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New Results for a Class of Boundary Value Problems Involving
Impulsive Fractional Differential Equations

Feng-Xia Zheng?

“Department of Mathematics, Sichuan University of Arts and Science, Dazhou 635000 Sichuan, P.R. China

Abstract. In this paper, a class of boundary value problems involving impulsive fractional differential
equations is studied. By constructing Green’s function, a natural formula of solutions is derived. By
applying fixed point theorems for mixed monotone operator with perturbation and sum operator, some

new results on the existence and uniqueness of positive solutions are obtained, and an iterative sequence
is constructed to approximate the positive solutions.

1. Introduction

Recently, the nonlinear boundary value problems (BVPs for short) of impulsive differential equations
with integer order have been investigated extensively, see [1, 9-13, 27] and the references therein. BVPs
of impulsive fractional differential equations play a very important role in theory and applications, see
[2,3,16,17, 19, 23-26] for some references along this line. However, as pointed out in [2, 3], the theory of
BVPs for impulsive fractional differential equations is in the initial stages and many aspects are yet to be
explored.

In [2], by means of contraction mapping principle and Krasnoselskii’s fixed point theorem, Ahmad et
al. considered the existence of the solutions for the following boundary value problem:

CD?H_M(t) = f(t/ M(t)),t € ], = ]\{tll tZ/ Tty tm}r] = [0/ 1]/
Au(ty) = I(u(te)), Au'(tx) = Je(u(te)), k=1,2,--+ ,m,
u()+u'(0)=0,u(l) +u'(1) =0,

where CDg . is the Caputo fractional derivative of order g € (1,2). f : JXR — Ris continuous, I, Jy : R = R,
Au(ty) = u(t]) —u(t,), u(t]) and u(t;) represent the right and left limits of u(t) at t = ty(k = 1,2,---,m)
respectively for 0 =fo <t; <fp <+ <ty <ty =1

Recently, Wang et al. [17] establish a general framework to find a natural formula of solutions for
impulsive fractional boundary value problems, which will provide an effective way to deal with such
problems. Naturally, one wishes to know whether or not the solution of fractional impulsive differential
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equations can be expressed by using Green'’s function and if this result holds, can this result be used for the
special case with non-impulse. Thus, it is an interesting problem and it is worthwhile to study. On the other
hand, we observe that in [2, 3, 14, 16, 17, 19, 23-26], the authors demand that the nonlinear term and the
impulse functions are bounded or satisfy Lipschitz conditions and demand the operators to be completely
continuous or compactness conditions, clearly, these conditions are very strong. We observe that recent
advances in the context of analytical and numerical studies of fractional differential equations can be found
in [6, 7].

Inspired by the above literatures, by constructing Green’s function and by applying some new fixed
point theorems for mixed monotone operator with perturbation and sum operator, we mainly study the
existence and uniqueness of positive solutions for the following boundary value problem:

DI u(t) = f(t, u(®), u(t)) + gt, u(®)),
te ]/ = ]\{tlrtZI"' rtm}/] = [Orl]r

1
Au(ty) = I(u(ty), u(ty)), A’ (k) = Je(u(ty), u(te), k=1,2,--- ,m, @
au(0) + Bu’(0) = m, au(l) + pu’(1) = 1,
and its special case with non-impulse
DY, u(t) = f(t,u(t), u(t)) + g(t, u(t), t € ] = [0,1], 2
au(0) + pu’(0) = 1, au(l) + pu’(1) = 12,

where a, 8,11, 12 are real constants with f > a > 0,11 > 2, > 0. CDg . is the Caputo fractional derivative of
orderg € (1,2). f: JxR*xR* - R*,g: JxR* = R" are continuous. I, Jy € C(R* x R*, R*), R* = [0, +0).
The impulsive point set {ti};L; satisfies 0 = to < t1 < tp < -+ <ty < by = 1. Au(fy) = u(t;) - u(t,;) with
u(t)) = hlgg+ u(ty +h), u(t;) = hl:rgl u(ty+h),k=1,2,--- ,m.

Our work presented has the following new features. Firstly, we present a natural formula of solutions
for a system associated with the problem (1) by using Green'’s function and obtain the properties of Green’s
function. We find that the expression of the solution by using Green’s function is simpler than those of
[16, 17, 23](see Remark 3.2). Secondly, our new results of the problem (1) can be used for the problem (2).
The problem (2) is a special case of the problem (1) with Iy = 0 and Jx = 0 (see Remark 3.4). Thirdly, our new
results do not demand that the nonlinear term and the impulse functions are bounded or satisfy Lipschitz
conditions, clearly, these conditions are very strong. Moreover, our new results can guarantee the existence
of a unique positive solution without assuming operators to be completely continuous or compactness
conditions and an iterative sequence is constructed to approximate it. The results of the above-mentioned
works are generalized and significantly improved (see Remark 3.14). Hence we improve the results of
[2,3,16,17,19, 23-26] to some degree. So it is worthwhile to investigate the problems (1) and (2).

2. Preliminaries and previous results

Let E = {u(t) : u(t) € C(J)} denote a real Banach space with the supremum norm. Let

PC(J)={ue€E:u:] - R ueC(J),ult]), ut)
exist with  u(t;) = u(t),k=1,2,---,m},
PCY(J) := {u € PC(J) : u’ € PC(])}
P={uePC():u(t)>0,te]},
Py={ueP:u~ww>0}.

