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Abstract. Let (H, @) be a Hom-Hopf algebra and (A, ) be a Hom-algebra. In this paper we will construct
the Hom-crossed product (A#,H, ®a), and prove that the extension A C A#,H is actually a Hom-type cleft
extension and vice versa. Then we will give the necessary and sufficient conditions to make (A#,H, f ® a)
into a Hom-Hopf algebra. Finally we will study the lazy 2-cocycle on (H, a).

1. Introduction

The crossed products of algebras with Hopf algebras were independently introduced in [4] and [6].
Blattner and Montgomery showed in [5] that a crossed product with invertible 2-cocycle is a cleft extension.
In particular, crossed products provide examples of Hopf-Galois extensions. Conversely, a Hopf-Galois
extension with normal basis property is a crossed product, see [5]. In the paper [24], the authors gave the
necessary and sufficient conditions for a crossed product to form a bialgebra, even a Hopf algebra, which
is a more general structure than the Radford biproduct.

Algebraic deformation has been well developed recently, and its theory has been applied in modules
of quantum phenomena, as well as in analysis of complex systems. Hom-type algebras appeared first
in physical contexts, in connection with twisted, discretized or deformed derivatives and corresponding
generalizations, discretizations and deformations of vector fields and differential calculus (see [1, 2, 9-
12, 16]). Hom-type algebras have been introduced in the form of Hom-Lie algebras in [15], where the
Jacobi identity was twisted along a linear endomorphism. Meanwhile, Hom-associative algebras have
been suggested in [21] to give rise to a Hom-Lie algebra using the commutator bracket. Other Hom-type
structures such as Hom-coalgebras, Hom-bialgebras, Hom-Hopf algebras and their properties have been
considered in [22, 25]. The authors [19] introduced Hom-analogues of twisted tensor product and smash

product by twisting principle, and in [18] the Hom-type smash coproduct and Majid bicrossproduct was
constructed.
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Let H be a Hopf algebra. A left 2-cocycle 0 : H® H — k is called lazy if it satisfies the condition

o(hy, g1)hago = gio(ha, g2),

for all h,g € H. This kind of cocycles were used in [8] to compare the Brauer groups of Sweedler’s Hopf
algebra with respect to the different quasitriangular structures. Lazy 2-cocycle has been recently developed
in [3] which mainly stated that the set Z2 (H) of all normalized and convolution invertible lazy 2-cocycles on
H form a group and defined the second lazy cohomology group H?(H) = Z7(H)/B? (H), where B} (H) is lazy
2-coboundary. This group generalizes the second Sweedler cohomology group of a cocommutative Hopf
algebra. Moreover the group H?(H) could be imbedded as a subgroup into Bigal(H), the group of Bigalois
objects of H.

Motivated by these ideas, in this paper, firstly we will construct the Hom-crossed product, and prove the
equivalence between crossed products and cleft extensions. Then we will give the necessary and sufficient
conditions for a crossed product to form a Hom-Hopf algebra. Finally we will establish the lazy 2-cocycle
in the setting of Hom-Hopf algebra.

This paper is organized as follows:

In section 1, we will recall the basic definitions and results on Hom-Hopf algebra, such as Hom-module,
Hom-comodule, Hom-smash product and Hom-smash coproduct.

In section 2, we will construct the Hom-crossed product, and prove the equivalence between crossed
products and cleft extensions (see Theorem 2.10).

In section 3, We will give the necessary and sufficient conditions for a crossed product to form a
Hom-Hopf algebra (see Proposition 3.2 and 3.5).

In section 4, we will define the Hom-type lazy 2-cocycle and prove that all normalized and convolution
invertible lazy 2-cocycles form a group Z? (H). Then we will extend this kind of 2-cocycle to Drinfeld double
D(H) and Radford biproduct. In the end we will use the lazy 2-cocycle to construct the duals of the objects
in the more general Yetter-Drinfeld category (see Proposition 4.11).

Throughout this article, all the vector spaces, tensor product and homomorphisms are over a fixed
field k unless otherwise stated. We use the Sweedler’s notation for the terminologies on coalgebras. For a
coalgebra C, we write comultiplication A(c) = ), ¢c1 ® ¢, for any ¢ € C.

2. Preliminary

In this section, we will recall the definitions in [20] on Hom-Hopf algebras, Hom-modules and Hom-
comodules.

A unital Hom-associative algebra is a triple (A, u,a) wherea: A — Aand p: A® A — A are linear
maps, with notation p(a ® b) = ab such that for any a,b,c € A,

a(ab) = a(@a(b), a(la) = 14,
1laa = a(a) = aly, a(a)(bc) = (ab)a(c).

Alinearmap f : (A, ua, aa) — (B, up, ap) is called a morphism of Hom-associative algebraif ago f = foay,
f(la)=1pand fo s = upo (f ® f).

