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Systems of k Boolean Inequations and a Boolean Equation
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Abstract. In this paper elementary generalized systems of Boolean equations are investigated. The
formula for solving systems of k Boolean inequations and a Boolean equation is presented. This systems

have many applications in computer science for solving logical problems. Presented formulas can accelerate
application of elementary generalized systems of Boolean equations.

1. Introduction

The study of Boolean equations in arbitrary Boolean algebras began with Bool, Schroder and Lowenheim.

The basic facts and various forms of solutions of Boolean equations can be found in Rudeanu’s books [5],[6].
Let (B,N,U,”,0,1) be a Boolean algebra and # be a natural number.

Definition 1.1. Let x € B. Then
¥l =x, =
IfX=(x,...,xy) €B"and A = (a1, ...,a,) € {0,1}" then
x4 =x' NN
In the sequel N will be omitted. For the following definitions and theorems, see e.g. Rudeanu [5].

Definition 1.2. The Boolean functions of n variables (BF n) over the Boolean algebra (B,U,-,",0, 1) are determined
by the following rules:

0) For every a € B, constant function f, : B" — B defined by

fa(x1,..., %) =a (¥x1,...,x, € B)
is a BF n.

1) For everyi=1,2,...,n, the projection function &; : B" — B defined by

eixy, ..., xn) =% (¥x1,...,x, € B)
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isa BF n.
2)If f,g : B* — Bare BF n, then the functions f Ug, fg, f' : B" — B defined by

(fugxr, ..., xp) = flx1,...,x0) Uglxy,..., x,) (¥x1,...,x, €B),

(fpx1, ..., x0) = flx1, .., x0) - g(x1, ..., x0) (YX1,..., X, € B),
fren, .o xn) = (f(xa, .., %)) (VX1,...,x, € B)
are BF n.
3) Any BF n is obtained by applying the rules 0), 1) and 2) a finite number of times.

Theorem 1.3. (Corollary 1 in [5]) The function f : B* — B is Boolean if and only if it can be written in the canonical
disjunctive form

Fx = fax,
A
A Boolean equation in 7 unknown is an equation of the form

fX) = 9(X),

where f,g: B — B are Boolean function.

Theorem 1.4. (Theorem 2.1 in [5]) Every Boolean equations is equivalent to a single Boolean equation of the form

fX)=0.

Theorem 1.5. (Theorem 1.5,(1.52) in [5]) Let x1,...x,,a.,b.(C € {0,1}* C B") be elements of a Boolean algebra
(B,U,-/,0,1); put X = (x1,x2, ..., x). The following relation holds:

(Uc acXC)(Uc chC) = (Uc acchC)'

2. Generalized systems of Boolean equations

Definition 2.1. The generalized systems of Boolean equations (GSBE’s for short) over a Boolean algebra are defined
recursively as follows:

(i) every Boolean equation f(X) = 0 is a GSBE;

(ii) the negation, logical conjunction and logical disjunction of any GSBE’s is a GSBE;

(iii) every GSBE is obtained by applying rules (i) and (ii) finitely many times.
Definition 2.2. Let S(x1, ..., x,) denote a GSBE whose (free!) variables belong to the set {x1,...,x,}. By a solution
of S(x1,...,x,) is meant any vector (ai, ...,a,) € B" such that the statement S(ay, .. ., a,) obtained by replacing each

x; by a; is true. A GSBE which has solutions is said to be consistent or satisfiable. Two GSBE’s S(x4,...,x,) and
T(x1,...,x,) are said to be equivalent provided they have the same set of solutions.

Definition 2.3. An elementary GSBE is either a Boolean equation f(X) = 0 or the system of the form

(1) AK)#F0 Ao A fi(X)#0
or of the form
() gX)=0AA(X)#0 A= A fiX) #0.

If k = 1 then the GSBE is atomic. An atomic GSBE of the form f(X) # 0 will be called a Boolean inequation.
The problem of solving GSBE’s reduces to a particular case of it.

The previous definitions and more on generalized systems of Boolean equations can be found in Rudeanu
[6]. The problem of solving GSBE’s is not completely solved. In the sequel we describe all solutions of
elementary GSBE’s.
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3. Boolean equations

To solve a Boolean equation f(X) = 0 means to determine all X € B” such that f(X) = 0 holds i.e. to
determine the set S = {X|f(X) = 0A X € B"}.