Obviously, PC(J) € E is a Banach space with the norm

llullpc = sup |u(t)l,
te]
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PCY(]) is also a Banach space with the norm

llullper = llullpe + 111 llpc-

P c PC(]) is a normal cone.

A function u € PC'(]) is said to be a positive solution of the problem (1) if u(t) = ui(t) for t € (tx, tx+1) and
uy € C([0, try1], R) satisfies CDg+uk(t) = f(t, ur(t), ux(t)) + g(t, ux(t)) a.e. on (0, fry1) with the restriction of u(t)
on [0, t) is just ux—1(t) and the conditions Au(ty) = L(u(ty), u(tc)), Au' () = Je(u(te), u(te)), k =1,2,--- ,m with
au(0) + pu’(0) = 1, au(1) + pu’ (1) = .

Definition 2.1. [8, 18] The fractional integral of order g > 0 for a function f : [0, +c0) — R is defined as
1 ¢
I f(t) = — f (t =)7L f(s)ds,t > 0.
O+f( ) r(q) 0 f(

provided the right side is pointwise defined on [0, +o0), where I'(-) is the gamma function.

Definition 2.2. (Generalization of classical Caputo derivative) [8, 18] The Caputo fractional derivative of
order q > 0 for a function f : [0, +o0) — R is defined as

D}, f(t) =

ds,t>0,n—-1<g<n.

1 d ft f(5) = %o 5/9(0)
T-qdtr Jo — (t=s)1

In the case f(t) € C"[0, +c0), then we have D} _f(t) = Iy " f"(t), t > 0,n — 1 < g < n. That is to say that
Definition 2.2 is just the classical Caputo fractional derivative. In Definition 2.2, the integrable function f
can be discontinuous. This fact can support us to consider impulsive problems.

Definition 2.3. [4,5] A : P X P — P is said to be a mixed monotone operator if A(x, y) is increasing in x and
decreasing in y, i.e., u;,vi(i = 1,2) € Puy < up,v1 > v imply A(ug,v1) < A(up,v2). The quantity x € P is
called a fixed point of A if A(x,x) = x.

Definition 2.4. [22] An operator A : P — P is said to be sub-homogeneous if it satisfies
A(tx) = tA(x), Yt € (0,1),x € P.

Definition 2.5. [22] Let 8 be a real number with 0 < < 1. An operator A : P — P is said to be f-concave if
it satisfies

A(tx) > tPA(x), ¥t € (0,1),x € P.
Lemma 2.6. [17] For g > 0, the general solution of the fractional differential equation “D{, u(f) = 0 is given
by
u(t) = co +cit + ot + -+ cpq "7,

wherec; € R,i=0,1,2,--- ,n—1,n =[g] + 1 and [g] denotes the integer part of the real number g.
In view of Lemma 2.6, it follows that

Ig+ (CDq+u)(t) =u(t) +co+ it + oot + -+t
wherec; € R,i=0,1,2,--- ,n—-1,n=[g] + 1.
Lemma 2.7. [21] Letw > 0, B €(0,1). A: P X P — P is a mixed monotone operator and satisfies
A(tx, t_ly) > tPA(x, y), Vte(0,1),x,yeP

B : P — Pis an increasing sub-homogeneous operator. Assume that
(i) there is wy € P, such that A(wy, wy) € P, and Bwy € Py,;
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(ii) there exists a constant 69 > 0 such that A(x, y) > 69Bx, Vx,y € P.
Then:

(1)A:P,xP,— P,and B: P, — Py;

(2) There exist ug, vy € Py, and y € (0, 1) such that

rvg < up < Vg, Ug < Aug, vg) + Bug < A(vg, ug) + Bug < vp.

(3) The operator equation A(x, x) + Bx = x has a unique solution x* in P;
(4) For any initial values xo, ¥y € Py, constructing successively sequences

Xn = A(xn—lr yn—l) + Bxy-1,
Yn = A(yn—lr Xp-1) + By,.1,n=1,2,---
we have x, — x*and y, — x" asn — oo.

Remark 2.8. If we take B = 0 in Lemma 2.7, then the corresponding conclusion is still true (see Corollary 2.2 in

[21]).

Lemma 2.9. [20] Let P be a normal cone in a real Banach space E, A : P — P be an increasing y-concave operator
and B : P — P be an increasing sub-homogeneous operator. Assume that

(i) there is w > O such that Aw € Py, and Bw € Py,;

(ii) there exists a constant &g > 0 such that Ax > 6oBx,VYx € P.

Then the operator equation Ax + Bx = x has a unique solution x* in P,,. Moreover, constructing successively the
sequence Y, = Ayn—1 + Byn_1,n =1,2,- -+ for any initial value yo € Py, we have y, — x* as n — oo.

Remark 2.10. If we take B = O in Lemma 2.9, then the corresponding conclusion is still true (see [15]).

3. Main results

Firstly, we present a natural formula of solutions for a system associated with the problem (1) by
adopting the view of Wang et al. [17] and by using Green’s function and obtain the properties of Green’s
function.

