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Abstract. In this paper we continue our investigation of the recent summability notion introduced in
[Math. Slovaca 69 (4) (2019) 871-890] (where rough weighted statistical convergence for double sequences
is discussed over norm linear spaces) and introduce the notion of rough weighted 7,-convergence over
O-metric spaces. Also we exercise the behavior of weighted 7,-cluster points set over O-metric spaces.
Based on the new notion we vividly discuss some important results and perceive how the existing results
are vacillating.

1. Introduction

Before we assert what we have done in this paper it is necessary to understand the history behind this
investigation. The idea of convergence of a real sequence had been extended to statistical convergence by
Fast [13] (see also Schoenberg [33], Steinhaus [34]) as follows: Let IN denote the set of all natural numbers
and A € IN. The upper and lower natural densities of the subset A are defined by

and d(A) = liminf w

ke A:k<nl

E(A) = lim sup -

n—o0

If d(A) = d(A) then we say that the natural density of A exists and it is denoted simply by d(A). Clearly

1
d(A) = limzl{k €A:k<n.
n—oo
A sequence x = {x,},en Of real numbers is said to be statistically convergent to a real number ¢ if for
every € > 0, the set A(¢) = {n € N : |x,, — {| > ¢} has natural density zero. Statistical convergence turned out
to be one of the most active areas of research in summability theory after the works of Fridy [14] and Salét
[31]. More initial works on this convergence can be found from [15, 16].
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The idea of statistical convergence for double sequences was introduced by Mursaleen and Edely [25]
as follows: Let K ¢ IN X IN be a two-dimensional set of positive integers and let K(1, 1) be the numbers of
(i, j) € Ksuch thati < m and j < n. Then the two-dimensional analogue of natural density can be defined by

bK) = lim L)
m,n—oo mn
Some authors use the notation 0, in place of d5.
A double sequence x = {x;j}; jen in a norm linear space (X, ||.|[) is said to be statistically convergent to
¢ € Xif forevery € > 0,
(@) e NXIN:i<m,j<nlxj;-{|2e})=0

and we write x;; 2, ¢. Several works on this convergence are done later which can be seen from [1, 4, 10, 32].

The concept of J-convergence was first introduced as a generalization of statistical converence for
single sequence by Kostyrko et al. [21, 22] and during the same period Nuray et al. [26] also developed
the same concept independently as generalized statistical convergence. After that Dems [11] introduced
I>-convergence for double sequences as follows: A double sequence x = {x;;}; jen of real numbers is said
to be 7,-convergent to a real number ¢ if for every ¢ > 0, {(i,j) € N XN : |x;; — {| > ¢} € I, and we write

Xij L2, ¢, Some other results on this convergence are found in [8, 23].

A double sequence x = {x;j}; jen in a norm linear space (X, ||.|) is said to be J>-bounded [12] if there exists
a positive real number M such that {(i, j) € N X IN : [|x;|| > M} € 15.

An element ¢ € X is called a I>-cluster point [9, 12] of a double sequence x = {x;j}; jen if for every ¢ > 0,
the set {(i, /) € N X IN : [|x;; — c|| < &} € 7». We denote the set of all 7>-cluster points of the double sequence
x = {xijli jen by Zo(I').

On one hand, as recently as in the year 2019, Ghosal et al. [18] developed rough weighted statistical
convergence for single sequence [7] to rough weighted statistical convergence of double sequence, defined
as: Let p = {pm}men and q = {g,}nen be sequences of real numbers such that p,, > 6,9, > 0 for all m,n € N

m n
(where 6 is a fixed positive real number) and P, = Zpi, Q, = qu for all m,n € IN. A double sequence
i=1 =1
x = {xij}i jen in @ norm linear space (X, ||.||) is said to be rough weighted statistically convergent to x. w.r.t
the roughness of degree r if for every € > 0,

lim

mmn— oo

1 . . .
0 HG@ ) E NXIN:i < Py, j<Qupigjllxij —xll =7+ e} = 0.

n

W2 st W2 st
and we write x;; —— x.. The set qust—LIM’x = {x. € R: x;j —> x.} is called the rough weighted statistical
r r

limit set of the double sequence x = {x;j}; jen with degree of roughness . The sequence x = {x;j}; jen is said
to be rough weighted statistically convergent w.r.t the roughness of degree r provided Wﬁqst - LIM'x # @.
On this topic lot of works are done which are followed from [2, 24, 27, 29, 30].