Theorem 3.1. (Theorem 2.3 in [5]) Let f : B* — B be a Boolean function. The equation f(X) = 0 has a solution if
and only if
[Tr@=o.
A

LetT = (t1,...,t,) € B".
Definition 3.2. Let f,Fy,...,F, : B" — B be Boolean functions and F = (Fy, ..., F,). The formula
X =K(T),
or in scalar form
xi=Fity,...ty), ({=1,...,n)
expresses a general solution of the Boolean equation f(X) = 0 if and only if, for every X € B",
f(X)=0e (AT)X = F(T).
Definition 3.3. Let f,Fy,...,F, : B" X B" — B be Boolean functions and F = (Fy, ..., F,). The formula
X=F{T,)Y),
or in scalar form
x;=Fi(t,..., tp,Y), ({=1,...,n)

expresses a general solution of the Boolean equation f(X,Y) = 0 by X if and only if, for every X € B" and every
Y € B",
fXY)=0& (S BMf(S,Y)=0A AT € B")X = F(T,Y).

In accordance with Theorem 3.1. the previous formula can be written as
fXY)=0e 14 f(AY)=0A3AT € BH)X = F(T,Y).

Lemma 3.4. (Lemma 2.2 in [5]). Suppose that the equation

axUbx' =0
has a solution (ab = 0). Then
3) axUbx' =0 (A)(x =a't UDbY)
4) axUbx' =0 b<x<da

forall x € B.

Theorem 3.5. (Theorem 3. in [1]) Let f : B" — B be a Boolean function. If f(X) = 0 is consistent then , for every
Xep"

k
fX) =0 & @ADX = [_J(F(A)A: U FA)F(A)AL U FAD (AL (An)A;,
i=0

U--- U fADf(AL) f(AR) - f(AL D f (A AT
where, for every i € {0,1,...,k}, Ai, A, ..., A is a permutation of {0, 1}".
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4. Systems of Boolean inequations
We shall use the following obvious equivalence
®) fX)#0& @p)p #0A f(X)=p).
Let f : B" — B be a Boolean function. The relation
fX)#0

is called a Boolean inequation. To solve a Boolean inequation f(X) # 0 means to determine all X € B" such
that f(X) # 0 holds.

Theorem 4.1. (Remark 10.5 in [5]) Let f : B" — B be a Boolean function. The inequation f(X) # 0 has a solution
ifand only if |Ju f(A) # 0.

Theorem 4.2. (Theorem 5 in [2]) Let f : B* — B be a Boolean function. Then
fX)#0e @p)p =0 |J(fa)+p)xh) =0).
A

Theorem 4.3. (Theorem 6 in [2]) Let f : B — B be a Boolean function. Suppose that the inequation f(X) # 0 has a
solution. Let X = ®(T, p) expresses the general solution of the equation

Ly +pxh =o.

A
Then, for every X € B",

X200 @AEDE#0A [ ] @) <p <A AX=D(T,p)).
A A

Lemma 4.4. (Lemma 4 in [7]) Let f1,..., fi : B" — B be Boolean functions. Then the equation

©) [T€A@ +p) U= U (filA) +p) =0
A

inpi,. .., prhas a solution.

Theorem 4.5. (Theorem 11 in [7]) Let f1,..., fi : B" — B be Boolean function. Then
AX)#E0A-ANi(X)£0 &
Fp)---@Ap)EADPr #0A - Apr #0A X = D(py, ..., pr, T)
A TIa iA) < p1 < Ua A(A)
A prITa(f{(A) U f2(A) U p; TTA(A(A) U f2(A))
< p2 < prUa(h(A) 2(A)) U py Ua(f{(A) f2(A)

Ucsetorpr P& -~ piaa® TIAF (A U -+ U £51(A) U fi(A)
<P < Ucconpor 1 P Ua(FH(A) - FE1(A) (A)),

where X = ®©(p1, ..., px, T) expresses the general solution of the equation

(A(X) +p1) U... U (Ff(X) +pi) = 0.