A counital Hom-coassociative coalgebra is a triple (C,A,¢,a) where a : C — C, ¢ : C — k, and
A : C — C®C are linear maps such that

coa=¢ (a®@a)oA=Aoaq,
(e®id)oA=a=({d®¢c)oA,
(A®a)oA=(a®A)oA.
A linear map f : (C,Ac,ac) — (D, Ap, ap) is called a morphism of Hom-coassociative coalgebra if

apof=foac,epof=ecandApof=(f®f)oAc.
In what follows, we will always assume all Hom-algebras are unital and Hom-coalgebras are counital.
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A Hom-bialgebra is a quadruple (H, y, A, @), where (H, u, ) is a Hom-associative algebra and (H, A, «)
is a Hom-coassociative coalgebra such that A and ¢ are morphisms of Hom-associative algebra.
A Hom-Hopf algebra (H, i, A, ) is a Hom-bialgebra H with a linear map S : H — H(called antipode)
such that
Soa=aos,
S(h)hy = hS(hy) = e(h)1,

for any h € H. For S we have the following properties:

S(h)1 ® S(h), = S(h2) ® S(h1),
S(gh) = S(h)S(g), €0 S = &.
For any Hopf algebra H and any Hopf algebra endomorphism « of H, there exists a Hom-Hopf algebra
Hy=H aopu 1y Aoa,e,S, a).
Let (A, a4) be a Hom-associative algebra, M a linear space and ap : M —> M a linear map. A left
A-module structure on (M, ap;) consists of a linear map A®@ M — M, a ® m +— a - m, such that
14 -m = apm(m),
ap(a-m) = aa(a) - am(m),
aa(@) - (b-m) = (ab) - an(m),
for anya,b € Aand m € M.
Similarly we can define the right (A, @)-modules. Let (M, 1) and (N, v) be two left (A, @)-modules, then a
linear map f : M — N is a called left A-module map if f(am) = af(m) foranya € A,m e Mand fou =vof.
Let (C, ac) be a Hom-coassociative coalgebra, M a linear space and ay : M — M a linear map. A right
C-comodule structure on (M, ap) consists a linear map p : M — M ® C such that
(id®ec)op=ap,
(am®ac)op=poam,
(p®ac)op=(am®A)op.
Let (M, u) and (N, v) be two right (C,y)-comodules, then a linear map g : M — N is a called right
C-comodule map if gou=vogand pyog = (g®id) o pm.
Let (H, pur, An, ay) be a Hom-bialgebra. A Hom-associative algebra (A, pia, a4) is called a left H-module
Hom-algebra if (A, a4) is a left H-module, with the action H® A — A, h®a + h - a, such that
agy(h) - (ab) = (b1 - a)(ha - b),
h- 1q = é‘(l’l)lA,
forallhe Handa,b € A.
When A is a left H-module Hom-algebra, in [20] the Hom-smash product A#H is defined as follows:

(ath)(b#K) = aa2(h) - a3 () o (),
foralla,be Aand h,k € H.

Recall from [18] that a Hom-coalgebra (C, y) is Hom-comodule coalgebra if it is a left Hom-comdule
over the Hom-bialgebra (H, @) and satisfies the following relation:
012(C(—1)) ® )1 B €02 = C1(-1)C2(-1) ® C1(0) ® C2(0),
e(c-1y)e) = (o)l
Then we have the Hom-smash coproduct (C X H, y ® a) with the comultiplication and counit
Alexh) = e1 Xy 2(ea-n)a () ® Y~ (ea0) X ha,
e(e x h) = ec(c)en(h).
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3. Hom-Crossed product

In this section we will construct the crossed product on the Hom-Hopf algebra and prove that Hom-
crossed product is equivalent to Hom-cleft extension.

Definition 3.1. Let (H, o) be a Hom-Hopf algebra and (A, ) a Hom-algebra. We say that H weakly acts on A from
the left if there is a linear map, given by - : H® A — A, such that forallh € Hand a,b € A

B(h-a) = a(h) - B(a)
and

Q2(h) - @b) = (h1 - a)(ha - b), -1 = en(h)l.

Proposition 3.2. Let (H,a) be a Hom-Hopf algebra and (A, p) a Hom-algebra. Assume that H weakly acts on A
from the left, then (A#,H, B ® a) is a Hom-algebra under the following multiplication

(atth)(bg) = al(a*(hn) - B2 0)o(a> (), a > (g1)) #a ™ (h2g2),
foralla,be Aand h, g € H, ifand only if
(1) A is a twisted Hom-H-module, that is, 1 -a = p(a) for all a € A, and
(h1 - (@' (h) - a))o(a(hy), a(lz)) = o(a(i), ah)) (@ (k) - p@)),

forallh,l € H.

(2) o is normal, namely for all h € H,

o(h,1)=0(1,h) = eg(h), co(@®a)=pPoo.

(3) Forallh,1,m € H,

(hy - a(ly, m))o(a(ha), bma) = o(a(h), a(lh)))o(haly, a?(m)).