On the other hand, the idea of O0-metric space is a generalization of metric space, which was first defined
by Khojasteh et al. [20] in the year 2013 and most recently in 2017 related to the subject Chanda et al. [5]
proved some important results on fixed point theorem related to 6-metric space.

In this article, we combine the approaches of rough weighted statistical convergence for double se-
quences, rough 7,-limit set and J,-cluster points and introduce new and more advanced summability
methods, namely, rough weighted 7,-limit set and weighted J,-cluster points set of a sequence in a 0-
metric space. Some new examples are constructed to ensure the deviation from basic results such as:

Result 1.1 [18, Theorem 2.2]. For a double sequence x = {x;j}; jen in a normed space X and the weighted
sequences P = {Pu}meN, § = {gnlnen We have
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2r .
@im infp,,)(lim infg,)’ if both the
meA neB

0< diam(qust — LIM'x) < { weighted sequences are statistically bounded,

0, if any one of the weighted sequences
are statistically unbounded.

where qust — LIM"x denotes the rough weighted statistical limit set, A = {k € IN : g < M;} and
B = {k € N : g < M} for some positive real numbers M;, M,. In general it has no smaller bound
than if both the weighted sequences are statistically bounded.

2r
(11% }xnfpm)(hrr?e zlanfq”)

Result 1.2 [12, Theorem 2.3]. The diameter of the rough 7,-limit set i.e., diam(Z, — LIM'x) < 2r, for any
double sequence x = {x;j}; jen. In general, the diameter has no smaller bound.

Result 1.3 [12, Theorem 2.6]. Suppose r > 0. Then a double sequence x = {x;;}; jeN is Xij L, x, if there exists
r

T ..
a sequence y = {y/ij}; jen such that y;; = x. and [lx;; — y;ill < r for every i, j € N.

Result 1.4 [9, Theorem 2 (i)]. Let 7, be a strongly admissible ideal of IN X IN. The set 7»(I'y) for any double
sequence x = {x;j}; jen in a metric space is closed.

Result 1.5 [28, Corollary 1]. If a sequence in a normed space is statistically bounded then the set of statistical
cluster points is non-empty.

Result 1.6 [12, Lemma 2.7]. For an arbitrary c € 75(T) of a double sequence x = {xij}; jen, lx. — c|| < r for
every x, € I, — LIM'x.

So our main objective is to analyze the different behaviors of these new convergences and characterize
both sets under O-metric spaces.

2. Preliminaries

In this section we recall some of the basic concepts of ideal, filter, rough J,-convergence, weighted sta-
tistical convergence for double sequence and 0-metric space. Interested readers can look into [5, 6, 17, 19]
for details.

Definition 2.1. [22]. Let Y # @. A class J of subsets of Y is said to be an ideal in Y if
() oeT,

(i) A, B € T implies AUB € 7,

(ili) A€ J,Bc Aimplies B e 1.

The ideal 7 is called non-trivial if 7 # {@}and Y ¢ 1.

Definition 2.2. [22]. Let Y # @. A non-empty class ¥ of subsets of Y is said to be a filter in Y if

()o¢F,

(i) A, B€ ¥ implies ANB e F,

(iii) A € ¥,AcC Bimplies B e F.

If 7 is a non-trivial ideal of Y and Y # @, then the class F(f) = {K C Y : Y\ K € T} is a filter on Y, called the
filter associated with 7. A non-trivial ideal 7 is called admissible if 7 contains all singleton sets.
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Definition 2.3. [8, 22]. A non-trivial ideal 7, of IN X IN is called strongly admissible if {7} x IN and IN x {i}
belong to 1, for each i € IN. It is evident that a strongly admissible ideal is admissible too.

Theorem 2.4. [9]. Let x = {x;}; jen be a sequence of real numbers then
(i) 72 — limsup x = a (finite) iff for any € > 0,

{,)) ENXIN:xj>a-¢el¢Trand {(;,j) E NXIN:x;;>a+e} e ls.
(i) 72 — liminfx = g (finite) iff for any € > 0,
{,)) ENXIN:x;j<B+et¢ Irand {(i,j)) E NXIN:x;; < —¢} € 1.

Definition 2.5. [12]. Let r be a non-negative real number. A double sequence x = {x;j}; jen in (X, ||.I[)
is said to be rough 7,-convergent to x. w.rt. the roughness of degree r if for every ¢ > 0, the set

{(i,j) € NXIN : |lxjj — x.|| = r + &} € I, which is denoted by x;; EEN x,. If we take r = 0, then we ob-
r

tain the ordinary 7,-convergence [11]. The set 7, — LIM'x = {x. € X : x;; EEN x.} is called the rough 1,-limit
r

set w.r.t. the roughness of degree r of the double sequence x = {x;j}; jen. A double sequence x = {x;j}; jen is
said to be rough 1,-convergent if 7, — LIM"x # @ for some r > 0.

