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Generalized Simpson Type Inequalities Involving Riemann-Liouville
Fractional Integrals and Their Applications

Chunyan Luo?, Tingsong Du®*

?Department of Mathematics, College of Science, China Three Gorges University,Yichang 443002, P. R. China

Abstract. We establish a Simpson type identity and several Simpson type inequalities for Riemann-
Liouville fractional integrals. As applications, we apply the obtained results to special means of real
numbers, an error estimate for Simpson type quadrature formula, and g-digamma function, respectively.

1. Introduction

The following inequality is well known the Simpson’s integral inequality:

‘%[g((m) e AL Bl

< 5ol o2 = 90", M)

where 7 : [p1, 2] > Ris a four-order differentiable mapping on (¢1, ¢2) and ||g¥| = Supfe(¢1,<p2)|.’7(4)(7)) <
0.

For recent results about the inequality (1), we refer to some articles by Erttigral and Sarikaya [7], Hsu et
al. [9], Noor et al. [13], Sarikaya and Bardak [14], Shuang and Qi [16] and Set et al. [15].

Let us introduce that Eftekhari [6] proposed a class of (s, m)-convex mappings, as follows: A mapping
g :[0,00) - Ris called (s, m)-convex in the second sense, for certain fixed (s, m) € (0, 1]?, if

g(Apr +m(1 = N)pa) < Xg(p1) +m(1 = 1Y g(p2)

holds for all 1, @, € [0, 00) and A € [0, 1].

For certain related results involving such kinds mappings, we refer to study by Du et al [2] and [3].

Next, we retrospect the space of all complex-valued Lebesgue measurable functions, which will be used
subsequently.

Let x%(a,b) (x € R,1 < p < o) be the space of all complex-valued Lebesgue measurable functions g on
(a,b) for which ||g]| @ <, where the norm || - || o is defined with the following expression:

b 1/p
||g||X¢,=( f 1T’<g<f>|”%) , (<p<e)
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and

lgllye = ess sup [t¥|g(DI], (p = o),

a<t<b
where ess sup stands for essential supremum.
The definition of the Riemann-Liouville fractional integrals below is well known in the literature.

Definition 1.1. Let g € L([a,b]). The Riemann—Liouville fractional integrals J 3. g and J ' g of order a > 0 with
a > 0 are defined as

t
200)= i | €= gde
and
o 1 ! a—1
T o) = [ (o= 1 gtode
witha <t <bandT(a) = [~ e"7*"1dr.

For more results related to such kinds fractional integrals, we refer to recent papers [1, 4, 5, 8, 10-12, 17]
and the references therein.

Motivated by the results mentioned above, especially the results developed in [14] and [16], we aim
to present several integral inequalities of Simpson type for mappings whose first derivatives belong to
the Lebesgue L4 spaces, and also for mappings whose first derivatives at some powers are (s, 7)-convex
through Riemann-Liouville fractional integrals.

2. Preliminary Lemma

In order to prove our main results, we need the following lemma.

Lemma2.1. Let 0 <m < 1land let g : [ma, b] — R be a differentiable mapping witha < banda € R, b > 0. If
ge€ Ll([ma, b]) and « > 0, then the following equation holds:

' _(w—ma)* (! 1y -t 1+t
Gyla, b;m, o, w) = 26— nia) ( 5) ( 5 ma + > w)dt
b-w? (1 1+t 11—t @
" 20 —ma) J, 5 7)7 (5w o)
where
Gola by, 0) = 25 g(0) + gt (6 = wyg(27) + 0 - mag( ")
e T EAC T N g
B 2“‘11“(1+a) ge (ma+w)_ 2“‘1F(1+ac) " (w+b)
b = ma)(w — may—12 v N3 (b = ma)(b — w)*1 2
and w = (1 —v)ma +vb, for v € [0,1].
Proof. Forv € (0,1), by integration by parts and changing the variable, we state that
1
1y, 1—t 1+t
L(E—g)g (—2 ma+ —— w)dt
20 % 1y 1t T+t 4 1 -t 1+t
_w—ma(E_g) (—2 ma+—2 w)o p— maj(;at g( S mat —— w)dt .
2 13 v ma + wya-1
B w—ma[ﬁg(w)+ ] (w - ma)f’“f1 ‘fmﬂ;w (x— 2 ) gl
2 2°T(1 + o) ma+ w
= w—ma[1og(w)+5~‘7 ] @ = mayiJw (=)
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Similarly, we get that

Yoy 1+t 11—t
S G35t o
2 w+b)] 2T +a) ., (w+b)

4)
3 1
:m[ﬁg(w)JrEg( 2 N7 —wptde N\

Multiplying both sides of (3) and (4) by ggj;f; and 2(57__“72;)/ respectively, and adding the resulting identities,
we obtain the desired result (2).
For v = 0, we have that