Proof. The direction (=) is a routine exercise and we only prove the other direction. For all 4,b,c € A and
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h,g,l€H,

[(a#th)(b#g)1(B(c)#a(l))
={a[(a™*(h11) - B2 (B))o(a > (hi2), a2 (g1)) ™" (hag2)}(B(c)ta(D))
={la”" @) (@ *(h1) - B2 O)][o(a > (h12), a (1))@ *(han1gan) - B2 ()]}
o(a 3 (ha12g212), ) )#a 2 (hga2)la

Slla @@ ) - O Oron) - (@ (gim) - B (@@ (razra), @~ g}
o(a 3 (o) 2(g12), ) #a " (hago)l

={la”' @ (@ (1) - B BN (@ (h12) - (@7 (g111) - B H@)]o(a > (ha11), @~ (9112))}
a(a 3 (ha)a *(g12), #a " (hag)l

=[a(a*(h1) - (B*(b) (@ *(g111) - B (@)lo(@ > (ha11), &> (9112))
a(a (ha)a > (g12), ' () ™ (hag)la

=[a(a*(h1) - (B>(b)a " (g1) - B (©N)][o(a > (han), @ > (g211))
a(a*(ha2)a *(g212), ' (1) (™ (h2)a 2 (g22))]2

@[11(0(_2(}11) (B0 (g1) - BN (han) - (@ H(g211), @7 (1))
a(a > (ha12), a~H(go2)a ™ (1) (e (ha)a 2 (922)) ]

={a[(a>(m) - (B 1)@ (1) - BHON(@(han) - (@ (g211), ()]}
a(a?(ha12), @ (gor2)a > () #(a ™ () > (922))la

={ala(h11) - (B O)(@>(91) - B~H(O))a(a(g211), @~ * L))
a(a" (h12), @ (gar2)a > (In2) o (> (g22) ' (1))

=p@)la~> (1) - (B O)(@ (1) - )o@~ (g211), @ *(11n)]
o(a 2 (h1), o *(gar2)a > (112)) ha (a2 (g22) (1))

=p@){[a=> (1) - B2((0(a*(g11) - B2(0))o (@ (g12), & *(1))))]
a(a2(hi2), a7 (g2 > (In))#ha (a2 (g22)a 2 (122))

=(B(a)ta(h))[(b#g)(c#])]

It is easy to see that 1#1 is the unit and (8 ® a)((a#h)(b#g)) = (B(a)#a(h))(B(D)#a(g)). The proof is completed.
O

Remark 3.3. The condition (3) in the above proposition is actually a generalized form of Hom-2-cocycle introduced
in [18], when taking A = k.

Example 3.4. (1) Consider the case when o is trivial, that is, o(h,g) = eng(h)en(g)1 for all h,g € H. Then the
Hom-crossed product is reduced to Hom-smash product.

(2) Let H be a Hopf algebra, A an algebra and H weakly acts on A. Assume that o is a Hopf automorphism of
H and B is an algebra isomorphism of A. Then we have the Hom-Hopf algebra (H,, ) and Hom-algebra (Ag, ).
Furthermore assume that B(h - a) = a(h) - p(a), then define the action h>a = a(h) - f(a), then H, weakly acts on Ag.
If A#,H is a crossed product and o o (@ ® ) = o 0, Ag#tsH, is a Hom-crossed product.

(3) Let Hy be a vector space with a basis {1, g, x, y}. Define the Hom-Hopf algebra structure on Hy as follows:

multiplication:

Hy|1 g x y
111 g —x -y
g9 1 -y —x
x |-=x y 0 O
y |-y x 0 0
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comultipication, counit and antipode:
Al) =111, A(g)=9®y,
AX) = (0)®g+10(=x), A(y) = (-y)®1+g(-y),
eM)=1,e(g)=1, e(x) =0, e(y) =0,
S(u) = 1u, 5(9) = g, S(x) = y, S(y) = —x.

The automorphism o : Hy — Hy is given by
a(lp) = 1n, ag) = g, a(x) = =, a(y) = -y

Let k[a] be the polynomial algebra with the indeterminant a and k[a]/(a*) be the quotient algebra. Consider the
Hom-algebra (k[a]/(a?),id) and define the action of Hy on k[a]/(a®) by

h-1=¢h)l,1-a=a,g-a=a,x-a=0,y-a=0.
For any t € k, define a linear map o : Hy ® Hy — k[a]/(a?) by

o|l g x vy
11 1.0 0
g1 1.0 0
x|0 0 & -4
yloof -1

Easy to see that o satisfies the conditions in Proposition 2.2. Thus we have a crossed product k[a]/(a®)#,H with the
multiplication:

. 1#1  1#g 1#x #y  a#l a#tg adx a#ty
H#1 | 1#1 1#g -1#x -1#y a#fl a#tg —aftx —atty
#g | T#g 1#1 -1y —I#x aftg a#l —aty —adix

T#x | —1#x 1#y 0 0  —a#tx a#ty —éa#l —Lattg
l#y | —1#y 1#x 0 0  —atty altx —latg Lol
a#l | a#tl a#tg —aftx —atty 0 0 0 0
attg | aftg a#l —a#ty —aty 0 0 0 0
atx | —attx  atty  Sa#l —Laftg 0 0 0 0
aty | afty aftx  satg —Lta#l 0 0 0 0

Lemma 3.5. Especially we have the following identities:
(1) Forallh,g,1€H,
(D) h-o(g )=
[o(a3(h1), a3 (gu1))o(aH(haho), a2 (L))o~ o (ha), a7 2(g212)),
(i) h-0"(g,1) =
o(a (), a2 (g1h)) o (@ H(hog21), a2(l))o a3 (ha), a3 (g22))].
(2) Foralla,be Aand h,g € H,

(i) (a#1)(b#1) = ab#1, (1#h)(1#g) = o, g1)#a~ (hagn),
(ii) (1#h)(a#1) = a~() - atihy, (a#1)(1#h) = B(a)#a(h).

