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Weak Solutions for a (p(z), g(z))-Laplacian Dirichlet Problem

Antonella Nastasi?®

*Department of Mathematics and Computer Science, University of Palermo, Via Archirafi 34, 90123, Palermo, Italy

Abstract. We establish the existence of a nontrivial and nonnegative solution for a double phase Dirichlet

problem driven by a (p(z), q(z))-Laplacian operator plus a potential term. Our approach is variational, but
the reaction term f need not satisfy the usual in such cases Ambrosetti-Rabinowitz condition.

1. Introduction

In this paper we are interested in the existence of a nontrivial and nonnegative solution for the following
class of double phase problems:

= div (@(@)|VulP@=2Vu) — div(|VulT®=2Vu) + b(z)[ulP@~2u = f(z,u(z)) inQ,
u =0 ondQ,

1)
where

(@) Q c RY is an open bounded domain with smooth boundary;

(b) f:Q xR — Risa Carathéodory function that is
z = f(z, &) is measurable for each £ € R,

& = f(z,€&) is continuous for a.a. z € Q;
(c) pge C(Q) are such that q(z) < p(z) forall z € Qand

1<q :=infq(z) <q(z) <q* :=supq(z) < +oo,
zeQ) 2€Q)

1<p := inggp(z) <p) <p* =supp(z) < +oo;

z€

zeQ)

(d) a,b € L*(Q) are such that 0 < a9 < a(z) and 0 < by < b(z) for all z € Q.
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The study of double phase problems involving variable growth conditions is motivated by their applica-
tions in mathematical physics. For example, they are useful tools to model non-Newtonian fluids changing
their viscosity when electro-magnetic fields interfer. Several authors have given their contributions to
the study of nonlinear problems with unbalanced growth. We start pointing out that Marcellini in [11]
established regularity results of minimizers in the abstract setting of quasiconvex integrals. These kind of
problems have a key role in modelling elastic body deformation and nonlinear elasticity phenomena. In
this direction we recall two Zhikov’s papers [22, 23], that provide models for strongly anisotropic materials
in the framework of homogenization. The associated functionals also demonstrated their importance in
studying duality theory and Lavrentiev phenomenon [21]. In this direction, several results can be found
in different papers by Mingione et al. [1, 2, 5, 6], which are linked to Zhikov’s papers [22, 23]. Also,
Papageorgiou et al. in [15] consider a double phase eigenvalue problem driven by the (p, g)-Laplacian plus
an indefinite and unbounded potential, with a Robin boundary condition. For other remarkable papers
dealing with regularity and existence of solutions of elliptic double phase problems involving variable
exponents see, for example, [3, 10, 14, 19, 20]. For some results with constant exponents see [13, 17, 18].

The motivation behind this study is given by some recent papers dealing with nonlinear problems with
unbalanced growth whose main results are briefly collected in what follows. Let

F(u) = f a(z)|\Vul@dz + f c(2)|Vul"@dz + f b(z)|ulPPdz, (2)
Q Q Q
where 1 < ¢q(z) < p(z) and a(z), b(z), c(z) > 0 for all z € Q.
Regularity results for minimizers of (2) with a(z) > 0, b(z) = 0, c(z) = 1 for all z € Q) can be found in [5].
The case ¢ = 0 has been studied by Chabrowski and Fu in [4]. In fact, they established existence of a
nontrivial and nonnegative weak solution for the following p(z)-Laplacian Dirichlet problem

— div (a2)|[VulP@2Vu) + b@)ulP92u = f(z,u(z)) inQcRY,
1 =0 on dQ.

In [14], Papageorgiou and Vetro have proved the existence of one and three non trivial weak solutions
for Dirichlet boundary value problems driven by a (p(z), q(z))-Laplacian operator, with a(z) = ¢(z) = 1 and
b(z) =0 forall z € Q), that is

— div (IVulP®-2Vy) — div(|Vul[1@-2Vy) = fzu(z)) inQc RN,
u =0ondQ.

The aim of this paper is to extend these results to the case a(z), b(z) > 0 and c(z) = 1 for all z € Q, that is
Problem (1), in the setting of superlinear (see Section 3) and sublinear (see Section 4) growth of f. We point
out that we do not employ the Ambrosetti-Rabinowitz condition, which is common in the literature when
dealing with superlinear problems. In the last section (namely Section 5), we consider the parametrical
problem

— div (a(z)|VulP@2Vu) — div(\Vul1@-2Vu) + b@)ulP@2u = Af(z,u(z)) inQ,
u =0o0ndQ,

where A > 0. In the parametric setting, using the results obtained in Section 3, we deduce the existence of a
nontrivial and nonnegative weak solution u, for all A > 0. Furthermore, we show that for the solution u,,
we have ||u,|| » +0 as A — 0.

