 9)

In addition, consider the set Q including all nonnegative functions x € B,. Then, according to our
assumptions the operator W transforms the set Q into itself. Now, from (8) and (9) we get

IFQII < p(ro) + F, (10)
W(ro) .
Vel =l + r iyt ()

In what follows we prove that W is continuous on the set Q. To do this, first note that that the continuity
of the operator F is an immediate consequence of assumption (II) and a well known result concerning the
continuity of the superposition operator [11]. Next, we prove that V is continuous on the set Q. Thus, let
us fix arbitrarily € > 0 and xy € Q. For an arbitrary x € Q such that ||x — xo|| < € and arbitrarily fixed t €  we
have

1, [P0 &t s, x(/(5)) PO £(t, 5, %0(y(5)))
(V) = (Vao){i)l < r(a)'fo (o —sy e ‘fo W' )
1 ("9 1E s, 2(0/(6) - &t s, x0(E))]
d
=T fo (p(t) —9)® ’

1 p(t) D(E,¢)
= T@) fo R

L B
“Ta+1) "’

where
(&, €) = supfl&(t,s,a) — &(t,s,b) - t € 1,5 €[0,L],a;b € [0,r0];|a — b| < &},

With regard to assumption (IV) we have that w(&, ¢) — 0 as ¢ — 0. This implies the desired continuity of the
operator V on the set Q. Finally, we conclude that W is continuous on the set Q. First, let us fix a nonempty
subset X of the set Q. Next, choose a number ¢ > 0 and take #1,t; € I such that |t, — t1| < . Without loss of
generality we may presume that | < t,. Then we get

[(E)(t2) = (E)(10)] < 1f (b2, 1(82)) = flb2, X(00))] + [Flb2,x(10)) = (b1, x(00)
< p(Ix(t2) = x(t)]) + @y (f, €)
< (P(a)(xr 8)) + a)?’o(f' 8)’
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where we denoted

wr,(f, €) = supllf(t2, x) — f(t1,X)| : t1,tr €L, |tr — t1] < &,x € [0, 0]}

As a consequence, we infer w(Fx, €) < p(w(x, €)) + wy,(f, €) and we have
wo(FX) < p(wo(X)). (12)

Moreover, we obtain

W,
Vo) - Vo < o0+ e+ D o) — iy
4
e )" = p)" + (p(t2) = p(1)']
< a)(q/ E) + C‘)ro(é/ “3) a4 W(”O) \Ij(rO)

T(a+1) T(a+1) [w(p, )" + m[w(@ el

1 a a
=w(q,€) + m[wm(& )L + 2% (ro)[w(p, €)]°].

Hence, w(VX, ¢) < w(g, €) + [wy(r) (&, €)LY + 2% (ro)[w(p, €)]*] and consequently

_1
T(a+1)

wo(VX) =0. (13)
Now assume that t;,, €  and t; < t,. Then, taking an arbitrary function x € X we have

(V) (t2) = (Va)(t)] = [(Va)(t2) = (V) ()] < la(t2) = q(t2)] = [4(E2) = q(t)]
Ly (P9 &l s x0e) 7 s x(/6)
_ —

) (p(t2) — s)i-= (p(tr) — )
o fp(w E(ta,5,x0/5) fﬁ(m 5(t1,s,x<y<s>>)] N
Tol)y -9 Jy Tpt)-sr=™
(14)
By considering our assumptions, we have

fﬁ(w £t s 90O | fp“ﬂ Et,5200) |
o (plt) — s o (plt) —s)o

p(t) é(tZI S, x(V(S))) plt2) é(t2/ S, X(V(S)))
= —_— — "4

fo (p(t2) — )1 ”fp(m (k) — sy

P £(ty, 5, x(/(5))) fﬂ“ﬂ E(ta,5,X(/(5))) fﬂ(ﬁ) E(ta, s, X(/(5)))
_ cth, 5, X(8)) V28 BVD)) e - A Al VAL
fo P -9 =)0 - T Sy ey —se

o(t1) 1 1 p(t2) 1
- d —d

Z’g{fo ((p(tz)—s)l‘“ (p(tn—s)l-a)”fpm) (p(t2) — sy S}

P £(ty, 5, X(y(5))) — E(t, 5, X(/(5)))

d

i fo (p(t1) —s)i= ’