Proof. Straightforward. [

Let (H, a) be a Hom-bialgebra and (M, ) a right Hom-H-comodule via p, then the coinvariant subco-
module M“H = {m € M|p(m) = u(m) ® 1}.
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Definition 3.6. Let (H, &) be a Hom-bialgebra, (B, ) a right Hom-H-comodule algebra and A = B°H. We say A C B
is a cleft extension if there exists a right H-comodule map y : H — B which is convolution invertible.

Without generalization we can assume (1) = 1 in what follows.

Lemma 3.7. Assume that (B, p) is a right H-Hom-comodule algebra, via p : B — B® H, b — b ® b, and that
A C B is a H-cleft extension via y. Then

(1) poyt=(y1t®S)otoA

(2) beyy (b)) € A forany b € B.

Proof. (1) Since p is an algebra map, p o ! is the inverse of poy = (y®id)A. Let A = ("' ® S) o T 0 A. Then
foranyhe H

((poy) = A)(h) = [(y ®id) Ay ®S) o T o A(hy)]
= [y(h11) ® hi2]ly ™" (h22) ® S(h1)]
= y(h11)y ™ (h22) ® h12S(ha1)
= y(a(h))y " (hx) ® en(ha)1

= y(a()y  (a(h)) ® 1
=eg(h)1 1.

Thus A = p o y~! by the uniqueness of inverses.
(2) Forany b € B
p(beyy ™ (b)) = plb)p(r~ (b))
= (b)) ® by1) (" (bay) ® S(an))
= b0y ™ (ba2) ® bexn Sban)
= B(b)y " (bay) ® en(ban)l
= Bb)y~ (a(bay) ® 1
= B(bo)y ™ (bay) ® 1.

The proof is completed. [

Proposition 3.8. Let A C B be right H-cleft extension via y : H — B. Then there is a crossed product action of H
on A given by

h-a=(yam)p @)y~ (@™ (),
and a convolution inverse map o : H® H — A given by
a(h,g) = @)@ (@)~ (@ (hag2)).

Then we have the crossed product A#,H. Moreover ® : A#,H — B, a#h > B~2(a)y(a2(h)) is a Hom-algebra
isomorphism. Moreover @ is both a left A-module and right H-comodule map, where a - (b#h) = B(a)b#a(h) and
(Ll#h)(o) ® (Ll#h)(l) = ﬁ(a)#hl ® a_l(hz).

Proof. Define the linear map WV : B — A#,H by

b B2 (oo™ Coym))#ba.
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First of all we need to show /- a and o(h, g) belong to A foralla € A, h, g € H. Indeed

p(-a) = p((y(a ()~ @)y~ (a7 (12)))
= [p(y(@*(m)pB @)lp(r~ (@' (1))
= [((@7(h1) ® a2 (h2)) @ @ DIy~ (@ (722)) ® S(a™ (1121))
= (Y@ () (@ () ® @™ (h12)S(a™ (han))
= (Y@ ()l (@' (122))) ® e(hn)1
= (Y@ (m)a)y () ®1
=ph-a)®1,

Thus /1 - a € A, and easy to see H weakly acts on A.
And
p(o(, g)) = (py(a™>(m)py(a™(gn)py ™ (@ (h2g2))

= (B ®@a)[(y(h11) ® h2))(y(911) ® gi)y ™ (h22922) ® S(ha1921)]
= (B @ a ) [(y(h)y(911)y " (h22922) ® (112912)S(h21921)]
= (B ® a ) [(y(am)y(a(g1))y (a(hag2)) ® 1]
=B(a(h, 9) ®1.
Hence o(h, g) € A.
Next we show that ® and W are mutual inverses. First for all b € B,
DW(b) = DB (boyoyy ™ (b)) #bm))
e (T A O G ()
= B2(be) B~ b))y (@ (bap)]
=b,
and forallae A,h e H,
W(atth) = V(B (a)y(a > (h))
= B2 [(ay(a ?(hn)))y~ (@~ (ho) J#a ™" (ha)
= B2 B@)(y(a 2 (h)y " (a2 (ho))) ™" (o)
= aith.

Thus ® and V¥ are mutual inverses. Moreover for alla,b € A and I, g € H, by a direct computation
(@) - p2(0))a(a > (h2), a™*(9))
= @ )OIy 90y (@ (g2)],

then
O((a#th)(b#g))

=B al(a*(hn) - B2(B))o(a > (h2), a~*(g1) Iy (@ (hag2))

D g2 (ally (@ ()2 O)y (@ g1y ™ (@ (ragia) Ty (hg2)
= B 2all(/ (@ > )B 2Oy (@ gl (@ (ragu) (@ (hag2))
= 2@ (@ ) By Gy (@ (hagi2)y (@ 4 (1ag2)))
= B @I (@3 W) B)y(a2(9)]

= [B*(@)y(a > ()IIB > (b)y(a*(9))]
= O(a#th)D(b#g).

1302

2.1)
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Finally we need to check that @ is both a left A-module and right H-comodule map. For all 1 € H and
a,beA,
D(a - bith) = (B~ @B 2O)y (@™ (1) = a(B~2(b)y(a () = a - O(b#h),
and
D(atth) o) ® Dath) ) = B @)y (a () ® a™ (ha)

= O(B(a)#th) ® a”" (h2)
= O((a#th) o)) ® (atth) ).
The proof is completed. O

Proposition 3.9. Let (A#,H, f ® a) be a Hom-crossed product. Define the map y : H — A#,H by y(h) = 1#a(h).
Then y is convolution invertible right H-comodule map.