2. Mathematical background

In this section, we collect some basic properties of Lebesgue and Sobolev spaces with variable exponent.
We recall that Q ¢ R is an open bounded domain with smooth boundary. We set

Mqa ={u:Q — R: uis measurable}.
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Let p, : Mo — R U {+0co} be the mapping defined by

pp(u) := 5 lu(2)P9dz. ©)

We consider the variable exponent Lebesgue space LF?(Q) given as
LPA(Q) = {u € Mq : py(u) < +oo0},

equipped with the Luxemburg norm, that is

p(2)
lullper ) == inf {/\ >0: f dz < 1}.
Q

Consequently, the generalized Lebesgue-Sobolev space W#@)(Q) is given by

u(z)

WPE(Q) = {u € IF(Q) : [Vu| € LPD(Q)},
equipped with the following norm
lllwrro ) = ke @) + VUl llpoq)- 4)

We define Wé”’ ©(Q) as the closure of Cr(Q) in W7E(Q).
From [8] we have that L’@(Q), W?@(Q) and Wé’p (Z)(Q) endowed with the above norms, are separable,

reflexive and uniformly convex Banach spaces. Let p € C(Q), we recall that the critical Sobolev exponent p*
of pis given by

Np(z)

pi(z) = N-p@)

ifp(z) <N and p'(z) = +0if p(z) > N.

We recall the following embedding theorem.

Proposition 2.1 ([9]). Assume that p € C(Q) with p(z) > 1 for each z € Q. Ifp e C(Q)and 1 < B(z) < p*(z) for all
z € Q, then there exists a continuous and compact embedding W@ (Q) — LFE(Q).

Throughout the paper the embedding constant of W'7&)(Q) < LF@)(Q) is denoted by Cs. In addition,
from Theorem 1.11 of [9], we deduce that the embedding LF?(Q) < L1#)(Q) is continuous, whenever
q,p € C(Q)and 1 < 4(z) < p(z) for all z € Q.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the
modular of the LF®(Q)) space, which is the mapping p, defined in (3).

Theorem 2.2 ([9]). Let u € LP@(Q). Then we have that
@) lullpo <1(=1, >1) @ pyu) <1(=1, > 1);
(1) if lullocy > 1, then llull ) ) < pp(ae) < MMl )

p+

(iid) if ltllpeey < L, then 1l ¢ < pp(t0) < Ml -

It is well known that the norm |[u(|y1,0 () is equivalent to the norm || [Vl [|;e ) on Wé’p (Z)(Q), in virtue of
the following Poincaré inequality ([7], Theorem 8.2.18)

iy < Vil for some ¢ > 0, all u € W,"®(Q).
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As a consequence, from now on, we will consider the norm [lu|| = || [Vul ||;ye1q) on Wé’p (Z)(Q) instead of the
one given in (4).
A function u € Wé’p (Z)(Q) is a weak solution of problem (1) if

f a(z)|\VulP®2VuVwdz + f IVul"®2VuVwdz + f b(z)|ulPD2uwdz = f f(z, w)wdz, (5)
o) Q Q Q

for each w € W(l)’p (Z)(Q).
Now, we consider the function F : QO X R — R given as

¢
F(z,t) = f f(z,8)dE forallteR, z€Q,
0
and the functional I : Wé’p (Z)(Q) — R given as
I(u) = f F(z,u)dz, forall u € W,"®(Q).
Q

Suitable assumptions in the sequel (namely (H;), (Hs)) ensure that I € Cl(Wé’p (z)(Q), R) and the embedding
given by Proposition 2.1 implies that I admits the following compact derivative

(I' (), w) = f fz,uywdz,  for all u,w € W,"®(Q).
Q
To problem (1) we associate the functional ] : W(l)’p(z)(Q) — R defined by

_ [ 92 g e 1 w6 b@) e 1)
](u)—fQP(Z)IVuIV dz+Lq(Z)|Vulq dz+Lp(Z)|u|” dz —I(u) forallu e W (Q).