Lemma 3.1. Given h(t) € C(J,R"),1 < q < 2, the unique solution of

CDngu(t) = h(t)/t € ], = ]\{tlr t2/ Tty tm}r] = [0/ 1]/
Au(ty) = I(u(ty), u(ty)), Au' (k) = Je(u(ty), u(te), k= 1,2,--- ,m, 3)
au(0) + Bu’(0) = m,au(l) + pu'(1) =1, =2 a>0,m1 212 20,

is formulated by

1 m
MW=LGW@WMHZGMMMW&WM
i=1

+ Z G (t, t)i(u(ts), u(t;) + Ga(t), t € J,
i=1

where
(t-s)t  (B—at)(1l-s)"
L'(q) al'(g)
, BB - an - sy
a’T(g-1)
—at)(1 —s)11 —at)(1 —s)12
(ﬁ af)lf(q) ) +‘B(‘Ba<2r()q(—1)) ,0<t<s<1,

Gi(t,s) = ,0<s<t<l, 4)
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p-ati (B-at)(p- Oét)

a 22 0<t<t<li=12,---,m,

GZ(t/ti)z
at; at

i (ﬁ )Eﬁ )O§t<ti§1,i=1,2,...,m

o o

a+p—at ‘

0<ti<t<1,i=1,2,---,m,

G3(trti)= ﬁ—(ft

" ,0<t<t<1,i=1,2,---,m,

+(B—at)(m -
Guy = 21 B aO;)(m ") ocren,

Proof. Applying Lemma 2.6, Eq. (3.1) is reduced to an equivalent integral equation (3.6):

1 t
u(t):m) fo (t — s h(s)ds — cx — dit, Yt € (t, bt ],
where ty = 0, t,,41 = 1. Consequently,
1 t
’ — _ Q)92 _
WO = 5 [ (=9 s =it G ol

In the light of au(0) + pu’(0) = 11, and au(1) + pu’(1) = 1, we have
—Qcy — ﬁdo =M,

(1 —5)7"'h(s) (1 —5)7 h(s) 2h(S) B _
[) F() d +/3f —acy — (a + B)dy = .

S TE-1)
In view of Au(ty) = I(u(ty), u(ty)), and Au’(tx) = Je(u(ty), u(ty)), we have

e = co— Y ((uu(t), (k) = Jiu(t), u(t))ke),
k=1

= do— ) JeCu(ke), u(h).
k=1
By (3.7), (3.9) and (3.10), we get
a

o=—gon =3 Z (k) 1) = Gt i) = =

dy = —Ecm -2 Z (Tt ) = JeCult), u(t))t)

- Z Tty (b)) = L
= B
By (3.8)-(3.9) and (3.11)-(3.12), we derive
f (A-9)""hGs) B f (1=5)2hs)
ST CT@-1)
+ Z (Ii(u(t), (k) = Ji(u(t), u(t))

Z Jiu), u(t) + T

711

(8)

(10)

(11)

(12)

(13)

(14)

(15)
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__P (1—S)q 1h(S) (1 —5)77h(s) 2h(S)
Y 0 I f S T@-1

- g Z;- (IiCu(ts), (k) - JiauCt), u(t)t)

_ @ i ]i(u(t,'), u(t}.)) _ ﬁm—(a_—pﬁ)m
i=1

a2

From (3.9)-(3.10) and (3.13)-(3.14), we get

k
di = do — Z Jiau(t), u(t)

f A=syhe) B f (1=5)7%(s)
- T S T(@-1
+ Z (L), u(t) — Jiuh), u(ti))k)

m

T]z

Jiau(ts), u(t)) - Z Jitu(t, u(t)) +
i=1

i=1

= o - Z (iCut), (k) = Ji(u(ts), u(t))t)
B9 (A=9"2h(s) |
f ST f S T@-1)

-2 Z (TiCu(ti), u(ti)) — Ji(u(ts), ut))t)
i=1

m k
PPN gttt e - Y e, ute)
i=1 i=1

— Jiu(ts), u(t)E) - f*’h‘(;;;ﬁ)m

Hence, fork=1,2,--- ,m, (3.15) and (3.16) imply

Cr + dit

_ B-at (1 =s)hs) aﬁt (1—19)1" 2h(s)
T fo I'(g) f I'(g-1)
Ji(u(ti), u(ti)t)

W D e e

k
- Z (Li(u(ts), u(ti)) — Ji(u(t:), u(t))t:)
i=1
k
Jiu(t:), uti)t -

i=1

m+ (B —at)(m —n)

a?

712

(16)

(17)

(18)

(19)
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Now substituting (3.13) and (3.14) into (3.6), for f € [0, t;], we obtain
u(t)
~ ff (t— s)ﬂ-lh(s) ﬁ at f (1 —s)1"h(s)
o T@ I'(g)

B> — apt (1- )“h
TR fo I(g-1) s

i), u(ti)) = Ji(u(t:), uti))t:)

G ﬁ)(ﬁ

at) ZL( (), u(t) + am + (B —at)(m — 1n2)

a2

i fo (t_sr):q;h(S) = (f f ) _;(2)1,1
ﬁz—aﬂt(f f )(1—s)q 2h(s)

= Ji(u(t:), u(t:))t:)

=1
(Mﬁ)ﬁ at) m+ (B —at)(m —n2)
— ZL(u(t) u(t) + ="
[(t s)71 (ﬁ at)(1—s)7™? N BB — at)(1 —s)12
I'(q) al'(q) a’T(q-1)
1 B—at)(1—s)T! ﬁ(ﬁ at)(1 - s)q‘z]
ft [ ot (@) 2rg-1) |

Hﬁ at (B-at (ﬁ at)H

] h(s)ds

+

+

Ms i

i(u(t;), u(t;))

£ atl (it u(t) + 21+ —;ﬂ(m — 1)