[Pt = [pt)]T [P &t s, 2(1(5))) — E(tr, 5, X(¥(5)))
2 | (p(t) = 9= ds’ o

where

p=min{é(t,s,x): t € 1,5 € [0,L],x € [-ro, 0]}
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Since the function t — &(%, 5, x) is nondecreasing on I, (15) implies that

(Vx)(t2) = (Vx)(£1) 2 0.
The above inequality linking with (14) allows us to deduce that d(Vx) = 0. As a result

d(VX) = 0. (16)
Now, from (12), (13), (16), Theorem 3.2, assumption (III) and the definition of u; , we get

pa(FX) < (ua(X)),  pa(VX) = 0. (17)

By linking (10), (11), (17) and assumption (VI) and in view of Corollary 2.26 we conclude that the operator
W has a fixed point x in the set Q. Notice that with regard to Remark 2.23 and Remark 2.25 the function
x = x(t) is a nonnegative and nondecreasing solution of the functional integral equation (5). [

Now, we present an example to illustrate our theory.

Example 3.4. Consider the following functional integral equation

t2
1+t4

2 5+ 3 4/x(Vs)
d

x(t) = [ Y

In(1 + SROD] X [P + ré) fo o, (18)

where t € I = [0,1]. Notice that this equation is a particular case of equation (5) with
2

1+

90 =P, 60 = T+ kO, E6s =3+ VE 70)= V.

In addition, a = 1 and p(t) = 2. It is easy to see that equation (18) satisfies all the hypotheses needed in Theorem 5.

2
Indeed, we have ¢(r) = In(1 + 11—07). Moreover, we have
1
|£(t/ S, x)l < 5 + \/E
and
t2 1 1
£t = ft ) = t4|ln(1 + E|x|) ~In(1+ E|y|)
1
1+ —lx|
cin 20"
1+ —
10
1 IxI =1yl
< —_——
<In (1 + 0 T

1+ 5l
1
< ln<1 + Elx - yl)
= @(lx = yl)-
Therefore, we observe that the function \V(r) appearing in assumption (V) may be written in the form \P(r) = % + .

1
Furthermore, we have L = 1. In addition, we have that ||q|| = % and L = 1. So the inequality appearing in assumption
(V1) takes the form

ro1 1+34f
In(1+ —=)(=
e +10)(26+ 3r(3)

) <
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Note T'(3) = 0.8856... so obviously this inequality has a positive solution ro. For example, ro = 100° Moreover, we
have that

1+3+/
1n(1+r—0)+l+—r0<
107 2 31(3)

Consequently, all the conditions of Theorem 3.3 are satisfied. Hence, Theorem 3.3 guarantees that equation 18 has a
nondecreasing solution in the space C(I).