We say that u is a critical point of | if it satisfies
{J'(u),wy = f a@)|\VulP@2VuVwdz + f [Vuli@-2VyVwdz + f b(@)|ulPP2uwdz — f f(z,u)wdz =0
0 o) Q o)

forallw € W(l)’p (Z)(Q). So, from the definition of weak solutions of problem (1), we deduce that they coincide
with the critical points of J.
3. Supercritical case

In this section, we prove that problem (1) has at least one nontrivial and nonnegative weak solution.
Later on, we denote with IR* the set of positive real numbers. We consider the following set of hypotheses:
(Ho) f € C(QAXR), f(z,&) =0forallze Qand & < 0;

(H,) there exist a € C(Q) such that pt<a <a* <p'(z)forallz e Qand a1, a; € [0, +oo such that

If(z, &) < a1 +a:6*@71 forall (z,&) € Q x RY;

(H>) there exists € € ]0, %[ e 6 > 0 such that F(z,t) < ’%W fora.a. z € Q,all 0 < t < §, where C,+ denotes
p+
the embedding constant of W'7®(Q) — LF"(Q);
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F(z,t)
tr

(H3) tlim = +oo uniformly for a.a. z € Q;
—+00

(Hy) there exists d € L'(Q) such that

e(z,t) <e(z,s)+d(z) foraa.zeQ,all0<t<s,wheree(zt) = f(z,t)t —p*F(z, ).

We need the following notion of (C). condition. Let X be a Banach space and X" its topological dual.

Definition 3.1. Let X be a real Banach space and ] € C1(X,R). We say that | satisfies the (C). condition if any
sequence {u,} C X such that

(i) J(uy) > c€Rasn — +oo

@) (L +lunl)]' (un) = 0in X" as n — +oo
has a convergent subsequence. A sequence satisfying conditions (i) and (ii) is said (C). sequence.
For the following Holder inequality see [16], p. 8.

Proposition 3.2 (Holder inequality). Let LV ?(Q) the conjugate space of LP®(Q)), where ﬁ + ﬁ = 1. For any
u € LP9(Q) and v € LV'@(Q) the Holder type inequality holds, that is

f uvdz
Q

Remark 3.3 (see [12], p. 25). Let Q C RN, N > 1, be a bounded domain, 1 < p(z) < 4oo for all z € Q. Then the
following inequalities hold for all u,v € RN:

< 2l llollye - 6)

(i) [u—v < c1(u—0)([ulP@2u — [ofP@20)(|ju| + [0])> 7@ if 1 < p(z) < 2;
(ii) |u—oP® < o([uf@2u — [oP@~20)(u — v) if p(z) > 2.
Lemma 3.4. Let (Hy) hold and {u,} be a bounded (C). sequence. Then {u,} admits a convergent subsequence.

Proof. Let {u,} be a bounded sequence. The reflexivity of Wé’p(z)(Q) ensures that, eventually passing to a

subsequence still denoted with {u,}, there exists u € Wé’p © (Q) such that u, S uin W(l)’p(z)(Q).
We consider the following partition of Q = ); U Q,, where

Q1 ={z€Q:p(z) <2} and O ={z€Q:p(z) =2}

We consider
f a@)(IVu; D72V, — [Vu P972Vu,)(Vu; — Vuj)dz
Q
+ f (Vi "@=2Vu; — [V |12Vu,) (Vu; — Vuj)dz
Q

+Lb(z)(luilp(z)_2ui_|uj|p(z)_2u]‘)(1/li—uj)dz

fQ (Flz,w) — £z, i) (ot — uj)dz

< C(||]'(”i)||w1,p<z>(o)* + “],(”]')“WWZ)(Q)* + (i) — I/(Mj)“v\/l/n(z)(oy) — 0. @)

< KJ (i), wi = upl + K (u), ui = up| +
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On the one hand, using Proposition 3.3 (i) and Holder inequality (6), we obtain

f |Vu; — Vujl”(z)dz
(O]

<Co [ (092 = VP2V V= Vi)

Jalt

2) 2-p(z)
(V@ + Va9 T dz

pe) —p(z.
< 2C, [|((Vulr®2Vu; — [Vu P2V ) (Vu; — V) * VP @ + Va5 L
L () 28 ()
By (7) we deduce
@
H((qu,-l”(z)‘ZVui = Vu POV (Vi - V) || >0, (8)
L¥& ()
2p@) 2
Since le(|Vu,-|”(z) +|Vu,P®) "2 =@ dz is bounded, by (8),
[Vu; — Vujlp(z)dz — 0. )
0}
On the other hand, by Proposition 3.3 (ii) and (7), we have
IVu; — VuP®dz < ¢ f (VuilPD2Vu; — [VuPO=2Vu;)(Vu; — Vuj)dz — 0. (10)
(07 0]