+

1]
—_

i

1
- [ Grlt, s+ Y Galt ) Gute), u(t)
0 i=1

+ ) Galt, )i (u(t), u(t) + Ga(b),
i=1

where Gi(t,s), Ga(t, t;), Gs(t, t;), G4(t) are defined by (3.2)-(3.5).
Substituting (3.17) into (3.6), for ¢ € (f, tx+1],k =1,2,--- ,m, we obtain

() - f( L Bat f (1- sw 1h<s>

aﬁt (1—19)1" 2h(s)
f Ig-1)

1)) = Ji(u(t;), u(t:))t:)
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DB N ey )
i=1

k
+ Z (Li(u(t), w(t)) — JiCu(hs), uti))E;)
L
+ ) JiCut), u(t))t +

1
i=1
(t -

:f >(“h (f f)(l—s)ﬂh(s)
e

L [Z ](1 (u(ts), u(t)) = Ji(u(t:), u(t))t)

o
i=1  i=k+

k m
(a +ﬁ)(ﬁ at) (Z 4 Z ]]1 u(ti), u(t:))
=1

i=k+1

am + (- Off)(fll 1n2)

+ Z (Ti(u(ts), (k) = Jiu(t), u(t)t)
i=1

k
N Z]i(”(ti)/ u(tt + 28 + (B —:;f)(fh — 1)
(=9 (B-ah-sy! B-an( -5
fo [ I'(q) al(q) T ]h(s)ds
-1 -7 BB —at(1-s)"
+I [ ) + 2T 1) ]h(s)ds
k
+2[5 ot “)] (e, u(t)
i=1
“ [B-at (- at)(-ab
+1Z+:1[ 2 ]L-(u(t»,u(ti))
k
) e+ Y P e, )

i=k+1
a171+(ﬁ at)(m —1n2)
+
0(2

1 m
= Gi(t,9)h(s)d Go(t, t) Ji(u(ty), u(t;
fo 1, 9N(s) s+; o, 6Tt u(t)

+ ), Galt, t)i(ut), u(t) + Ga(h),
i=1

where Gi(t,s), Ga(t, t;), Gs(t, t;), Ga(t) are defined by (3.2)-(3.5). The proof is complete. [

Remark 3.2. From Lemma 3.1, it is easy to known that the solution of fractional impulsive differential equations can
be expressed by using Green’s function under the view of Wang et al. [17] and this expression of the solution of the
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problem (3) is simpler than those of [16, 17, 23].

When [i(u(ty), u(ty)) = 0 and [i(u(t), u(ty)) = 0,k = 1,2,--- ,m, the corresponding special case of the
problem (3) has been investigated. It is easy to obtain the following corollary.

Corollary 3.3. Given h(t) € C(J,R*),1 < g < 2, the unique solution of

Df,u(t) = h(t),t € ] =[0,1],
au(0) + pu’(0) = m,au(l) + pu'(V) =1, =2 a>0,m1 21, 20,

is formulated by

1
u(t) = f(; G1(t, s)h(s)ds + Gu(t),t € ],

where
(t—s) ! (B-at)(1-s9)T"
I'(q) al'(q)
| BB-an(d-s)T?

Gi(t,s) =4 + T =) ,0<s<t<l,

(B—a(1-s)i"' BB —at)(l-s)?

al(q) + T -1) <t<s<l,

Gutpy = 216 —;t)(m —1) o<i<n,

Remark 3.4. From Corollary 3.3, one can know that when I(u(ty), u(ty)) = 0, r(u(te), u(tx)) = 0,k =1,2,--- ,m,
the solution of fractional impulsive differential equations which can be expressed by using Green’s function is that of
the corresponding fractional differential equations. But in [2, 3, 19, 24-26], it is easy to known that this result can’t
hold.

Lemma 3.5. Let B > a > 0, 71 2 m2 = 0, then Green's functions Gi(t,s), Ga(t, t;), Gs(t, t;) and Gu(t) defined by
(3.2)-(3.5) satisfy the following:

(i) Gi(t,s) € C(J X J,R"), Gao(t, 1;), Gs(t,t;) € C(J X J,RY), Gy(t) € C(J,R*), and G1(t,s), Ga(t, t;), Gs(t, 1),
Ga(t) > Oforallt, t;,s € (0,1), where ] = [0,1].

(ii) Green’s functions Ga(t, t;), Gs(t, t;), Ga(t) have the following properties:
- +
BE-0) o < BatD)

a2 T a?

p—a
o

Vi, tie],

a+p
o

< Gs(tty) <

,Vi’,t,' S ],

< Gy(t) <

any + p(m —n2)

any + p(m —n2)
a? !

Proof. From the expressions of Gi(t,s), Ga(t, t;), Gs(t, t;), G4(f), it is obvious that (i) hold. Next,we will prove
(ii). We can know from the definition of G,(¢, t;) that, for givent; € (0,1)(i = 1,2, --- ,m), Ga(t, t;) is decreasing
with respect to t for t € |. We let

p—at; N (B —at)(B— at)
a a?

gi(t, 1) = O0<ti<t<l,i=1,2,-,m,
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p—at N B —at)(p —at)
o

> ,0<t<t<1,i=1,2,---,m.
24

gZ(tl tz) =
Hence, we derive

m.n G t, t = m'n m.n t,t , mm t,t

te[(},l] 2(t,1) ! {te[t},ugl( i) tE[O,t‘]gZ( ol

= min{gi(1,t;), g2(t;, t:)} = g:1(1, t;)
_BB-at) pB-a)

a? a?

max G l’,t = max{max t,t , max t,t
te[0,1] 2( l) {tE[ 1] gl( l) te[0,t] !72( 1)}

= max{g1(t;, ti), 920, t:)} = 92(0, 1)
_ af + BB — aty) < ﬁ(a+ﬁ).

a2 a2
Thus, we have
- +
ﬁ(ﬁaz il <Gt ty) < w,\ﬁ, tie]
Similarly, we have
- +
P < Gs(tt) < a_ﬁ/thti €J.
o o
any + Bim —m2) < Ga() < w/v”i eT
a? a?