U. Marovac, D. Bankovi¢ / Filomat 34:4 (2020), 1261-1270 1265

5. Systems of k Boolean inequations and a Boolean equation
In this section we shall consider the system
() gX)=0 ANAX)£0 Ao A filX)#0
where g, fi,..., fc : B" — B are Boolean functions. When k=1 then
@) gX)=0 A F(X) %0,
Schroder give the condition of the consistency of the system (7). This condition can be found in [6].

Theorem 5.1. (Proposition 10.1. in [6]) System (7) has solution if and only if

(®) [Tow =0 [Jfrg @ =o.
A A

Bankovi¢ describe all solutions of the system (7) when the system is consistent.
Theorem 5.2. (Theorem 9 in [3]) Let g, f : B" — B be Boolean functions. Suppose that the system
gX)=0 A fX)#0
has solution i.e.
[Towr =0 [Jfg @ =o.
A A
Let X = O(T, p) expresses the general solution of the equation

(fX)+p)VgX)=0.

Then for every X € B",
gX)=0 A f(X)#0 e

@A) £ 0 A [[(FA UgA) <p < | ] f(A)g'(A) A X = (T, p)).
A A

Marriott and Odersky determinated satisfiability of system (2) in [8] . They applied this sistem for query
optimization in databases [9]. These results are presented in [6].

Theorem 5.3. (Proposition 5.5 in [6]) Suppose g, fi . . . fi are single Boolean fuctions and card(B) > 2¥-1. Then the
following conditions are equivalent:

1. gX)=0 A AX) #0 A--- A fil(X) # 0 is satisfiable;

2. each atomic GSBE g(X) =0 A fi(X) #0 (i =1...k) is satisfiable;

3. each negated Boolean equation fi(X) £ g(X) (i = 1...k) is satisfiable;

4. VAgdA)f(A)#0@G=1...k).

Lemma5.4. Let g, fi,..., fx : B" — B be Boolean functions. Then
) gX)=0 ANAX) 20 A A iX)#0 &

py) - Gp)pr #0A - Ape #0 A (g(X) U (LX) +p1) U+ U ((X) + pi) = 0).
Proof. Using (5) and formula (AX)A(x) A B & (Ix)(A(x) A B) (x is not free in B) we get

gX)=0 AAX)#0 A - A fi(X)#0
©gX)=0 A@p)p1 20N AX) =p1) A A@p)pr # 0 A filX) = pr)
S @) @p@X)=0 Ap1t #0A AX) =p1 A Apc £ 0 A fil(X) = pr)
S @Ap) - @Ap)Pp1 #O0A - Ap #0Ag(X) =0 A AX)+p1 =0A--- A filX) +pr = 0)
(:)(Elpl)---(Elpk)(pl#0/\---/\pkiOAg(X)U(fl(X)+p1)U---U(fk(X)+pk)=0).
O
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Lemma 5.5. Let g, fi,..., fr : B* = B be Boolean functions and p1, ..., px € B. Then
(10) [ T@@ v (i) +pyu--- U (f(a) + po) =

U Pt H(g(A) U flci(A) U kaZ(A)).
A

(1,---cr)E{0, 1}

Proof. Let F be the Boolean function defined by
Fpr, -, p) = [ [ @A) U (fi(A) +p1) U+ U (filA) + po).
A
Then, by Theorem 1.3,

F(plr-“rpk) = U p1C1 "'kakF(Cll--~er)

(c1,-ce)€{0, 1}

= U pome [Je@ o (r@) +en v U (da) + ).
A

(c1---,cr)E(0,1}F
Since fi(A) + ¢; = fi(A) = f(A) for ¢; = 0 and fi(A) +¢; = f/(A) = f5(A) for ¢; = 1, for every i € (1,... k), it
follows that ’ /
Fou..op0 = | ) pope JJe@uad@u---u £54)
A

(c1,---,cx)E{0, 1}k
|

LetC; = (cy,...,ci).
Lemma 5.6. Let g, fi,..., fx : B" — B be Boolean functions. Then the equation

(11) [ T@ v (i) +pyu--- U (fa) + po) =
A

in pi,. .., px has a solution if g(X) = 0 has a solution.