Definition 2.6. [6]. Let p = {pu}men and g = {g,}nen be sequences of real numbers such that liminf p,, > 0,

m—o0

liminfg, >0and P, = Zpi, Q. = qu for every m, n € N. The double weighted density of K € IN X IN is

n—oo
i=1 j=1

W (K) = lim P Qn)

, provided the limit exists,
nm—oo Py Qy P

where K(P,, Qu) = {(i,j) € K:i < Py, j < Qu}. Then the double sequence x = {x;j}; jex in a normed linear
space is said to be weighted statistically convergent to £ € X if for every € > 0,

. 1 .. . .
m}glm ml{(w) ENXN:i< Py, j< Qupigjllxij — £l = €}l = 0.

Definition 2.7. [20]. Let 0 : [0, 00) X [0, 00) — [0, 00) be a continuous function with respect to each variable.
Let Im(0) = {O(s, t) : 5,t > 0}. The mapping 0 is called a B-action iff the following conditions hold:

(B1) 6(0,0) = 0 and O(s, t) = O(t, s) for every s, t > 0,

(B2)

ith t<
0Gs, 1) < O(u,v) if {elt eresmisu
ors=1u,t<uo,
(B3) for each r € Im(0) and for each s € [0, 7], there exists t € [0, 7] such that O(s, t) =7,
(B4) 6(s,0) < s for every s > 0.

The set of all B-actions is denoted by Y. In some of the following theorems we will need to require that
0 is a continuous B-action, i.e., continuous in both variables simultaneously.

Example 2.8. [20]. The following functions are examples of B-action:
(61) 6(s,t) = k(s + t), where k € (0,1],

(62) 6(s,t) = k(s + t + ts), where k € (0, 1],

(03) 06, 1) = 135,
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(04) O(s, ) = s+t + Vst,
(05) O(s, t) = Vs2 + 2.

Definition 2.9. [20]. Let X be a non-empty set. A functiondg : XX X — [0, o) is called a 8-metric on X with
respect to B-action 0 € Y if dg satisfies the following conditions:

(A1) do(a,b) =0iffa=Db,

(A2) dg(a,b) = dg(b,a) for everya, b € X,

(A3) dg(a,b) < O(do(a,c),do(c, b)) for everya, b, c € X.

The pair (X, dy) is called a 6-metric space.

In [20] it is said that, if (X, dp) is a O-metric space, (s, t) = k(s + t) and k € (0, 1], then (X, dy) is a metric
space.

2
However, in the case k < 1 this cannot happen unless X is singleton. For example, take k = 3 and a
space X = {a, b} with a # b; then

0 <do(a,b) < % (do(a,b) +do(b, b)) = %de(a, b).

This implies that dg(a,b) = 0, so a = b and this is a contradiction. Also we mention that metric spaces are
included in the class of all O-metric spaces if we consider the §-metric as 6(s,t) = s + t for every s,t > 0.
Indeed it is included if 6(s, t) < s + ¢, since

do(a,b) < 6(do(a, c),do(c, b)) < dg(a,c)+do(c, b).

Example 2.10. [20]. Let X = {a, b, c} be a three-point set and dg : X X X — [0, o) defined by

dg(a,b) =2,dg(a,c) = 6,dg(c,b) = 10,dg(a,a) = de(b, b) = do(c,c) =0,

do(a,b) = do(b,a),de(a,c) = dg(c,a),de(b,c) = do(c, ).
For O(s,t) = s + t + st for every s,t > 0, the pair (X, dg) is a O-metric space but not a metric space.
If we consider the following example: Let X = {x, y,z} and dg : X X X — [0, c0) defined as:
do(x,y) = 5,do(y,z) = 12,do(z,x) = 13,de(x, y) = do(y, %),
do(y,z) = do(z, ), do(z,x) = do(x, y),do(x, x) = do(y, y) = do(z,2) = 0.

For 6(s,t) = Vs2 + t2 for every s, t > 0, the pair (X, dg) apparently looks like a -metric space but not a metric
space. But this example cannot be correct: note that 6(s, t) = Vs? + 2 < Vs2 + V2 =5+t sincess, t > 0.