The proof is completed. [

In the following, we need assumptions as follows:

(H1) f(t,u,v) : ] x R* x R* — R* is continuous and increasing in u and v decreasing. f(f,c1,c2) > 0

with ¢1 = mingep 1] w(t), c2 = maxyepo,1] w(t), where w(t) = fol Gi(t,8)ds > 0,t € [0,1], and there exists a
constant ; € (0,1) such that

f(t,yu,y~'0) 2 yP1 f(t,u,0), ¥y € (0,1),t € [0,1],u,v € [0, o0).

(H2) g(t,u) : | x R* — R* is increasing in u. g(t,c1) > 0 with ¢; = mineo)w(t), where w(t) =
I Gi(t,8)ds > 0, € [0,1], and

g(t, uu) > ug(t,u),Yu € (0,1),t €[0,1],u € [0, ).

(H3) Ir(u,v), Jx(u,v)(k =1,2,--- ,m) are increasing in u € [0, o0) for fixed v € [0, o), decreasing in v € [0, o0)
for fixed u € [0, o0). For all y € (0,1),t € [0,1], u, v € [0, 00), there exist 35, B3 € (0, 1) such that

L(yu, y o) 2 Y 1w, 0), iy, y~10) = P Ji(u, v).
(H4) There exists a constant 69 > 0 such that

f(t,u,v) = dog(t, u), ¥t € [0,1],u,v € [0, o).
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(H5) f(t,u) : Jx R* = R* is increasing in u. f(t,c1) > 0 with ¢; = minyeo1) w(t), w(t) = j(;l Gi(t,s)ds > 0,t €
[0,1], and there exists a constant 5; € (0,1) such that

ft,yu) = yﬁlf(t, u),¥y € (0,1),t € [0,1],u € [0, o0).

(H6) I, Jr € C(R*, R*), Ik (w), Jx(u)(k = 1,2, ,m) are increasing in u € [0, c0). There exist f», f3 € (0, 1) such
that
Ik()/”) = Vﬁzlk(u)/ ]k()/”) 2 Vﬁ3]k(”)r VV € (Or 1)rt € [O/ 1]/” € [0/ OO)

(H7) There exists a constant o9 > 0 such that

f(t,u) = 60g(t, u), ¥Vt € [0,1], u € [0, 00).

Theorem 3.6. Assume that (H1)-(H4) hold. Then the problem (1) has a unique positive solution u* in Py,. Moreover
for any initial values uy, vy € Py, constructing successively the sequences

1
un(t) = fo Ga(t, $)(f (s, 1n-1(5), Un-1(5)) + 95, n-1(5)))ds
+ ) Galty 8)]iatn1 (1), 0 (1))
i=1
+ ) Galt, )li(atn 1 (8), 0aa (1)) + Gath),
11:1
v, (t) = ](; G1(t, 5)(f(5, Un-1(5), Un-1(5)) + (s, vu-1(5)))ds
+ ) Gl )01 (1), a1 (1))
i=1
+ ) Galt, 1)li(@ua(t), tya () + Ga(t), n = 1,2,
i=1
we have u,(t) — u*(t), v, (t) = u*(t) as n — oo, where G1(t,s), Ga(t, t;), Gs(t, t;) and Ga(t) are given as (3.2)-(3.5).

Proof. To begin with, by Lemma 3.1, the problem (1) has an integral formulation given by
u(t) = fo 1 Gi(t, 5)(f(s,u(s), u(s)) + g(s, u(s)))ds
+ i Ga(t, ti)Jiu(ts), u(t:)
i=1
+ i Ga(t, ti)li(u(ti), u(t) + Ga(t), t € J.
i=1

Define two operators A: PXP — Eand B: P — E by
1 m
A, o)(t) = f Gi(t,5) (s, u(s), 0(s))ds + Y . Galt, £)]i(au(t), 0(t)
0 i=1

+ ), Galt, t)i(u(t), 0(t) + Ga(®),
i=1
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1
Bul) = [ Galt (s, o)
0
It is obvious that u is the solution of the problem (1) if and only if u = A(u, u) + Bu. We know from (H1),(H2)
and (H3) that A: Px P — Pand B : P — P. We check that A, B satisfy all assumptions of Lemma 2.7 in the
sequel.