Proof. Firstofallforallh€e H,yoa =(f®a) oy and
YW ® Yy = a(h) @ hy = y(h) ® hy,

which means that y is right H-comodule map.
Define a linear map 1 : H — A#,H by

Hh) = 07 (Sa  (ha1), & (ha))#S(h1).

Now we verify that 1 is the convolution inverse of .
Forallh € H,

A+ y)(h) = (071 (Sa (h21), a” (o) #S(h11)) (L#a(ha))
=071 (Sa (hip1), a7 (h122))a(Sa ™ (h112), hoy J#Sa ™ (ha11 oo
= e(ho)e(hoo1) 1Sy )a ™ (o)

— ()14,
and
(y = 1)(h)
=(1#a(h))(0~ (Sa " (hax), &~ (ha22) #S (22))
=[a (1) - 0~ (S *(ham), a2 (hoz)) o (e (h12), S (haro) Whia Sa ™ (o)
=[a " (h1) - 07" (Sa *(haz), a2 (o2)) 1o (a2, S(ha))#1
=[o(a*(h111), & *(S(ha212)h2221)) (0 (@7 (h1121) S (ho2112), @ (h2222))
o N a *(h122), S (hozi11))))o (haz, S(ha) 1
=[o(a (1), a7 (S(hazm1)haa12))o ™ (@ H(ln121)Sa ™ (haanz), @ (h2222))]
[0 (@ (ln122), S (haom))o (@ (h12), Sa™ (han)) #1
=0 (@ ?(11)Sa > (l212), & (o))
[0 (@ 2(l12), Sa > (hpa11))o (e (h12), S (h21)) 1#1
=0~ (& (1) Sa~*(ha12), h2o)e(h2) e (hon)
=0 (mSa (ha), o )#1
=e(h)1#1,
where the fourth identity is obtained by using Lemma 2.5 (1). The proof is completed.

O

Note that if o is trivial the crossed product A#,H is reduced to smash product A#H. Then y is invertible
with y~1(h) = 1#Sa(h).
By the above two propositions, we have the main theorem of this section.

Theorem 3.10. If the extension A C B is cleft if and only if B ~ A#,H.
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4. Hom-Hopf algebra structure on A#,;H

In this section we will give the necessary and sufficient conditions which make the Hom-crossed product
into a Hom-Hopf algebra.

Definition 4.1. Let (A X, H, B ® ) be a Hom-crossed product, then ¢ is called a twisted comodule cocycle if
Blar) ® a™ (ax-1)a(g) ® ax0) = a10(a”*(ax-11), 1) ® @ *(a2-1)2)92 ® A20) 3.1
forallae Aand g € H.

Note that when ¢ is trivial, the definition is natural. Then we give the main result of this section.

Proposition 4.2. Let (H, ) bea Hom-bialgebraand (A, B) a Hom-algebra and Hom-coalgebra. Suppose that H weakly
acts on A and A is a left H-Hom-comodule coalgebra with the comodule structure map p : A — H®A,a = a_1)®a().
Suppose that (A#,H, B ® «) is a Hom-crossed product with o being a twisted comodule cocycle, and (A#,H, f ® a) is
a Hom-smash coproduct, then the following conditions are equivalent:

(1) (A#;H,p ® a) is a Hom-bialgebra.
(2) The conditions:

A1. eq is an Hom-algebra map,
Az, ealh-a) = en(h)ea(a),
Ajz. o isa Hom-coalgebra map.
Ag. Aa(h-a) = (@2 (hn) - B~ @))o(@ ™ (n2), @ ax-1)) © o - B~ (bao)),
As. (a7l () - a)nalhy) ® (@' (1) - a)o) = a(lacy) ® hy - by,
Ag. Aa(ab) = ar[(a *@x-11) - B2(01)o(a > (@x-112), a > (ba-1))] ® B~ (a2(0)b2(0)),
Az, o(h, g1)-1)(hag2) ® a(h1, 1)) = a(higr) ® o(a(ha), a(gn)),
As. M) =111,
Ag. plab) = p(@)p(b), p(1) =1@1.
Proof. (1) = (2) follows from the similar calculations to those of [23, Theorem 1]. So we need only to show

(2) = (1). Assume (2) holds, then by A; and A,, ¢ is a Hom-algebra map. By Ag and Ay, A(1#1) = 1#1 ® 1#1.
In order to prove A((a ® h)(b ® g)) = Aa ® h)A(b ® g), it is enough to verify the following relations:

0 A@eD)(be1) =A@ DAG®1),

() AM@e)(1®y) =A@®1A(1®79),
(i) A(L@ (b ® 1)) = Al @ADL S 1),
(i) A(1®h)(1®g)) = Al ®h)A(L®g).