Next, we can give an example in a quasi-normed space if we consider (R?, || - ||%), the induced mapping
de(a,b) = |la — bll% = |la; — b1] + |lap — bo| + 2 Va1 — by|lap — by|, which is well known not to be a metric; and

O(s, t) = s + t + 2 Vst. The first two properties are trivial to prove, we will see the third. Assuming x, v,z are
arbitrary elements of R? and using the triangle inequality for real numbers, we have

Ix1 = y1l + 2 = vl + 2 y/Ix1 — y1llx2 — yo| < |x1 — z1] + |22 = x2| + 2 |x1 — z1llz2 — X2 + |21 — ya| + |22 — vl +

+24/lz1 = yallza — yal + 2+/lx1 — zllza — yal + 121 — yallxa — z2] <

<y =zl +lzo = xo| + 2Ix1 — zallzo — x| + |21 — yal + |22 — ol + 2+/|z1 — allz2 — yol+
+2 \/(lxl = z1| + |22 = x2| + 2 /|x1 = z1llzo = x2)(|z1 = yal + |22 = yol + 2 /|21 = y1llz2 — y2l)
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These inequalities prove

d@(x/ y) < G(dg(x, Z)/ d@(Z, y))

Definition 2.11. [20]. Let (X, dg) be a O-metric space. An open ball By, (a,7) at a center a € X with a radius
r € Im(0) is defined as follows: By,(a,7) = {y € X : dg(y,a) < r}.

3. Rough weighted 7,-limit set in 0-metric space

In this section, we introduce the concept of rough weighted 7,-convergence and rough weighted 1 ,-
limit set for double sequences in O-metric space.

Definition 3.1. Let r be a non-negative real number, p = {pu}nen and g = {gu}nen be sequences of real
numbers such that p,, > 0,4, > 0 for all m,n € IN (where 0 is a fixed positive real number). Then the double
sequence x = {x;j}; jen in (X, dp) is said to be rough weighted 7,-convergent to x. € X w.r.t the roughness of
degree r if for every € > 0,

{(i, /) e NXIN: pigjdo(xij, x.) > 17+ ¢} € I5.

In this case we write x;, L\]L x.. The set WI — LIM'x = {x. € X : x;; KVlr—> x.} is called the rough weighted

T >-limit set of the sequence x = {xij}i jen With degree of roughness 7. The sequence x = {x;j}; jen is said to be
r-rough weighted 7 ,-convergent provided W1, — LIM"x # @.

Throughout the paper we take 1 as a non-trivial strongly admissible ideal in IN x IN.

A natural question may arise that: Is the set W1, —LIM'x in (X, dg) always finite? To answer this question
we demonstrate an example below.

Example 3.2. Let us consider the function dy : [0, 00) X [0, 00) — [0, o0) such that

0, fora =6,

do(a, ) = de(p,a) = {a +B+affora#p

where «a, € [0,00). For 6(s, t) = s + t + st for every s, t > 0, the function dy forms a O-metric and hence the
pair ([0, o), dp) is a O-metric space. Further it can be observed that dy(1,2) £ do(1,0) + dy(0,2).

Now we define a sequence x = {x;j};jen in the O-metric space [0,00) and the weighted sequences
p = {pitien, 9 = {gj}jen in the following manner.

i ifi= k2, j =% for somek,] € N,
711, otherwise,

i ifi—szorsomeke]N,
! 1+1 -, otherwise

and

_|j,if j =P for somel €N,
T+ %, otherwise.

Letr =3 and x. € [0,1], then forany 0 < ¢ < 1,

{G,/)) e NXxIN: piqjdg(xij, X) 21+ e} € Ly,
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where 75, = {A € IN X IN : w0,(A) = 0}. This shows that the set W15, — LIM"x contains infinitely many
points.

Diindar [12, Theorem 2.3] has shown that for a double sequence the diameter of the set 7, — LIM'x is
< 2r (where 7 is the roughness of the convergence) and in general the diameter has no smaller bound. In
case of rough weighted 7,-convergence in O-metric space the diameter of rough weighted 7 ,-limit set may
be strictly greater than 2r which does not follow the generalization of Result 1.1 & 1.2 We show this in our
next example.

Example 3.3. Let (X,dg) be a O-metric space as in Example 2.10. Define x = {x;j}ijen, p = {pilien and
q = {gj}jen in R by,

xi]- =

b, ifi# k2, j# 2 forevery kIl € N,
¢, otherwise,

141, ifi #k* forevery k€ N,
pi=1 -
i, otherwise

and

I+ %, if j # > forevery l € N,
=3 ;
j, otherwise.