Gy(a,b;m, a, ma) = b—ma fl (1 _ ﬁ)g'(ﬂma 4 ﬁb)dt,
0

2 5 2 2 2
where
3 1 ma+by 2°T(1+a) _, ma+b
gg(a/ b/ m,a, mﬂ) T Eg(ma) + gg( 2 ) - (b — ma)a j(ma)*g(T)
For v = 1, we have that
b—ma (¢ 1\ 11—t 1+t
gg(ﬂ, b; m,a,b) = 5 fo (E - g)g (Tma + Tb)dt,
where
3 1 ma+by 2T(1+a),_, (ma+b
gg(a/ b/ m,«, b) L Eg(b) + gg( 2 )_ (b _ mﬂ)a jb—g( 2 )

A simple proof of the above identities can be done by conducting integration by parts in the integrals
from the right side and changing the variable. This ends the proof. [

3. Main Results

Theorem 3.1. Under all assumptions of Lemma 2.1, suppose that g’ is bounded, i.e., ||§' |l = sup |g'(7)] < oo.
T€[ma,b]

Then for w € [ma, b], the following inequality holds:

(w — ma)?® + (b — w)?
2(b — ma)

Gola, bym, ., v)| < D)yl ©)

where

D(a) =

a  2\1+: 3-2a
= +1(3)

5/ T0@+n

Proof. If we utilize Lemma 2.1 and properties of the absolute value, then we have

gy(a/b;mra/w)‘
(w—ma? (| 1) ,1-t 1+t '
=20 —ma) J, 12 5|19/ (—ma + —5w)ja
G-w? (11 )|, 1+t 1t ‘
20 —ma) J, 1572 g(5w+ o)
w—ma)® + (b -w) T
< O g [ |5 - 3l
2(b — ma) 012 5
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The desired inequality yields from the above by noting that

[

The proof is completed. [

t 1'dt= a (2)1+% 3-2a

2 5 a+1\5 10(a+1)

Theorem 3.2. Under all assumptions of Lemma 2.1, suppose that g’ € Ll([ma, b]) Then for w € [ma,b], the
following inequality holds:

3
Gota,bim, o, )| < 1g'Ih, ©)

where ||g'|l = f g (7)|dT < co.

ma

Proof. Utilizing Lemma 2.1 and changing the variable, one has

‘gg(alb;mlalw)‘

(w—ma? (e 1] ,,1-t 1+t '
-_— —_— = —_— —_ t

= 200 = ma) 5|7 (=5 —ma+ ——w)jd

b-w? (! 1 1T+t ‘

T 20— ma) J, 29( 2 we )
3 [(w—-ma) [ w) ,

= 10[(b—ma) - g/ 60)]du - (b ma) (”)|d”]
3 w ) wib

Sﬁ[fmu;w g(u)|du+j; ]
3 w+h

10 o g(u))du

<75 (u)ldu = 0||g'||1.

Here, we use the fact that |— - ﬁ < % - % = 10, for t € [0,1] with some fixed @ > 0,0 < 7= < 1 and

0 < =2 < 1. This ends the proof O

Theorem 3.3. Under all assumptions of Lemma 2.1, suppose that g € Ly([ma,b]) with 1 < q < oco. Then for
w € [ma,b] and a € (0,1], the following inequality holds:

Gola,bym, o, 0)| < DF (2110 - ma)' ) I, @)

where

2% .57P % 2a(27% — 5 a)patl
= +
pa+1 pa+1

4

1

and ||g'lly = (fma g’ ( ’c)l’h:l’t)i7 <ocowithp™ +g71 =1.
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Proof. By using Lemma 2.1 and Holder’s inequality, we have

Gola, by, w)|
< Qoo 15_11*’&)‘1’( f (st Lt ar) ®)
s ST ([ gt )

Using suitable substitutions, we obtain that

Go(a, b;m,a, )|

[ -3 {;?b-_mnfzi[<w 2 [ wora]
+2((l;a Z:na )L~ w) du }

) ( g’(u)|qdu);

u+b

a e L.

e [t

dt)’l’[zl/q (b — ma)'- l/q]{( fui
I b
J(

(b— w1
21 Y4(b — ma)

w+b

du) +(fw2

g’(u)fdu);}

IA
—_—
5—
&
N s
I

dt

?
du)

21/‘7(17 ma)l/’”](

1
P
1
P

1 IA
—_——
S— 5S—
—_ —_
N N TR
| |
ml»—\ (.an t.an

Also

1 ¢

5 2

Fat (270 = ma)' " lg'll.
1t

1 p 1
[b-bfas ]2~
0 0o I5a 2a

which follows from |A* — B*| < |A — B|* for any A, B > 0 and «a € (0, 1]. The proof is complete. [J