In fact
Aa®1)AD®1)

=[m X a~N(ay1) ® B~ (az0) X 1[b1 X @™ (by-1)) ® B (b)) X 1]

=m[(a(ax1n) - B2(01))o (@ H(az-1)12), a7 (ba-1y1) e > (ax-1)2b2-12)
® B (a20)b2(0)#1

=m[(a *(aa-1n) - B2 (b1))o(a > (ax-12), @ 2(ba-1))) a2 (a2(0)-1)b20)(-1))
® B2 (a200)0)b2(0)0)#1

L (ab) #a (ab)y-1) ® B~ (ab)ao)#1
=A(ab#1),
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and (i) is proved.
Ala ® A1 ® g) =ar0(a>(az1n), &~ (g11) e (ax12)a (912) © azop#e(g2)
(Sil)ﬁ(m)#a_l(ﬂz(—n)% ® axo)fa(g2)
=A((a#1)(1#9)),
and (ii) is proved.
A @h)be1)
=(a” () - br#a((a™" (1) - ba-n)a™ (hn) ® B~ (@ () - b)ago))#hao
(@ () - B 0))o(@ (2, a7 o) a2 (@™ (12) - B~ (b)) cpyalizn)]
® B (& (ln2) - B~ (b2(0))) ) #h22
=(a %(h11) - B~ (b1))o (e (h12), & (bacy)a 2 [(a 2 (han) - B~ (ba(0)))(-1yh212]
® B (a2 (han) - B~ (D2(0)))(0) 22
Ig(a_z(hn) BN B1))a(a (2), a2 (ba-1y)a 2 (ha11ba-1y)
® B~ (@ (ha12) - bao))#ha2
=(a>(hin) - B~ (0))o(a > (hr2), & (ba1y) e (hiz)a > (ba-1)2)
® B~ (ho1 - b)) #han
A1 ®WAG®1),
and (iii) is proved.
A1 @A ® g)
—(1#h)(1#91) ® (1#h)(1#g2)
=0(h1, g1 (h2g12) ® a(ha, go1 ™ (ha2g20)
=0(h11, g11)#a (0 (M2, o)1) 2(ha1g21) ® B (0(h12, g12) )™  (ha2g22)
SA(1#)(1#9)),

and (iv) is proved.
The proof is completed.
O

Definition 4.3. Let (H, «) be a Hom-bialgebra, (A, p) a Hom-algebraand 6 : H® H — Aand S : H — H a linear
map. S is called a o-antipode of H if

(i) aoS=Soaq,
(ii) (0 ® my)Apen(id ® S)Au(h) = ex(h)1®1,
(iii) (0 ® mu)Anen(S ® id)An(h) = ex(h)1 ® 1.
In this case H is called a o-Hom Hopf algebra.

Example 4.4. Let (H, ) be a Hom-Hopf algebra. Consider the case when o is trivial, then we can regard Sy as
g-antipode of H.

Proposition 4.5. (A#,H, f ® a) be a Hom-bialgebra. If (H, a) is a 0-Hom Hopf algebra with the o-antipode Sy and
Sa € Hom(A, A) is a convolution invertible element of ida with f o Sy = Sa o B. Then (A#,H, p ® a) is a Hom-Hopf
algebra with the antipode given by

S(atth) = (#Su(a>(ac1)a>()))(Sa(B~(a())#1)
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Proof. Firstly forallae Aand h € H,
S o (B® a)(atth) = (B ® a) o S(a#h).
And
S(arta(ax-1)a () (B~ (ax) #ha)

=(1#Sp(a (a1 (@ > (aa-1)a 2 (h))(S (B~ (@10))H1) (B (ax) ™ (h2))]

=[1#Su (a3 (a1-1a2-1)  (1))][Sa(B~*(a110)))B(a2(0) #h2]

=[1#Su(a (ac1)a  ())[Sa(B(an))B > (@))Hh2]

=¢(a)[1#Su()][1#h]

=&(a)o(Sp(h)1, ho1 )™ (Sh (I )2hao)

=e(a)e(h)1#1.

Similarly we can verify that (ai#a2(az1))a " (h1))S(B " (a2(0)#h2) = €(a)e(h)1#1. Hence S is the convolution
inverse of id.
The proof is completed.
[

Corollary 4.6. With the above notations, if o is trivial, we have the Radford biproduct (AX H, p®a). At this moment
we call (H, A) is an admissible pair.

Remark 4.7. If H is a Hopf algebra, and (H, A) is an admissible pair, it is well known that A is a Hopf algebra in the
Yetter-Drinfeld category iy YD(H)". However to our disappointment in the case of Hom-Hopf algebra, this conclusion
does not hold unless a? = idy.

Example 4.8. In the Example 3.4 (3), consider the crossed product k#,H and taking t = 0, then k#,H is a Hom-Hopf
algebra and k#,H = H as a Hom-Hopf algebra.

5. Lazy 2-cocycle

In this section we will generalize the theory of lazy 2-cocycle to Hom-Hopf algebras. Recall from [18]
that a left 2-cocycle on a Hom-bialgebra (H, «t) is a linear map o : H® H — k satisfying

co(a®a) =g,
o(lll kl)O(OCZ(I’l), ZZkZ) = O_(hll 11)0(h212, az(k))r

forall bk, € H.
o is a right Hom-2-cocycle if

co(a®a)=o,
a(@*(h), ik)o(la, ko) = o(huh, o (K)o (h, o).
o0 is called normalif 6(1,h) = o(h, 1) = e(h).
If 0 is normalized and convolution invertible, then o is a left Hom-2-cocycle if and only if 07! is a right
Hom-2-cocycle.
Given a linear map 0 : H ® H — k, define a new multiplication on H by
h-o g = o, g1)a”" (hag2).
Then -, is Hom-associative if and only if 0 is a left Hom-2-cocycle.
If we define the multiplication by

ho-g=a(hg)o(h, 9).
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Then ;- is Hom-associative if and only if o is a right Hom-2-cocycle.
A left Hom-2-cocycle o is called lazy if for all h, g € H

o(h, g1)hago = higio(hy, g2).