Letr = 1. Then WZ s, — LIM'x = {a,b} and

2r

2r <2 = diam(W- s, = LIM') < (e S =
meA neB

7

where A = B = N\ {1%,22,3?, ...}. Hence, the result.
Our next theorem shows the conclusion we get regarding diameter of the set W1, — LIM'x.

Theorem 3.4. For a sequence x = {x;j}; jen, we have if 0 is a continuous B-action,

0 < diam(WT, — LIM'x) < 1° (Iz— [im infp;q;” 7~ im infpiqj)’ if {piqjlijen is To-bounded,

0, otherwise.

In general it has no smaller bound than 6(

bounded.

- Tim infpyg;” 7o Tim infpig ]«) if the sequence {piqjlijen is Zo-

Proof. Case 1: Let {piq;}ijen be I>-bounded and A € (6,1, — lim infpiq;). Also let x., y. € W1, — LIM'x.
Choose B = {(i,j) e N XN : pig; 2 A}, C = {(i,j) € NX N : pigjdo(xij,x.) <r+etand D = {(;,j) e Nx N :
piqide(xij,y.) <r+eh. ThenB,C,D € F(I2)and @ ¢ F(I2)thenBNCND e F(I;)and BNCND # @.

Now we choose any (iy, jo) € BN C N D. Then

+e r+
do(x., ) < 0w, ), Aol y) < 025, 55,

ATA

. r+e& r+e¢ r r
xr Yx < — 5 | = Pyaru ki
= do(x.,y-) 515&9( 1A ) 9(/\ A)
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= do(x., ¥s) < lim 9(1 1)_9( : ”
OIS e limingpig) A A I, —liminfpiq;" I, — liminfp;q; |

Hence the proof of case 1 is completed.

Case 2: 1f possible let there exist two distinct elements x., y. € X such that x., y. € WZ, — LIM"x. Then
C={(j) e NXIN:piqde(xij, x.) <r+1} € F (L) and D = {(i, j) € N X IN : piq;do(xij, y.) <7 +1} € F(I2).
SinceC,DeF(I)and @ ¢ F(I2)thenA=CND e F(I,)and A # @.

Let ¢ > 0. Since 0 is continuous at (0, 0), then there exists a positive real number G (however large) such
E};}at Qf(%, Iy < ¢. Since the sequence {pig;}ijen is not To-bounded, so the set E = {(i, j) € N X N : p;q; >
¢ 1.

Then obviously the set AN E # @. Otherwise E C (N XIN) \ A € 7>,.

Then any integer (iy, jo) € A N E implies

(1 < Ot ), ot v <01, P L) <o (L, T <

pl’oqjolpioq]'o G’ G
Hence, the proof of case 2 is completed.

Before going to the second part of the theorem, we first show that in general the diameter of By, (c, ) =
ly € X : do(y, ¢) < r} has no smaller bound than 6(r, r).
If possible, let the diameter of By,(c,r) be > O(r,r). For any y1, y» € By,(c,r) we get dg(y1,c) < r and
de(y2,¢) < r. This implies
do(y1, y2) < 0(da(c, y1), do(c, y2)) < O(r, 1),

which is a contradiction. Therefore the diameter of By, (c, r) is always < 0(r, r). Equality may occur. To prove
this choose a 6-metric space (IR, dg) which is not a metric space such that dy : R X R — [0, c0) defined by

0, fora =4,

do(a, B) =do(B, ) = {|0¢| + 1Bl + lapl for a # B,

where a, f € R and 0(s,t) = s +t + st for every s, t > 0. So the diameter of the set B;,(0,7) = (—r,7) is
2r + 12 = O(r, 7). So in general, the diameter of By, (c, ) has no smaller bound than 6(r, 7). Therefore equality
holds.

Now we consider a double sequence x = {x;j}; jen in (IR, dg), such that

4, ifi = u?,j = v* for some u,v € N,
i = :
Y 0, otherwise,

pi:3—%andqfl—%fore"efyirf‘EN

Then py, qn < 3 = Iys, — liminfp;q; for every m,n € IN. Let r be a fixed positive real number, then for
any ¢ > 0,
3¢

{(i, ) ENXN:i <Py, j < Qupido(xij, 0) 2 5

} [S Iwéz'
Let y € B:(0), then

piqgido(xij, y) < piqide(doe(xij, 0),de(0,y)) = piq;de(xij, 0) + pig;jde(0, y) + pig;de(xij, 0)de(0, y)



S. Ghosal et al. / Filomat 34:3 (2020), 737-750 745

r

r
= pigjdo(xij, 0)(1 + do(0, ¥)) + pig;do(0, y) < pigjdo(xij, 0)(1 + 3) +piq;do(0,y) < € + 35 =r+e

for every (i, j) € N x N \ {(i, ) € Nx N : pigdo(xi;, 0) > 33;} .