S 2u -5 % s 28(2% — 5hyparl
~ opa+l pa+1

7

Theorem 3.4. Let 0 < m < 1 and let g : [ma, %] — R be a differentiable mapping with 0 < a < b, such that
ge Ll([ma, %]) If 19’17 is (s, m)-convex in the second sense with (s,m) € (0,112, for g > 1 withp™ + g7! =1, then
forw € [ma, bl and a € (0, 1], the following inequality holds:

1

q]ﬁ
7

Proof. Continuing from inequality (8) and utilizing the (s, m)-convexity of |g'|7, we get the desired result. [

(w—-ma)’[ m

2(b — ma) [25(5 +1)
(b-w)?* [25*1 -1
2(b—ma)l25(s +1)

|gg(abmaw)‘<1){ 25(s—+_1)

T

Lom
25(s+ 1)

where D is defined in Theorem 3.3.
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Corollary 3.5. Consider Theorem 3.4.

(i) Putting w = ma, we get that
b ma 25t —1 q m GG
= (= 10
Gota, bim, o, ma)| < Dr [25(s+1) (ma)]" + »(5+1) -‘7(m)‘ ] ' (10
(ii) Putting w = "%, we get that
ma+b
gg(u/ b/m/ a, 2 )‘
b—ma 1 ™m , -1 ma + by]s
=73 D”{[zs(sﬂ) 25 ( 2 )H
+[2S+1—1 ,(ma+b)| % (11)
2s 2 25
<b—maD% mo\ 225+ Ry ,(ma+b N mo\i (b
=73 2G5 +1) »6s+1n) P\ T2 >s+1) 7\l
The second above inequality is obtained by utilizing the fact that
Yio+rer <Y (or+Y.¢r, pé>0 0so<1. 12
j=1 j=1 j=1
(iif) Putting w = b, we get that
(13)

s .

+1 _
Gt bim.a ] < [ZS(S 1) zs( T 1)

Corollary 3.6. Combining the inequalities (10) and (13), one has
1 ma+b 27T+ a)[ ma+b ma+b
‘E[3g(ma) + 4!](7) + 3g(b)] - W[jma)+g( ) jb* ( ) )]'

b—ma _1([25t! - m NGE
=73 "{ 2s(s+1) 2s(s+ Dl (Z>' ] (14)
m , q 2s+1 ]
" [25(s+ ) o) + 2s(s+1) 7@
Specially, putting a = 1 = m and using inequality (12), we get
o+ 4952+ 390 - [ o
(15)

A

Theorem 3.7. Let 0 < m < 1 and let g : [ma ﬁ] — R be a differentiable mapping with 0 < a < b, such that
ge Ll([ma, m]) If1g'| is (s, m)-convex in the second sense with (s, m) € (0,1]%, for p™ + q7* = 1 with p > 1, then

for w € [ma,b] and a € (0, 1], the following inequality holds:
' (w — ma)? ( 1 )31
|g?(”' bim, a,w )' <7 {Z(b ma) |\ 2% (gs + 1)

(b—w)? [ 2741 -1
2(b — ma) (qu(qs +1) )

<w>|]
(16)

mg’(a)) (m)

1m9’(%)”}f

+(mger)
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where D is defined in Theorem 3.3.

Proof. Utilizing Lemma 2.1 and using the (s, m)- ’|, one has
G,la,bym, a,w)
< ooy 1ﬁ_gg(;m+%w>|dt
+§%€%§5 = 2 (1;20+l?—‘m
e [ e 3l
e [ S on - (5wl ()

Using Holder’s inequality, we have that

Gola, b m,a,)
B R RN RS o
+%( pe dt)l’{[ [ 1(¥)qsdt]3|g'<w>|+[ [ 1(%)%]% 91(5)1}.

The desired inequality yields from the above by noting that

1 s gs+1 _
f (1 + t)q df = 25 1
0 V2 275(gs + 1)

and

1
1—t\as 1
L(z)m‘ww+n

Thus, the proof is completed. [J

mu+h

Corollary 3.8. If we put w =

ma+by|  b-—ma_.1 1 i
Gyla, bim,a, 7 )‘5 3 D”{(z%(qs+l))

1m9’(%)’}~

()

in Theorem 3.7, then we get that

<ma2+ b)|

qs+1 -1
(2‘?5(115 + 1))

(17)

4. Applications

4.1. Special Means

For 0 < a < b, we review the well-known mean values as follows:
(i) The arithmetic mean: A(a, b) = 4.
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h\9+1_a8+1

1
(i) The 9-logarithmic mean: Lg(a, b) = [m] T 9 ez\{o,-1}.

xﬁﬂ

Considering the mapping g(x) = %/, x > 0 with s € (0, 1), if we apply it to the second inequality of (11)
q

in Corollary 3.5 and Corollary 3.8 with a = 1 = m, respectively, then we have the following results.