A lazy left Hom-2-cocycle is also a right Hom-2-cocycle.
Example 5.1. Note that o defined in Example 3.4 (3) is a lazy 2-cocycle on Hy.

Lemma 5.2. Let y : H — k be a normalized and convolution invertible linear map such that y o a = y, define
D'(y):H®H — k by

D'(y)(h, 9) = y()y(g1)y " (h292),

forall h,g € H. Then D'(y) is a normalized and convolution invertible left 2-cocycle.

Proof. This is an easy consequence of Proposition 2.8.
O

yislazy if forall h € H, y(h1)hy = hyy(hy).
The set of all normalized and convolution invertible linear maps y : H — k satisfying y oa = y is
denoted by Reg; (H), which is a group under convolution.

Lemma 5.3. The set of convolution invertible lazy Hom-2-cocycle denoted by Z2(H) is a group.
Proof. Suppose that 01,0, € Z2(H), and for allh,g,1 € H,

(01 % 02)(g1, 1)(01 * 32)(@? (), gala)
=01(g11,111)02(g12, li2)o1(a? (1), g2111)02(a* (o), g2ol0)
=01(g11, 111)01(a? (M), g12112)02(g21, I1)02(a* (h2), gaalao)
=01(h11, 911)01(M2g12, &*(11))02(ha1, §21)02(h22g22, 4% (1))
=(01 * 02)(h1, 1) (01 * 02) (22, &> (D)),

thus o1 * 07 is a left 2-cocycle on H, and it is easy to see that 07 * 0, is lazy. The proof is completed.
O

Proposition 5.4. The map D' : Reg; (H) — Z2(H) is a group homomorphism, whose image denoted by B?(H),
is contained in the center of Z2(H). Thus we call quotient group H2(H, ) := Z2(H,)/B2(H, ) the second lazy
cohomology group of H.

Proof. Forall y1,), € Reg;(H) and h,g € H,

D'(y1 *2)(h, 9) =y1(h11)y2(12)y1(911)y2(912)75 (h21921) 7 (122922)
=y1(1)y1(91)Y7 " (122922)y2(h211)72(9211) Y5 (h2129212)
=y1(h1)y1(91)y7 " (h22922)D* (72) (21, 921)
=y()y1(91)y7 " (h21921)D" (72) (h22, 922)
=y1(1)y1(911)y7 " (112912)D' (y2) (ha, 92)
=(D'(y1) * D' (y2)(h, 9),

and D'(ey) = e ® ey. Thus D! is a group homomorphism.
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For all y € Reg; (H) and 0 € Z?(H),

(0 *D'())(h, 9) =0(h1, 1)y (h21)y(921)y " (h22022)
=0(h2, 12)y ()Y (g2)y " (h11911)
=0 (a1, g21)y (h22)y(g22)y ™ ()
=0(ha2, 922)y (h21)y(g21)y " (1 g1)
=y(h11)y(911)y ™" (h2g12)0 (2, 92)
=(D'(y) * 0)(h, 9).

The proof is completed. [

Lemma 5.5. Let 0 : H® H — k be a normalized and convolution invertible left (respectively right) Hom-2-cocycle,
H,; (respectively ;H) is right (respectively left) H-comodule algebra via A. If o is lazy, Hy; = ,H as algebras and we
denote it by H(o). Moreover H(o) is an H-bicomodule algebra.

Proof. Straightforward.
|

In the following lemma, we will list the formulae useful in our computations.

Lemma 5.6. (1) Let o be a normalized and convolution invertible left Hom-2-cocycle. For allh € H

o(h1, S(h12))o ™ (S(ha), hao) = e(h), (4.1)
o(S7 (h12), h)o ™ (ha, S (1)) = (h), (4.2)
o(h1, gi)o(hiagi, S(a(hag)))

= (g1, S(g12))0 (11, S(h12))0 ™ (S(92), S(h2)). (4.3)

(2) If o is lazy, we have the following relations:

a(h1,5(h2)) = o(S(h), h2), (4.4)
0(S (ha), 1) = 0 (hy, ST (), (4.5)
0~ (ha1, ST (h12))h22S7 (1) = 07 (2, ST ()1, (4.6)
0787 (ha1), h12)S T (hoo)hn = 67 (S (o), )1, (4.7)
07 (S(12), h21)S(h1)ho2 = 07 (S(h1), h2)1, (4.8)
0 (S(ha1), h22)S(h1) = 0 (S(h11), h12)S(ha), (4.9)
0~ (2, S(h21))h11S(ha) = 07 (1, S(h2))1, (4.10)
07 (S(h12), ha1)h2oS ™" (h11) = 67 (S(h), h2)1. (4.11)

Proof. For the proof we could refer to [13]. O

Proposition 5.7. Define the linear maps S1,S, : H — H by

S1(h) = 071 (S(h), ha)S(a™ (1)),
So(h) = 07 (haa, ST (h1))S (@ (hn)).