Therefore we get y € W15, — LIM'x. So B < W1 s, — LIM'x. From the first part of Theorem 3.4,
we get diam(WZ s, — LIM'x) < 0(3, 5) since {pigj}ijen is Lys,-bounded and 15, — liminfp;g; = 3. Also
diam(By () = 0(5, 5), so
2r

(11;1; ]glfpm)(hrnr; I[1\Tnfqn)

i rr 2r  r
diam(WJ s, — LIM'x) = 9(5, 5) =3 + (5

) >

which contradicts the Result 1.1.

This shows that in general, the upper bound 0 ( ) of the diameter of the set

T T
I~ liminfp;q;” 1,- liminfp;q;
W1, — LIM'x can’t be decreased anymore. [
Therefore we come to a conclusion that Theorem 3.4 is the non-trivial extension of the results obtained

by different authors in the past [12, 18], because if we take 0(s,t) = s + t for every s, t > 0, p; = q; = 1 for
every i, j € IN and X is a norm space, then 7, — liminfp;q; = 1,

0 r r =2r
I, - liminfpq;” 7, — liminfpiq;) ~

and W1, — LIM'x = I, — LIM"x. So diam(Z, — LIM"x) < 2r. In general it has no smaller bound than 2r.
So Theorem 3.4 reduces to Theorem 2.3 of [12] and Theorem 3.4 reduces to Theorem 2.2 of [18] (here we
assume 0(s,t) = s+t forevery s, t > 0 and 7, = 75, = {K € IN X IN : 6,(K) = 0} where 6,(K) denotes the
double natural density of the set K C IN x IN).

4. Weighted 7,-cluster points set in 0-metric space

We begin with a definition of weighted 7,-cluster points set for double sequences in 0-metric space.

Definition 4.1. Let p = {p;}ien and g = {g;}en be sequences of real numbers such that p;, g; > u for every i,
j € N (where u is a fixed positive real number). An element c € X is called a weighted 7,-cluster point of a
double sequence x = {x;j}; jen in (X, dp) if for every ¢ > 0,

{(i, ]) e NxIN: piqjdg(xi]-,c) <¢} ¢ 1.

We denote the set of all weighted Z,-cluster points of the sequence x = {x;}; jen by WZ(Ty). Here the
sequences p = {p;}ien and q = {g;}jen are called the weighted sequences.

The following example shows that in general, the weighted J,-cluster points set in a 8-metric space
may not be closed. So the next example gives us the required answer of not closedness of W1, (I'y) i.e., the
set does not follow the generalization of Result 1.4.

Example 4.2. First of all we find out a suitable 6-metric space which satisfies the required aim but not a
metric space.

Let O(s,t) = s+t + 2 Vst for every s, t > 0, then the mapping O satisfies all the properties of B-
action. We proof only (B3): let r € Im(0) and s € [0,7] such that O(t,5) = ¥ = s+t + 2+Vst = r then
(VD2 +2Vs)VE—(r—s)=0 = Vt=+r— 5. Sotel0,r].
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Next we assume that dg : R x R — [0, ) such that dg(a,b) = (a — b)? for every a, b € R. For any a, b,
c € Rwe getdg(a,b) = (a—b)?, dg(a,c) = (a—c)? do(c,b) = (c — b)>. So,

do(a,b) =(@a—-by> =(@@—c+c—-b)*><(@a—c)*+(c—b)*+2|(a—c)c—Db)| = 6(dg(a,c),de(c,b)).

For 6(s,t) =s+t+2 st for every s, t > 0, the function dg forms a O-metric and hence the pair (R, dg) is a
O-metric space. Further it can be observed that dg(2,10) = 64 £ 9 + 25 = dy(2,5) + dg(5,10). This shows that
it is an unbounded O-metric space but not a metric space. This shows that a 6-metric space and a metric
space are totally different.

Choose N = UA]- be a decomposition of N (i.e., Ay, N A, = @ for m # n). Assume that A; = {2/71(2s—1) :
=1
s € IN} for every j € IN.

Next, let x = {xi}ren is a sequence in (R, dg) such that

—_

Pk :kz,q[ =1foreveryk, /€ Nandxy =~ + 1

it ifk € Ajwhere j€ N,l € N.