Proposition 4.1. Let 0 <a<b,0<s < landp™' + g ' = 1 with q > 1. Then one has

‘_q [A?“(?’—a E)+3»A3+1(a,b)+A3“(E 3b)] 1 L’§’+l(3a+b a+3b)|

10(s +q) 272 2721 26s+q) i\ 4 7 4

<* 3 a)[zg;j(; ip;)ﬂ(zs(si 1))%‘4(”3’1’2) ’ (%)%A%(”’ b)]'

Proposition 4.2. Under all assumptions of Proposition 4.1, we have

q §+1(3_L‘l k) s §+1(E 3_b)]_ q §+1(311+b a+3b)
‘10(s+q)[Aq 2a) AT e A ) gt T

A ) ) ) ]

Let the bounds in Proposition 4.1 and Proposition 4.2, respectively, be denoted by Gi(s, ) and Ga(s, g),

that is . )
1\ ey (21N .
Cls ) = (M) A(“q’bq)+(25(s+1)) Aifab)

and

T \T s ey (29 1T
Gz(S,l/]) = (m) A(aq,bq)-i'(m) Aq(ﬂ,b),

2(2r 1430+
107+ (p+1)

Next, we compare the bounds above. Fora = 2 and b = 5, from Figure 1 (a) and (b), show that G,(s, g) is
a better error bound than Gi(s, q). Therefore, it reveals that the result of Proposition 4.2 is better than that
of Proposition 4.1.

1
_ b . ..
where we omit @T@[ ] , since they are identical in the two error bounds above.

G1,G2

1 100
0.9
08 80
07

0.6 60

Figure 1: (a) Error surface of G; and G; on the variables s and g; (b) the positive and negative distribution corresponding to G; — G»
(Here, the green part stands for G; — G, > 0).
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4.2. Simpson Type Quadrature Formula

Let U be a partition of the interval [a,b], i.e, U:a = puy < p1 < --+ < ty1 < iy = b and consider the
quadrature formula

b
f g(wdu = As(g, U) + Rs(g, U),

where

3§

As(g, U) = —

2 +
10 [ ([J]) + 9(#;+1)](H;+1 - #] g Z ] 1 ( Wj+1 — H])

j=0 j=0

l\’L

for the Simpson type formula and Rs(g, U) denotes the related approximation error of the integral fa ! g(u)du.

Proposition 4.3. Suppose that all assumptions of Theorem 3.4 are satisfied. Then the following Simpson error
estimate satisfies

[Rs9, W)
+1 +1) 5T/ o5+ _ 1\7 i "—1( 1 — )2 )
< [21%:1(; ipl) ] [(225(s+11)) +(25(s1+ 1)) ];; = 12 . [

Proof. Considering the subintervals of [a, b], i.e., [}, uj+1] € [a, b], using inequality (15) in Corollary 3.6, we
obtain

M+ 17 ()]

Hj+l

)+ 39| - | g
Hij

(y = WP T2(2P + 3 [ 25t — 1 \s
: 2 : [ 1OP+1(p+1) [(25(5+1)) +(25(S+1)) ][lg /J])l g(H]+l)|]

Summing over j from 0 to n — 1 and utilizing the triangle inequality, we get that

Hj+1 —

! Wi
T ’[39(u,) + 49(—]

[Rs(9, )|

| w- [ b )
n-1

Z 1O(H]+1 y;)[?w(u])+49(¢)+3g(w+1)]— f " g(u)du
j=0

{j
" F1y12[) 95+l _ 1 b S LR
2L e | 5

which is the required result. [

IN

)| + 19 (s

4.3. g-digamma Function
Letq > 1and 7 > 0, the g-digamma mapping ¢, is defined by

1 & g
Pq(1) = —In(g - 1) + IHQ( -5 L m)

_ B _1_09 q*fl’ )
— _In(g 1)+lnq( : ;1_,7—%

N
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Proposition 4.4. Let 0 <a <b,and p™' + ¢! = 1 with g > 1. Then one has

[(Pq 3£l+b 3¢q(a+b) ¢q<a+3b)]

22T (1+a) (3a + b) _22T(1+a) (a + 3b)’

(b —_ a)a (u+h (Pq (b _ a)a (%h)+¢q

Sb;aﬂé{(zmﬁl)) |¢q (@) + (22:;;;11)) <a+b)' (Zﬂ( +1))

o)

where D is defined in Theorem 3.3.

Proof. Note that the mapping 7 — ¢;(7), ¥ q > 1 is completely monotonic on (0, ). Consequently, the
mapping T = |¢7(1)| is convex on (0, o0). Applying the mapping g(7) = ¢4(7), T > 0 withs =1 =m to
Corollary 3.8, we obtain the desired inequality. [
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