Proof. The equation (11) has a solution if and only if

(12) [T JTTeu i) +eyu--u(fi(d) +e)) =0
Crel0 1}k A

by Theorem 3.1. The equality (12) can be written as

[T [Je@nu T] JJa@ +enu-u(fica) +a) =o.

Crel0 1}k A Crelo 1)k A

Since equation (6) has solution, by Lemma 4.4, it follows that
[T J]Wr@ +enu---uhca) +e)) =
Crel0 1}k A

by Theorem 3.1. If the equation ¢(X) = 0 has a solution then [],(9(A)) = 0. Thus

[] 1l

Ck601

Therefore (12) holds i.e. the equation (11) has a solution. [
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Lemma 5.7. Let g, fi,..., fr : B* = B be Boolean functions and p1, ..., px € B. Then

[T U@ +p)U--U (A +p) =0 &
A

P pea® [ @A U (A U+ U £ A) U filA)

Cr-1€{0,1}1 A

<ms< |J mopl U(g’(A)ffl - F A flA))

C-1€{0,1}F1

A TT@A U A@A) +p1) U U (fa(A) + pie)) = 0.
A

Proof. Using (10) we have
TT4(g(A) U (fi(A) +p1) U -+~ U (flA) + po))
= Uceoar 1+ e @A) U £ (A) U+ uf,fim»
= pe(Uc ety 1 proa® Tlag(A) U ffi (A) U+ U f(A) U f(A))
UPUceseor Pré i TLa@(A) U £ (A) U+ U £ (A) U fi(A).
Let us introduce the following notation
a = Uc eyt P17 pa® TIa@A) U 1 (A) U - U fk (AU f(A))

b=Ug a1 Pt TLa@A) U £ A) U U £ (AU fil(A)).
Applying Theorem 1.5 we get

ab="Uc, ey pictee P 1(HA(H(A) U flci(A) u- Ufk H(A) U fl(A))
(ITAGEA) U £ (A) U+ U £ (A) U filA)).
Using the equality (x U y)(x U y") = x, we get
@A)V £ (A) U U LA U AANEA) U AU U FHA) U f(A)
= gA) U (A U+ U fE1(A).

ab = Uc, et P17 Pea® (TTa@(A) U £ (A) U -+~ U £E1(A))).

In accordance with Lemma 5.5 we have

Thus

ab = [1a(g(A) U (f1(A) +p1) U -~ U (fia(A) + pia))-

The equation apy U bp; = 0 has a solution if and only if ab = 0, by Lemma 3.4. The equality ab = 0 can be
written as

[Ta(g(A) U (fi(A) + p) V... U (fier(A) + pr1)) = 0.

This equation has a solution, by Lemma 5.6 if g(X) = 0 has a solution. In accordance with Lemma 3.4, the
equation apy U bp; = 0 is equivalent to b < py < a’, i.e.

Ucsetorpar P& -~ piea® TTag(A) U £(A) U -+ U £51(A) U fi(A)
< pe < Ueyeqorpar iP5 Ua(@ (A fE(A) - FE1(A) fil A)).
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Theorem 5.8. Let g, f1,..., fx : B" — B be Boolean function. Then

gX)=0AAX)#0A--ANfi(X) 0 &
@p1) - @Ap@T)(P1 20A - Apr 20AX = D(py, ..., pr, T)
A TTa(gA) U fi(A)) < p1 < Ua(g'(A)f1(A))
A prT1a@A) U f1(A) U f(A)) U p; TTa(@(A) U fi(A) U f2(A))
< p2 < p1Ua(g'(A) fi(A) 2(A)) U p; Ua(g' (A) £ (A) f2(A))

Uceoapr P17 pre1%t [Ta(g(A) U flcl (A)U---U £ (AU fi(A))
<px < Uceroapr 1oy Ualg (A £ (A) - f L1 (A fi(A)),
where X = ®(py, ..., px, T) expresses the general solution of the equation
gX) U (AX) +p) V... U ((X) +pr) =0

Proof. By Lemma 5.4 equivalence (9) holds. Let X = ®(py, ..., pr, T) be a general solution of the equation

(13) gX) U (LX) +p) U - U (fiX) +p) =0
Then, by Definition 3.3,
(14) gV (AX) +p) V- U (X)) +pr) =0 &