LetO<e < }1. Then for each j € IN, we get {(k,]) € N X IN : prqido(x, %) < e} & Tys,-
This shows that % € W1y, (Ty) for every j € IN.

Next we assume k € IN. Then there exists an integer j € IN such that k € A; for some j € IN. This implies
k is of the form k = 2/71(2s — 1) for some s € IN.

Foreachk,/ € N,

2 , 2
. 2 (1 1 1 2 1
Peqido(xi, 0) = {2]71(25 - 1)} {7 + m} > {E : 7(25 - 1)} =

Then {(k,]) € NXIN : prqido(xi1, 0) < €} € Lg,. Thisimplies 0 € WIy5,(I'x). So WI s, (I'y) is nota closed set.

So a natural question arises that under which conditions the weighted 7,-cluster points set in 0-metric
space is closed. The following theorem gives the required answer.

Theorem 4.3. The set W1, (I';) is closed if the sequence {p;q;}; jen is Z2-bounded.

Proof. Without loss of any generality we assume that WZ,(T',) # @. Let x. € WI,(I',). Then there exists
a sequence {y,lyzen in WI,(I'y) such that y, — x. as n — co. We have to show that x, € WI,(I'y). Since
{riqj}ijen is Z2-bounded so there exists a M > 0 such that A = {(, j) € N X IN : p;q; < M} € F(1>).

Take € > 0. Since y, — x. as n — oo, so there exists a kg € IN such that if n > ko then dg(y,, x.) < €. Let
B ={(i,j) € N XN : piq;de(xij, yx,) < €} ¢ I>. Then AN B # @, otherwise B C (N xIN) \ A € 75, whichisa
contradiction.

Let (io, jo) € AN B. Then,

d@(xiojorx*) < 6(d@(xiojol yko)r d@(ykorx*)) < Q(de(xiojo/ yko)r 6)/
= do(Xipjo, x.) < Um O(do(Xiyjo, Yi), €) = Odo(Xivjos Yko), 0) < do(Xiojos Yo )-

This implies AN B C {(i, j) € N X N : p;gjde(xij, x.) < €}. Now we prove that AN B ¢ 1.
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Then three cases arise.
Case1: If BCA,thenANB=B¢ I,.
Case2: If ACB,thenANB=A¢ I,.
Case3: f A\B# @and B\A# @thenB\(ANB)C(NxIN)\ A€ I,.

AlsoB=[B\(ANB)]JU(ANB)and B ¢ 7,. Thisimplies AN B ¢ 1,. This shows that x. € WI(I'y). Hence
the result. O

Note 4.4. From the Result 1.5, Pehlivan et. al. [28], had shown that if a sequence in a finite dimensional
normed space is statistically bounded then the statistical cluster points set is non-empty. For the case of
weighted statistical convergence the weighted statistical cluster point set may be empty even if the space is
finite dimensional and the sequence is statistically bounded.

To prove this important fact, we consider (IR, dg) be a 0-metric space as in Example 4.2 and the sequence
of real numbers x;; = % for every i,j € N and p,, = m2, Gn = n? for every m, n € IN. Then the sequence

x = {xjj}i jen is Z5,-bounded but W1, (Iy) = @.

In the case of rough weighted 1,-convergence in O-metric space the Result 1.3 is not true, which is
established in the following example.

Example 4.5. Let (IR, dg) be a 0-metric space as in Example 4.2 and 0 < r < 1. Define

~ 3+(i#, if i # m?,j # n® for every m,n € N,
Y11 (jP, otherwise,
pi = 1,q] = ],l,] €N and

W/

3+ 5+ 5, ifi # m?, j # n® forevery m,n € N,
it =
7 1% + (ij), otherwise.

WIw
Then y;; —2 3and do(xij, yij) < rbut{(i, j) € NXIN : piq;de(xij,3) 2 r+ e} & Tys,.S03 ¢ WI 5, — LIM'x.

5. Comparison between weighted Z,-cluster points set and rough weighted 7,-limit set

Now we intend to study the weighted 7,-cluster points set and rough weighted 7 ,-limit set and relate
them with classical limit points.

In case of rough weighted J,-limit set and weighted 1,-cluster points set, dg(x., c) may be strictly greater
than r for some c in weighted 7,-cluster points set and x. in rough weighted 7,-limit set, which does not
follow the generalization of Result 1.6. We show this in our next example.

Examples 5.1. Let (X, dy) be a O-metric space as in Example 2.10 and

a, ifi =m? and j = n? for some m,n € N,
i = .
g b, otherwise.