From (9) and (10), we infer that [||Vu; — Vull[;p0q) — 0 and hence ||u; — uj|| — 0. That is {u,} is a Cauchy
sequence, so it is convergent. This ends our proof. [

Lemma 3.5. Let (Hy), (H3), (Hs) hold and let {u,} be a (C). sequence such that

Up

lluall

iyl = +00 and v, := —vell (Q)and L*P(Q) asn — +oo.

Then the Lebesgue measure of the set )y := {z € Q : v(z) > 0} is equal to zero.

Proof. Since by hypothesis ||u,|]| = +00 as n — +00, we can suppose that [[u,|| > 1 for all n € IN. Proceeding
by contradiction we assume that |Qg| > 0. Then for a.a. z € )y we have that u,(z) — +c0 asn — +co. By
(H3), we deduce that

F(z,u . F(z,u +
, 'i) = lim ('—+")0Z =400 fora.a. z € Q. (11)
n—+oco0 ||un||l7 n—+00 MZ

By Fatou’s lemma and (11), we get

. F(z,u
lim f (’—'?dz = 400
n—+e Joy (|2, P

Thus,

F F
lim f Gtn) o 5 lim f Gtn) 1 oo (12)
n—+eo Joy iyl n—+eo Jo |1l
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Since by hypothesis J(u,) — ¢, there exists a sequence {c,} with ¢, — 0 such that

¢ = J(uy) +cn

a(z) 1 b(z) »
_ Vu,P@d —|Vu,["@d iz — | Feu)d n
Lp()lul Z+Lq(z)|u| z+fQ() z L(Zu)z+c

> 20, - f F(z,tn)dz + s,
p Q
for all n € IN. Then, we obtain
fF(Z, uy)dz > %Hunll’f —c4c, = 400 asn — 4oo. (13)
Q

Also, we have that

c = J(uy) +cy
a(z) 1 b(z) )
= |Vu,,|p(z)dz+f—|Vun|”(z)dz+f @iz - F(z,u,)dz + ¢,
= [0 010 NTE RN
al|o 1 .
< B {193 o I g+ Colid?” = [z

(by Theorem 2.2, for some C;, > 0)

< Calluall”" - f F(z,uy)dz + ¢, forallne NN,
Q

where C3 = ”‘;# + ql, max{Cq Cq } + Co with C; to denote the constant of the continuous embedding
LP(Q) — L19(Q). Thus, by (13), there exists n9 € IN such that

P > Ci + Cl F(z, u,)dz — (Cj—” >0 foralln > ny.
3 3 Ja

3
Therefore
RO (AT R Pz
LIPOQ p* - 41)11’100 c 1 o 5,
n Q ”unH n G + G Jo F(Z, Mn)dZ N

which leads to contradiction with (12) and hence |Qy| =0. O

Remark 3.6. Let Z = {u € Wy : u(z) <0 forall z € Q). Let {u,} C Z be a (C). sequence. We note that if u, < 0 for
all n € N, hypothesis (Hy) implies that F(z,u,) = 0 for all n € IN. Coercivity of functional

a(z) 1 b(z)
= 22 \VuP@g —|Vul1®g 22 up@g
Jiee) fmv(z)' " “Lq(z)' " “Lp(z)'”' K

ensures that {u,} is bounded.

Proposition 3.7. If (H1), (H3), (Hs) hold, then the functional | satisfies the (C). condition for each ¢ > 0.

Proof. Let {u,} be a (C), sequence in Wé’p (z)(Q). We want to prove that {u,} is bounded. Proceeding by
absurd, we assume that {u,} is unbounded. So it is not restrictive to suppose that ||u,|| = +o0 asn — +oco.
We consider

Uy = forall n € N.

lluall
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Then, we assume that there exists v € W;’p (Z)(Q) such that

oo inW,"?Q) and v, -0 inL’(Q)and L*O(Q),

since ||v,]| = 1 for all n € N. By Lemma 3.5 we have v(z) < 0 for a.a. z € Q.