[Ta(@(A) U (fi(A) + p1) U--- U (fil(A) +px) =0 A @T)X = D(py, ..., pi, T).
The condition

[T@A U (AA) +p) U= U (flA) + po) =0
A

is an equation in py, ... pr, which has a solution, by Lemma 5.6. According to Lemma 5.7, this equation is
equivalent to

Ucwretorr P+ piea® TLa@A) U £ (A) U=+ U £5(A) U fi(A)
< e < Uceoapr 1 py Ua(g (A f1(A) - f” 1 (A)fi(A))
A TTa@(A) U (f1(A) +p1) U -+ U (fe-1(A) + pr1)) = 0.
Similarly, according to Lemma 5.7 it follows that
[Ta(g(A) U (i(A) +p1) U -~ U (fic1(A) + 1) = 0 &
Uc,eoap2 P19 -+ a2 [Ta(g(A) U flc] A)u---u L72(14 U fr-1(A))
<Pt < Ueepap2 P15 Ua(@ (A £ (A) - £ (A) fiea (A))
A TTa@(A) U (f1(A) +p1) U -+ U (fi2(A) + pr2)) = 0.
Applying Lemma 5.7 k times we get []4(9(A) U (f1(A) + p1)) = 0, which can be written as

(1) [T v ficanps v ] T v A@)p; =o.
A A

This equation in p; has a solution if and only if [],(g(A) U f{(A)) [14(9(A) U fi(A)) = 0, by Theorem 3.1.
Since g(X) = 0 is consistent we have [],(9(A) U f/(A)) [1a(9(A) U f1(A)) = [14(g(A) = 0. Thus the equation
(15) is consistent and its solutions are

[Tag(A) U £1(A)) < p1 < Ua(g'(A) f1(A))
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by Lemma 3.4.
From (9), (14) and the previous conditions for py, ..., pr we get Theorem 5.8. [

Letm =2"—-1and (X, p1,...,px) = gX) U (fi(X) + p1) U --- U (fi(X) + pr). According to Theorem 3.5 the
general solution of the equation (13) can be obtained as follows:

m

(16) Oy, 1) = |_J (A pr, .., p) AU

i=0
WA, p1,-- - PR A, pr, - p) Ay U U
h(Air |5 VERRY pk)h(Ailrpll IRy pk) e h(Aiml pi,--. /Pk),Aim)TAi

where for everyi € {0,...,m}, (Ai, Ai,...,A;,) is a permutation of {0, 1}".
Example 1. Leta, b,c,d, ¢, f € B.Solve the system

axUbx =0AcxUdx" #0AexU fx" #0.

Using Theorem 5.8 and (16) for n = 1 we get
axUbx' =0AcxUdx' #0AexU fx' #0 &

@p)A@DNP#0Ag+0A@Uc)bUd)<p<acUl'dA
pl@uc Ue)(bud U f)Up ((@aUcUe)(budu f)) <q<
p((@'ce) U (b'df)) Up'((a'c’e) U (b'd’ f))A
x=@U(+p)U+qg)tu@ud+p) U(f+)n).

Example 2. Let B=1{0,1,m,[ k,m’,I',k’}. Solve the system

m'x’'= OA m'x#0A kxUIlx #0.

Using Example 1, wherea =0, b=m’,c=m’,d=0,e=k, f =1, we get
m'x’ = ON m'x#0A kxUIX' #0 &
@A) A@A)(p£0Ag#OAp=m’ Ag=kA
x=(m +p)Uk+qg)tu(@m UpuU((+qg)t).
Thus x = tum't’. Taking t € {0,1,m, [k, m’,I', k'} we get x € {m’, 1}.
Example 3. Let B=1{0,1,m,[ k,m’,I',k’}. Solve the system

mxUIlx’= OA kxUlx’ #0A m'x’ #0.

Using Example 1, wherea=m, b=1,c=k, d=1,e=0, f =m’, we get
mxUlx' = OA kxUIX #0A m'y’ #0 &
@) EN@A(p£0Ag#OAp=kAq=0A
x=mUEk+p)ug)tul Ul +p) U@ +q))t).
We get a contradiction g # 0 A g = 0 and hence the system has no solution.
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