References

[1] R.P. Agarwal, M. Meehan, D. O'Regan, Fixed Point Theory and Applications. Cambridge University Press, Cambridge, 2004.
[2] A. Aghajani, M. Aliaskari, Measure of noncompactness in Banach algebra and application to the solvability of integral equations
in BC(R+). Inf. Sci. Lett. (2015) 4(2), 93-99.
[3] A.Aghajani, R. Allahyari, and M. Mursaleen. A generalization of Darbo’s theorem with application to the solvability of systems
of integral equations. Journal of Computational and Applied Mathematics, 260 (2014) 68-77.
[4] A. Aghajani, J. Banas, N. Sabzali, Some generalizations of Darbo fixed point theorem and applications. Bulletin of the Belgian
Mathematical Society-Simon Stevin, (2013) 20(2), 345-358.
[5] A. Aghajani, M. Mursaleen and A. Shole haghighi. Fixed point theorems for Meir-Keeler condensing operators via measure of
noncompactness. Acta Mathematica Scientia 35.3 (2015) 552-566.
[6] A.Aghajani, N. Sabzali. Existence of coupled fixed points via measure of noncompactness and applications. Journal of Nonlinear
and Convex Analysis 15.5 (2014) 953-964.
[7] A.Aghajani, A.M. Tehrani, D. O’'Regan, Some new fixed point results via the concept of measure of noncompactness. Filomat 29,
6 (2015), 1209-1216.
[8] R.R.Akhmerov, M.I. Kamenskii, A.S. Potapov, A. E. Rodkina and B. N. Sadovskii, Measures of Noncompactness and Condensing
Operators. Birkhauser Verlag (Basel, 1992).
[9] A. Alotaibi, M. Mursaleen, S. A. Mohiuddine, Application of measures of noncompactness to infinite system of linear equations
in sequence spaces. Bulletin of the Iranian Mathematical Society, (2015) 41(2), 519-527.
[10] A. B. Amar, D. O’'Regan, Fixed Point Theory in Banach Algebras. In Topological Fixed Point Theory for Singlevalued and
Multivalued Mappings and Applications (2016) (pp. 103-146). Springer International Publishing.
[11] J. Appell, P.P. Zabrejko, Nonlinear Superposition Operators. Cambridge Tracts Math. 95. Cambridge: Cambridge Univ. Press
1990.
[12] R. Arab, R. Allahyari, A. S. Haghighi. Existence of solutions of infinite systems of integral equations in two variables via measure
of noncompactness. Applied Mathematics and Computation, (2014), 246, 283-291.
[13] M. Basarir, E. E. Kara. On the B-difference sequence space derived by generalized weighted mean and compact operators. Journal
of Mathematical Analysis and Applications, (2012), 391(1), 67-81.
[14] J. Banas, S. Dudek, The technique of measures of noncompactness in Banach algebras and its applications to integral equations.
In Abstract and Applied Analysis (Vol. 2013). Hindawi Publishing Corporation.
[15] J. Banas, K. Goebel, Measures of Noncompactness in Banach Spaces. Lecture Notes in Pure and Applied Mathematics, vol. 60,
Marcel Dekker, New York, 1980.
[16] J. Banas, M. Lecko, Fixed points of the product of operators in Banach algebra. Panamer. Math. J. 12 (2002), 101-109.
[17] J. Banas, M. Mursaleen. Sequence Spaces and Measures of Noncompactness with Applications to Differential and Integral
Equations. (2014). New Delhi: Springer.
[18] J. Banas, L. Olszowy. On a class of measures of noncompactness in Banach algebras and their application to nonlinear integral
equations. Journal of Analysis and its Applications. (2009) 28(4), 475-498.
[19] J. Banas, K. Sadarangani. Monotonicity properties of the superposition operator and their applications. Journal of Mathematical
Analysis and Applications 340.2 (2008): 1385-1394.
[20] J. Caballero, M. A. Darwish, K. Sadarangani, Solvability of a fractional hybrid initial value problem with supremum by using
measures of noncompactness in Banach algebras. Applied Mathematics and Computation. (2013) 224, 553-563.
[21] G. Darbo, Punti uniti in trasformazioni a codominio non compatto. Rendiconti del Seminario Matematico della Universita di
Padova, (1955), 24, 84-92.
[22] B. C. Dhage, S. S. Bellale, Local asymptotic stability for nonlinear quadratic functional integral equations. Electron. J. Qual.
Theory Differ. Equ, (2008) 10, 1-13.
[23] B. Dhage, D. O'Regan, A fixed point theorem in Banach algebras with applications to functional integral equations. Functional
Differential Equations, (2004) 7(3-4), p-259.
[24] M. A. Darwish, On solvability of some quadratic functional-integral equation in Banach algebra. Communications in Applied
Analysis, (2007) 11(3-4), 441-450. Chicago
[25] J. Dugundji, A. Granas, Weakly contractive maps and elementary domain invariance theorem, Bull.Greek.Math.Soc., 19 (1978),
141-151.
[26] S. Hu, M. Khavanin, W. A. N. Zhuang. Integral equations arising in the kinetic theory of gases. Applicable analysis, 34(3-4),
(1989) 261-266.
[27] M.A. Krasnosel’skii, G.M. Vainikko, R.P. Zabreyko, Y.B. Ruticki and V.V. Stet’senko, (2012). Approximate solution of operator
equations. Springer Science and Business Media.



A. Aghajani et al. / Filomat 34:3 (2020), 843-860 860

[28] W.Shatanawi, B. Samet, M. Abbas, Coupled fixed point theorems for mixed monotone mappings in ordered partial metric spaces.

Mathematical and Computer Modelling, (2012) 55(3), 680-687.
[29] J. M. A. Toledano, T. D. Benavides, G. L. Acedo. Measures of noncompactness in metric fixed point theory (Vol. 99). Springer

Science and Business Media. (1997).