Now, for all u,, the function J(tu,) is continuous in [0, 1] with respect to the variable t. Consequently,
there exists t,, € [0, 1] such that

J(tautn) = g}oai(] J(tu).

Letr, = rr’% v, for some r > 1, all n € IN. By (H;) and Krasnoselskii’s theorem (see [12], p. 41), since v, — v
in L*®(Q) and v,,(z) — v(z) < 0 for a.a. z € Q as n — +oco, we obtain that

lim F(z,r,)dz = 0. (14)
Q

n—+00

Now, (14) and ||u,|| = +o0 ensure that there exists n; € IN such that

aopr 1t
F(z,r))dz< — and 0<
fo (& iz < 5 o]

<1 foralln>n;.

Thus

J(tauy) = J(ra)

a(z) 1 b(z)
= | —=|Vr,f@dz + f ——|Vr,["@dz + f —|r, PPdz — f F(z,rp)dz
[ o e = R R

1

= a—2||7’n||p7 - f F(z,rp)dz  (lrall =77 > 1)
p Q

aopr aopr aopr
> p_+_2717 = ZP? foralannl.
The arbitrarity of r > 1 implies that

J(tyu,) = +o00  asn — +o0. (15)

Clearly, there exists n, such that t, €]0, 1[ for all n > n5, since J(0) = 0 and J(u,) — c. Consequently,

%](mnﬂt:t,, =0 = (J(tatty), tytyy =0 foralln > n,.
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So,

J(taun) = J(taun) — %(]I(tnun)r talty)

f”(z)wt u,,lp(z)dz+fLthnu,,lq(Z)dz+f b(z)lt 1, |PG dz—fF(z,tnun)dz
ap@) o 4(2) a p2) Q

—l+ f a(z)|thun|P<Z>dz—l+ f |thu,1|q<2>dz——+ f b(z)|tnu,,|P<Z>dz+i+ f F(z, tathy) byt (z)dz
p* Ja pT Ja p* Ja P Ja

[ 1 1] 1 1 1 1
= | |—= - = |a@E? Vi, Ddz + f [— - —] 10V, 17 dz + f [— - —] b2 |1, PP dz
fg Il ola@ “pr) ] olp@ 57|

+ }%fo[f(z, tuttn)tntin(z) — pTF(z, tyiy)]dz

[ 1 1] 1 1 1
< - _ - Vu,[P®d f ———]an(z)d f[___} "
<fg_p<z> pr | OVl Odz x| ooy = o [Vl dz o e bl

b o [~ p e + @)z oy (H)
P Ja

1 1 1
= J(un) — F(]'(un), Uy) + p_+||d”L1(Q) —c+ F”d”Ll(Q) as n — +oo.

This contradicts (15) and so {u,} is a bounded sequence in Wé’p (Z)(Q).
Then by Lemma 3.4, {u,} has a convergent subsequence. We conclude that the (C), condition is satis-
fied. O

Lemma 3.8. If (H;) and (Ha) hold, then there exist p > 0 and 6 > 0 such that J(u) > 6 for each u € W(l)’p @ Q) with
llull =

Proof. We recall that the embeddings Wé’p (Z)(Q) — [F"(Q) and Wé'p (Z)(Q) — L*®(Q) are continuous and so
there exist two constants Cp+, C, > 0 such that

llullpr ) < Cpellull - and  lullpae ) < Callull. (16)

Combining (H;) and (H>), we can verify that, for each ¢ > 0, there exists a constant C, such that

F(z,t) < ;%t’ﬁ +Cet*®@  foraa. zeQ,allteR*. 17)

Ifue Wé’p (Z)(Q) is such that |lu]| < 1, using (16) and (17), we obtain

Y G eey 1) g + b(z) P4 F(z.1)d
J) fp()'v' ”f@q()'v”' fm() “ fg (&, u)dz

IVul”(Z)dz——+ f lulP"dz - C. f |u|*@dz
Q P* Ja Q

,CV

ap - _
> 2 C.CY flull®

ag — eC
p—llull” - C.Cq [lull™

[o—eC”

+

= C:Cy llull™ 77 ]IIullf.
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Now, we choose p > 0 such that

p+
ﬂo-&Cp+ o,
o= ——" _C.CY T >0

T
Then J(u) > op? = & > 0 for every u € W,"?(Q) with llull = p. O

Lemma 3.9. If (H;) and (Hs) hold, then there exists w € W(l)’p(z)(Q) such that J(w) < 0 and ||w|| > p.
Proof. Using (Hy) and (H3), we deduce that, for all M > 0, there exists Cys > 0 such that
F(z,t) > M#" —Cy fora.a.zeQ,allt e R*. (18)

LetC e Wé’p(z)(Q) such that {(z) > 0 for all z € Q). From (18), for all f > 1, we get

_ @0 vos e [P oo @D iy, d
Jto fg p(z) val +fg ()IVCI Z+fg p(2) C fF(Z’tC)Z
([ 42 grpe @ b@) -y
<t (LP(Z)WQP dz+fQ s VA +f G e MfCF’ dz) + CulCl.