Firstlywe prove that A is a mixed monotone operator and satisfies A(yu,y'v) > yPA(u,v), ¥y €
(0,1),u,v € P. For u;,v;(i =1,2) € P uy < uy,v1 = vy, from (H1) and (H3), we obtain

1 m
A(ur, v1)(t) = f Gi(t, 8)f (s, u1(s), v1(s))ds+ Z Ga(t, ) Ji(ua (t:), v1(t:))

0 i=1

+ ) Galt, B (1), 01 (1)) + Ga(t)
i=1

1 m
< [ 6196 126, eaoNist Y Gatt 101 us(), vt

0 i=1

+ ) Galt, )li(ua (), 0a(t)) + Ga(t) = A, 02)(8).

i=1
For any u,v € Pand y € (0,1), let y# = min{y#1, 2,3}, then )# € (0,1). From (H1) and (H3), we know that

AQyu, y  o)(b)

1 m
:fo Gl(t,s)f(s,yu(s),y‘lv(s))ds+ZGz(t, ti)]i(yu(ti),)/_lv(ti))

i=1

+ ) Galt, )Lyt v~ o(t)) + Ga()

i=1

1 m
> o fo Gilt,5)f(s, us), o()ds+ Y . Galt, t)u), o(t)
i=1

+ ) Galt I (u(t), o(t)) + Ga()] = P A(w, 0)(0).
i=1

Further, we show that the operator B is an increasing sub-homogeneous operator. From (H2) that B is
increasing. For any p € (0,1) and u € P, from (H2) we have

1 1
B(uu)(t) = fo Gi(t,8)g(s, pu(s))ds > p[} Gi(t,5)g(s, u(s))ds = uBu(t).

Next we verify the conditions (i) and (ii) of Lemma2.7. Letr; = mineo1) f(£, ¢1, ¢2), 2 = maxseo,1] f(t, c2, €1)-
From (H1),(H3) and lemma 3.5, we get

1 m
Alw, w)(t) = fo Gu(t,9)f(s, w(s), w(s))ds + ) Galt, 1) i(au k), w(t)
i=1
+ ) Galt, t)liGao(t), w(t) + Ga(t)
i=1

1 1
> f Gi(t,s)f(s,c1,c2)ds = 1q f Gi(t, s)ds = ryw(t).
0 0
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and
1 m
A )0 = [ Gale (s 069, woNds Y Gatt )]l )
i=1
+ Z Ga(t, t)Ii(w(t:), w(t;)) + Ga(t)
f Gi(t,5)f(s,ca,c1)ds + Z pla L(cz, 1)
o oa+f an + B(m = n2)
+ ; P Ii(CZI Cl) + T
1 m
<n fo Gi(t,s)ds + i[zl d (“0; D) o
+ Z 2 Z ﬁli(szcl) Bl Sl it i ﬁ;gl — nZ)]w(f)
i=1
=(r+— C1 2 plat ﬁ)]z( c,C1) + 2 —1 i(c2,c1)
i=1
L am+ ﬁ(;h 772)])w(t).
That is

rw(t) < A(w, w)(t)
<(r+ %[Z ﬁ(aa-;- ﬂ)]z‘(cz/cl) + Z aT-l-ﬁL‘(Cz,Cl)
i=1 i=1

Lam+ 5(;71 —12)

Duw(t).

Similarly, let r3 = minse 1) (¢, ¢1), ¥4 = maXseqo,1] g(t, ¢2). From (H2) and lemma 3.5, we get
r3w(t) < Bw(t) < rqw(t).

From (H1) and (H2), we have

r1 = min f(¢,c1,c2) > 0,73 = min g(t,c1) > 0,
! te[O,l]f( ! 2) 3 te[O,l]g( 1)

and in consequence,

2+ cl[Z :3(0‘0; ’B)]i(cz,q) + ; OZTJF'BL'(Cz,Cl)

Lam + B(m1 —12)
aZ
rg > 13> 0.

]>1’1>0,

So we prove that A(w, w) € Py, Bw € P,,. Hence the condition (i) of Lemma 2.7 is satisfied.
For any u,v € Pand t € (0, 1), taking (H4) into consideration, we get

1 m
A, 0)(0) = f Gilt,9)f(s, u(s), 0)ds + Y . Galt, t)i(u(t), o(t)
0 i=1
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+ ) Galt, t)i(u(t), o(t) + Ga(t),

i=1

1
> j; Gi(t,s)f(s,u(s), v(s))ds

1
> 60f Gi(t,5)g(s, u(s))ds = doBu(t).
0

Then we get A(1, v) > 69Bu, for all u, v € P. So the condition (ii) of Lemma 2.7 is satisfied.
Finally, by means of Lemma 2.7, the problem (1) has a unique positive solution " in P,,. Moreover for
any initial values ug, vy € Py, constructing successively the sequences

1
(t) = fo Gall, ) (f(5, tn-1(5), Dt (5)) + 95, tnr ($)))ds

+ ZGz(t t)]z Up— 1(t')/vn71(ti))

i=1

Z Gs(t, t)i(un-1(t:), Va1 () + Ga(t),

i=1

1
on(t) = fo Gi(t, )(f(5,0n-1(5), Un-1(5)) + g(s, Vu-1(5)))ds

+ Z Ga(t, t) Ji(vp-1(t:), n-1(t:))
i1

+ Y Galt, )li(vn (1), tyr (1)) + Ga(t), n = 1,2,
i=1

wehave u,(t) — u*(t), v,(t) — u*(t)asn — oo, where G1(t,s), Ga(t, t:), Gs(t, t;), Ga(t) are given as (3.2)-(3.5). O

Corollary 3.7. Assume that (H1), (H2) and (H4) hold. Then the problem (2) has a unique positive solution u* in
Py,. Moreover for any initial values ug, vy € Py, constructing successively the sequences

1
0 = [ Gt 1109, 0,16) + 96 11D + G,
0

1
vu(t) = f G1(t, 5)(f(s, Un=1(5), Un-1(s)) + g(s, vu-1(5)))ds
0
+ G4(t)1n = 1/2/' o
we have u,(t) — u*(t), v, (t) — u*(t) as n — oo, where Gi(t,s), Ga(t) are given as (3.2),(3.5).