Now we define the weighted sequences {p;}ien and {g;}jen such that
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1

ij, if i = m? and j = n® for some m,n € N,
Pid; s+ l.l]., otherwise.

Then,

0, if i = m* and j = n?® for some m,n € N,

piqide(xij, a) = {1

3+ %j, otherwise,

2ij, if i = m? and j = n® for some m,n € N,

pif;do(xij,b) = {0, otherwise

and

6ij, if i = m? and j = n? for some m,n € N,

piqide(xij, c) = {

g + %?, otherwise .

Then we get W1y, (I'x) = {b} and W1y, — LIM'x = {a,b}, where r = % Choose x. = a, ¢ = b then
do(x.,c*) =2 >r.

An important relationship between the set of weighted 1,-cluster points and the set of rough weighted
I>-limit points of a double sequence x = {x;j}; jen is explained below.

Theorem 5.2. For an arbitrary c* € WZ(I'y) of a sequence x = {x;j}; jen in X, and 0 continuous B-action, we
have
r 3 7). . 1 -
7 Timinfa; P if {piqj}i jen is Z2-bounded,

do(x., ) S {1 otherwise,
inf piq;

for every x. € W1, — LIM'x.

Proof. Case1: Let{piq;}; jen be Io-bounded. By contradiction we assume that there exists a pointc* € WI,(I'y)

and x, € W1, — LIM"x such that dg(x.,¢*) > ——L—F— > 0.
I,- lim infp;q;

Then there exists a positive real number A € (0, 7> — liminfp;q;) such that

. r T
o0 €)= 3> T Timintpg,

Let A={(,j) e NXIN:pig; > A}, B={(,j) € NXN: pqide(xij,x.) <r+e}and C = {(i,j) e NXIN:
pigide(xij, c*) < e}. Since AN B € ¥(I>)and C ¢ I, then it is obvious that AN BN C # @. Now we choose
any (ip, jo) € ANBNC. Then,

. X r+e ¢
d@(x*,C ) < G(de(xl'ojo,X*),de(xz'ojo,C )) < 9( —),

17
r+¢& € T r

L) < limo( ==, 2 ) =0(<,0) < 5,

= do(x., ) 35519( ) /\) 6(/\ 0) 1

which is a contradiction. Hence, the proof is completed.
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Case 2: Let {piq;}ijen be not Ir-bounded. If possible, let there exist a point ¢* € WI,(I';) and x. €

W1, — LIM"x such that dg(x.,c*) > —F > 0. Then there exists a positive real number Ao € (0, inf p;q;)
inf piqg; i jeN

such that

Since c* € WI(I'y) so for every ¢ > 0 we have A = {(i, j) € N X IN : piq;de(xij, c*) < €} ¢ I>.
This is obvious that AN B # @, where B = {(i, j) € N X IN : piqjdg(xij, ) <7+ €}.
Now we choose any (i, jo) € A N B. Then,

. . r+e ¢
do(x., ") < B(do(xiny, x.), doi sy, ) < 9( )

Ao " Ao
= do(x.,¢') < hm@(”—g i)— e(i o)< L
ORFes T 0+ Ao ! Ao a /\0, - /\0,
which is a contradiction. Hence, the result. [
Theorem 5.3. For a sequence x = {x;j}; jen, we have
m Ed@ (C, Z) , if {piqj}i,jg]l\f is Iz-bounded,
c€EWTH(Ty) P

WI,—-LIMxC
— ]/‘ .
ﬂ By, (c, —), otherwise,
ceWI,(Ty)

where p = I, — liminfp;q;, g = ,innf\lpiq]' and B,,(c,7) = {y € X : dg(c, y) < ).
i,je

Proof. From the Theorem 2.8 [12] the results are obvious. [
The following example shows that equalities of the above Theorem 5.3 may not occur in some cases.

Example 5.4. Let [0, c0) be a §-metric space as in Example 4.2 and

|1, ifi = m* and j = n? for some m,n € N,
g 0, otherwise

and p;q; = ij for every n € N and r = 1. Then WI,(T,) = {0}, g =1, Eg(O) = [0,7] and W1, — LIM'x = {0}.
This shows that W71, — LIM'x & E; (0).
Note 5.5. If both of the sets WI,(I'y) and W1, — LIMx are non-empty then from Theorem 3.4 and Theorem

5.2, we get the set W1 ,(I'y) is bounded. But interestingly the set W1 ,(I'y) may be unbounded which follows
from Example 4.2.
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