If we choose M > 0 such that

f 8@ Geped, + f L vz + f Y@ ez, - [ oaz <o,
o p2) 0 9q(2) o p(2) Q

we obtain that lim,,_, . J(tC) = —oo. It follows that there exists w = tyC € W(l)’p (Z)(Q) such that J(w) < 0 and
lwll > p. O

Now, we recall the following version of the Mountain Pass Theorem.

Theorem 3.10 ([12], Theorem 5.40). If | € C'(X,R) satisfies the (C). condition, there exist ug,u; € X and p > 0
such that

llur — uoll > p,  max{J(uo), J(u1)} < inf{J(u) : lu —uoll = p} =m, and

c =infmax J(y(t)) with ' = {y € C([0,1], X) : ¥(0) = up, y(1) = u1},

el 0<t<1
then ¢ > m, and c is a critical value of | (i.e., there exists u € X such that J'(u) = 0 and J(u) = c).
Now we are ready to state the following theorem.

Theorem 3.11. If (Hy) — (Hy) hold, then Problem (1) has at least one nontrivial and nonnegative weak solution in
1p()

W Q).
0

Proof. Since the functional | satisfies the (C). condition and the mountain pass geometry, Theorem 3.10
ensures the existence of a critical point u € W;’p (z)(Q). Moreover J(u) = ¢ > 6 > 0 = J(0), so u is a nontrivial

solution. Now we prove that u is nonnegative. Let u~ = max{—u, 0}. We consider (5) written withw = —u~.
Since fQ f(z,u)(~u")dz = 0, we obtain

fa(z)IVu‘Ir’(Z)dz+fIVu_Iq(z)dz+fb(z)lu‘l”(z)dz:o
Q Q Q

Then it must be
f a@)\Vu P9dz = | |[Vu|"@dz = f b@)u PPdz = 0,
Q Q Q

andsou>0. O
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4. Subcritical case

In this section we consider the following set of hypotheses:

(Ho) f € C(QXTR), f(z,&) =0forallz € Qand £ <0;
(Hs) there exist by, by € [0, +oo[ and B € C(QQ) with 1 < B~ < B(z) < B* < g7, satisfying

1f(z, &) < by + b, &PP71 forall (z,&) € Q x RY;

(He) there exists bz €]0, +oo[ such that F(z, &) > b3&F for all € > 0.

Theorem 4.1. If (Ho), (Hs) and (Hg) hold, then Problem (1) has a weak nontrivial and nonnegative solution
uewW,"9Q).

Proof. We prove that | is bounded from below. We have that

a(z) 1 b(z) by
u) > | == |VuPPdz + f —Vul'@dz + | =Zup@dz — | bjuldz— | —=ulfPdz (by (Hs))
W= ] e e e ~ NE) y (s
+
> % f (aOIVulp(Z)dz + p—+|Vu|‘7(z)dz + bolulP® — p* by |ul - p+b2|u|ﬁ<2>) dz
P Ja q
> pl f (a0CalulP® = p*byful — p* balulf@)dz
Q
1 aoCy|ulP@-1 . 6) aoCa|uf@—F@ .
_p+f£;|u|( > prby |+ |ul > prby|dz.
We set
_ 2p+b1 ”%1 2p+b2 #
K.-max{l,(ﬂOQ) '(a0C4
and consider the following partition of (O = (; U (), where
Q1 ={z€Q:|uz)) 2K} and Q; ={ze€ Q:u(z) <K}
We have
f agCalulP® — p*bylu| — p*by|ulfPdz > 0. (19)
O
On the other hand
f aoCalulP® — p*by|u] — p*bolulfPdz| < f a0C4KP® + p*b K + p* b, KPPz
Qz QZ
< 2(agC4K?" + p*bi K + phKF) QY
which implies
f a0CalulP® — p*b1|ul — p*bolulfPdz > —2(agC4K?™ + p*biK + p b KF)|QY). (20)
o))