If g(t, u(t)) = 0, by means of Remark 2.8, we have the following two corollaries.

Corollary 3.8. Assume that (H1) and (H3) hold. Then the problem (1) has a unique positive solution u* in Py,.
Moreover for any initial values ug, vy € Py, constructing successively the sequences

1
) = fo Gi(t,5)£(5, tta1(), 001 (5)ds

+ Z Ga(t, 1) i(tnr (t), Up1 ()
i=1
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Y Galt )1 (1), 0ua (1)) + Ga(h),

i=1

1
(1) = fo Gilt,5)£(6, 01 (6), s (5))ds
+ ) Golt, )i (01 (8), 11 (1)
i=1

+ Y Galt, t)i(vna(t), ty1 (1)) + Ga(t), n = 1,2,
i=1

we have u,(t) — u*(t), v,(t) = u*(t) as n — oo, where Gi(t,s), Ga(t, t;), Gs(t, t;), Ga(t) are given as (3.2)-(3.5).

Corollary 3.9. Assume that (H1) hold. Then the problem (2) has a unique positive solution u* in Py,. Moreover for
any initial values uy, vy € Py, constructing successively the sequences

1
uy(t) = fo G1(t,5)f(s, un—1(5), vn-1(s))ds + Ga(t),

1
on(f) = f Gi(t,8)f (s, Un-1(5), n-1(s))ds + Ga(t),n = 1,2, -
0
we have u,(t) — u*(t), v, (t) = u'(t) as n — oo, where G1(t,s), Ga(t) are given as (3.2),(3.5).

IF f(E, u(t), (1)), Te(u(t), u(t) and Ju(u(ty), u(t)) are replaced by f(t,u(t), I(u(t)) and Ju(u(t) respectively,
we can obtain the following new results.

Theorem 3.10. Assume that (H2) and (H5)-(H7) hold. Then the problem (1) has a unique positive solution u* in
Py,. Moreover for any initial value ug € Py, constructing successively the sequence

1
un(t) = fo Gi(t, s)(f(s, un-1(5)) + g(s, tn-1(5)))ds

+ ), Galt t)iCuaa (D) + ), Galt, E)i(atn (8))
i=1 i=1
+ G4(t)/n = 1/2/‘ t
we have u,(t) — u*(t) as n — oo, where Gi(t,s), Ga(t, t;), Gs(t, t;), Ga(t) are given as (3.2)-(3.5).

Proof. To begin with, by Lemma 3.1, the problem (1) has an integral formulation given by
1 m
u(t) = f Gult, 9)(f(5, u(s)) + g(s, u(©)ds+ ¥ Galt, 6)]i(u(t)
0 i=1

+ ) Galt, B)lu(t)) + Ga(), L € ]
i=1

Define two operators A: P - Eand B: P — E by

1 m
Aut) = [ Gt s, s + Y Galt 101 u)
i=1

m

+ ) Galt, W) (u(t) + Ga(b),

i=1
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1
Bul) = [ Galt (s, o)
0

It is obvious that u is the solution of the problem (1) if and only if u = Au + Bu. We know from (H2),(H5)
and(H6) that A: P — P and B : P — P. We check that A, B satisfy all assumptions of Lemma 2.9 in the
sequel.

Firstly, we prove that A : P — P be an increasing y-concave operator and B : P — P be an increasing
sub-homogeneous operator. For any u € P and y € (0,1), let ) = min{y#1,f2,7%}, then y# € (0,1). From
(H5) and (H6), we know that

1 m
A= [ G196 yuehdse Y ot ()
i=1
+ Y Galt, t)Li(yut) + Gat)
i=1 ) .
> L[ Gatt ) s, s Y, Galt )0
i=1

+ ), Galt, W)L(u(t)) + Ga(] = P Au(p)

i=1

Hence the operator A is y-concave operator. From (H5) that A is increasing. So A : P — P is an increasing
y-concave operator. We know from the proof of Theorem 3.6 that the operator B is an increasing sub-
homogeneous operator.

Next we verify that conditions (i) and (ii) of Lemma 2.9. Similarly to the proof of Theorem 3.6. We prove
that Aw € P, Bw € P,. Hence the condition (i) of Lemma 2.9 is satisfied. For any u,v € P and t € (0,1),
taking (H7) into consideration, we get

1 m
Au() = fo Gr(t,3)f(s,u(s))ds + Y, Galt, ) (u(t))
i=1
+ Y Galt, t)Ii(u(t) + Ga(t),
i=1

1 1
> f Gi(t,s)f(s, u(s))ds = 60f Gi(t,5)g(s, u(s))ds = doBu(t).
0 0
Then we get Au > 69Bu, for all u € P. So the condition (ii) of Lemma 2.7 is satisfied.

Finally, by means of Lemma 2.9, the problem (1) has a unique positive solution u* in P,,. Moreover for
any initial value 1y € Py, constructing successively the sequence

1
0 = [ Gt 1,190 + 6, 1,
0

+ Z; Galt, t:) it (1)) + 21 Ga(t, t) (11 (1))

+Gy(t),n=1,2,---
we have u,(t) — u*(t) as n = oo, where G1(t,s), Ga(t, t;), Gs(t, t;), Ga(t) are given as (3.2)-(3.5). O

Corollary 3.11. Assume that (H2), (H5) and (H7) hold. Then the problem (2) has a unique positive solution u* in
Py,. Moreover for any initial value ug € Py, constructing successively the sequence

1
(t) = f Gty $)(F(S, thy1(5)) + 965, - 1(5)))ds + Ga(B) 1 = 1,2, -
0
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we have u,(t) — u*(t) as n — oo, where Gy(t, s), G4(t) are given as (3.2) and (3.5).
If g(t, u(t)) = 0, by means of Remark 2.10, we have following two corollaries.

Corollary 3.12. Assume that (H5) and (H6) hold. Then the problem (1) has a unique positive solution u* in Py,.
Moreover for any initial value ugy € Py, constructing successively the sequence

1 m
0 = [ G196 s + Y Calt 101 (1)
0 i=1

+ ) Galt, )li(aty 1 (1)) + Ga(B),m = 1,2,

i=1
we have u,(t) — u*(t) as n — oo, where G(t, s), Ga(t, t;), Ga(t, t;), G4(t) are given as (3.2)-(3.5).

Corollary 3.13. Assume that (H5) hold. Then the problem (2) has a unique positive solution u* in Py,. Moreover for
any initial value ug € Py, constructing successively the sequence

1
(t) = fo Gu(t,9)f(s, tp1(s))ds + Ga(t)n = 1,2, -

we have u,(t) — u*(t) as n — oo, where G1(t,s), Ga(t) are given as (3.2) and (3.5).

Remark 3.14. Comparing Theorems 3.6 and 3.10 with the main results in [2, 3, 16, 17, 19, 23-26], our new
results do not demand that the nonlinear term and the impulse functions are bounded or satisfy Lipschitz conditions,
clearly, these conditions are very strong. Moreover, our new results can guarantee the existence of a unique positive
solution without assuming operators to be completely continuous or compactness condition and an iterative sequence
is constructed to approximate it. Thus, the results of the above-mentioned works are generalized and significantly
improved.

4. Ilustrative examples

Example 4.1. Consider the BV Ps of impulsive fractional differential equations:
DI u(t) = ()} + (u(p)~ +arctanu(t) + £ + £+ =
0+ X

tel0,1],t+ 1,
2 (20)

Buz) = @) + @) A () = ) + ),
u(0) + 2/(0) = 3, u(1) + 2/ (1) = 2.

In this case,q = %,tl = %, a=1,=2,m=31m=2,and
£t u(d), 00) = @)} + @O+ t+ 7,
g(t, u(t)) = arctan u(t) + t3,
h(u(t),o(t) = ()} + @),

(i), o(6) = () + ).
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Now we verify that conditions (H1)-(H4) of Theorem 3.6 are satisfied. By a simple computation, we have

1
1 5
w(t) = G1(t,s)ds = 2tz — 8t + 16),
0= [ G o )
. 16
¢ = min w(t) = ——5=,¢c; = max w(t) = .
te[0,1] 3r(3) t€[0,1] 3r(3)

Then, f(t,c1,c2) > 0, g(t,c1) > 0. Moreover, for any i € (0,1), y € (0,1), t € [0,1], u,v € [0, o), we get
T

2

> y%(u% +O A+ g) = y%f(t,u,v),

F,yu,y™'0) = pius + 307 4t 4

Lyu,y™'o) = yiut + yio s 2 St +074) = S, 0),
Jilyu,y™'0) = y5us + 5075 2 yE@s +075) =y [i(4,0),
g(t, pu) = arctan pu + > > parctanu + t* > p(arctanu + %) = ug(t, u).

From the expressions of f(t, u(t), v(t)), g(t, u(t)), [i(u(t1), v(t1)) and J1(u(t1), v(t1)), it is obvious that (H1)-
(H3) hold. For t € [0,1],u,v € [0, ), there exists a constant 6y > 0 such that

F(t,u(t), v(D) = (u(t)’ + )5 +t+ g >t+ g
> arctan u(t) + t* > do(arctan u(t) + t2) = Oog(t, u(t)).

Thus (H4) is proved. We know from Theorem 3.6 that the problem (20) has a unique positive solution in
Py

Example 4.2. Consider the BV Ps of impulsive fractional differential equations:
CD§+u(t) = (u(t)? +arctanu(t) + 2+t + g,t €[0,1],t # %
1, 1 1 i N B (21)
Au(z) = @GN A (5) = @),
u(0) +2u’(0) = 3, u(1) +2u’(1) = 2.
In this case,q = %,tl = %, a=1,=2,m=3mnm=2and

ftut) = (u(t))% +t+ g,g(t, u(t)) = arctan u(t) + 2,

B(u(t) = @), ) = @)
Now we verify that conditions (H2) and (H5)-(H7) of Theorem 3.10 are satisfied. From the proof of Example
4.1, we know that f(t,c1) > 0. Moreover, for any u € (0,1),y € (0,1), t € [0,1], u € [0, o0), we get

f(t,yu) = y%u% > y%f(t,u),g(t, pu) = arctan uu + t* > ug(t, u).

h(yw) = yhul 2y 00, i) = yhub = y B ).

From the expressions of f(t, u(t)), g(t, u(t)), I (u(t1))), J1(u(t1)), it is obvious that (H2) and (H5)-(H6) hold. For
t € [0,1],u € [0, 0), there exists a constant 6y > 0 such that

Ftuh) = () +t+ g >t + g
> arctan u(t) + £ > do(arctan u(f) + £2) = dog(t, u(t)).

Thus (H7) is proved. We know from Theorem 3.10 that the problem (21) has a unique positive solution in
Py.
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