From (19) and (20), we get that | is bounded from below. Since | is weakly continuous and differentiable
thanks to hypothesis (Hs), we get that | has a critical point u that is a weak solution of Problem (1).
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Now we prove that u is nontrivial. Let w € W(l)’p (Q) with w(z) > 0 for all z € Q and ¢ €]0, 1[. Then we
have

J(u) = inf{J(v) : v € W, (Q)}
a@t o ) AL b@t oy, b
s](tw)sjg‘2 ) [Vw|P'¥dz +fq( )|Vw|q dz+jg‘2 o) wh¥dz be3t w’ dz  (by (He))

- () zZ Z b() zZ f -
q p() q(z) WD | dz — batP B4
=t fg(p()'v' el " )7‘ L

<tr (tq-ﬁf(piiw |P<Z>+q( )|v |q<Z>+z§ ;wp(z))dz—b wiﬁdz)<o

for t sufficiently small. Consequently, from J(u) < 0 = J(0), we conclude that u is a nontrivial weak solution.
Proceeding as in the last lines of the proof developed for Theorem 3.11, we get that u is nonnegative. This
concludes our proof. [

5. The parametric case
We consider the Problem

{ = div (@@)|VulP@=2Vu) — div(|VulT®2Vu) + b(z)[ulP@~2u = A f(z,u(z)) inQ,

21
u =0ondQ, 1)

where A > 0 is a real parameter. The associated functional to (21) is given by
H(Z) 1 b(Z) 1,p(z)
Ta(u) = f —\VupIdz + f — V@ dz + f —ZuP@dz — Al(u) for all u € W*9(Q).
! e 0 9(2) ) 0

As a consequence of Theorem 3.11 we deduce the following theorem.

Theorem 5.1. Let (Hy) — (Hy) hold. For all A > 0, Problem (21) has at least one nontrivial and nonnegative weak
solution u, € Wé’p Q).

Remark 5.2. We note that in the sublinear case the result of existence of a nontrivial and nonnegative weak solution
for Problem (21) is a consequence of Theorem 4.1.

Lemma 5.3. If (Hy) holds, then there exist positive constants o) and ry such that lim)_o+ 04 = +00 and J,(u) 2
or>0forallue Wé’p(z)(Q) such that ||[u]| = r,.
Proof. Letw € Wé’p (Z)(Q) with ||w|| > 1. It follows from (H;) that there exists Cs5 > 0 such that

F(z,t) < C5(t*@ +1)  forall (z,t) € Q x R*. (22)
Then

Ja(w) > pE;|Vw|”(Z)dz+ fu %le|‘7(z)dz+ f} pE;le”(Z)dz ACs Q(lea(z)+1)dz

a _
> FII?«UII” — ACg|[w]|*” = ACs|Q. (23)

From (H;) we have that p~ < a* and so we can choose t €]0, (" — p7)7![. Thus r, := A~ > 1 for A small
enough. Now, considering (23) for ||[w|| = 7y = At we get

L) > ;—3)\‘*”_ — AR C — ACSIQ).

We puto, = A7 (;—3 - Al‘t(w‘V)CG) — ACs5|Q)|. The choice of t ensures that there exists A¢ sufficiently small
such that gy > 0forall0 < A < Ag. Moreover g, — +o0as A — 0. O
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Theorem 5.4. If (H,), (H3) and (Hy) hold, then there exists Ag > 0 such that, for all 0 < A < Ao, Problem (21) has
at least a nontrivial and nonnegative weak solution u, and Alin(r)h ||l = +o0.

Proof. Clearly, ], satisfies the (C). condition for all A > 0. Moreover the hypotheses of Theorem 3.10 are
satisfied in virtue of Lemma 3.7, Lemma 3.9 and Lemma 5.3. As a consequence, there exists a nontrivial
critical point u, for J, such that

Ja(uy) = ¢ = o

Using (22), we get
Ja(uy) < @|VuA|P<Z>dz + f iwum@dz + @wﬂﬂdz +ACs | (ual® +1)dz
a Pz aq@) a P2 Q

< Cymax{lupll”, lluall”} + ACs max{lluall*”, llual|*”} + ACs|QY.

To conclude, from [;(1)) — +o0 as A — 0* we infer that lim, ¢+ |[u)]| = +c0. O
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