If o is lazy then S1, Sy : H(o™Y) — H(0) are Hom-algebra anti-isomorphisms, and for all h € H,

S1(h) ¢ hy = €()1 = hy -5 S1(h2), (4.12)
Sa(h2) s 1 = ()1 = hy -5 S2(), (4.13)
A(S1(h)) = S1(h2) ® S(h1), (4.14)

A(S2(h)) = Sa(h2) ® S (). (4.15)
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Proof. Define a linear map ¢, : H(c) = H(c7!) by

Po(h) = o(h11, S(h2))S(a™" (ha)).

Then by (4.2) and (4.3) we know S, and ¢, are mutual inverses. If ¢ is lazy, by (4.10) S; = ¢,-1. Hence S; is
invertible. Finally by (4.4) we obtain that S; and S, are anti-isomorphisms.
The rest of the proof is an easy exercise.
|

Let (H, ) be a Hom-Hopf algebra. An H-bicomodule (4, ) is both a left and right H-comodule with
comodule structures A - A®H, a — ap)®aqyand A - H® A, a — aj_1; ® apg) such that for alla € A,

a(ag-11) ® agyo) ® apo)) = 4)-1] ® 4)0] @ AA())-

Recall from [20] that the diagonal crossed product H* > A is equal to H* ® A as vector space with the
multiplication

(p o= a)(g > b) = pl(a*(a-1) = a’(9)) = a=> (S~ @pia))] > a~*(agio)b,
forallp,q € H and a,b € A.
Furthermore the space H* = A becomes a D(H)-bicomodule algebra with the following structures:

H'»~A—->H»=A®DH), praar (p2rap)p1 ®aq)),
H' »<A— DH)®H > A, praat (pae<ap1)(p1 ®ap).

Let 0 : H® H — k be a normalized and convolution invertible left lazy Hom-2-cocycle, then & :
D(H) ® D(H) — k given by

3(p®h,q®g) = p()a(S~ (@ *(h2))a” (M) (1, * (7))
is a normalized and convolution invertible lazy Hom-2-cocycle with the convolution inverse
671 (h, g) = p(q(S~ (@ *(h2))a™" (W)o™" (a1, a*(9))-

Proposition 5.8. Let 0 : H® H — k be a normalized and convolution invertible left lazy Hom-2-cocycle. Consider
the H-bicomodule algebra H(c). Then H* v« H(0) = D(H)(5) as D(H)-bicomodule algebras. Moreover G is unique
with this property.

Proof. Forallh,ge Hand p,q € H,
(pe<h)(g><g)
=pl(a(h) = a*(q)) — a>(S ()] > > (h21) -6 g
=pl(@”> () = a’(q)) — a (S (h))] >< a(a>(h211), 1) (har2)ar ™ (92)
=pl(a®(h1)S ™ (@7 (mx))a (1) = a?(q)) — a~*(S™" (hax))]
< a(a2(h121), g1)a > (hao1)a ™ (92)
=pl(a~*(h2) = (S (a7 () *(hn)) = a(q)) — a (57" (h22))]
>< o(a 2 (h21), 1) (ho1)a ™ (92)
=qo(ST (a2 (ma2))a  (m))pl(a*(ha1) = a3 (q1)) — & *(S 7" (ha22))]
< o(a 2 (21), g1)a > (hoo1)a ™ (92)
=p1(1g2(S~ (@ (z2))a ' (hn))o(a (M), 1)
& (p)l(@H(h) = a®(q1)) = a (S (haz2))] >< > (haz )™ (92)
=p1(Dg2(S ™ (@ () (h))o(a > (hizn), 1)
& (p)l(@H(hn) = a®(q1)) — a (S (haz))] >< > (haz )™ (92)
=5(p2 ® 1,42 ® g2)(@" (p1) ® ' ()@ (q1) ® ™' (42))
=(p®h) s (19®9)
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Thus H* = H(o) and D(H)(G) have the same multiplication as well as the D(H)-bicomodule structure. For
the uniqueness of 6, applying 1 ® ¢ to the above equation.

The proof is completed. [

Lemma 5.9. Let (H, a) be a Hom-Hopf algebra, (B, B) a left H-module algebra (with action h - b) and (A, y) a left
H-comodule algebra (with coaction a — a1y ® a(y)). Define multiplication on B® A by

bea)t' ®a’) =ba *(ac) - (V) @y (ap)a,

forallb,b’ € Band a,a’ € A. Then (B® A, p ® y) is a Hom-algebra, which is denoted by B =< A.

Proof. The proof is straightforward.
O

Proposition 5.10. Let (H, o) be a Hom-Hopf algebra, (B, p) a left H-module algebra and (A,y) a left H-comodule
algebra. Suppose that (H, B) is an admissible pair, then B < A becomes a left B X A-comodule algebra, with coaction

p:BxA— (BxH®(BxA), bxar (b X a (by-n)a " (a-n)) ® (B (bae) < a),

forallae A,beB.

Proof. Firstly foralla e A,b € B,

(B®a)® p)p(bx=<a)
=(B(b1) X " (ba-1)ac1) ® (B~ (bao) X @ (bap2-1))a ™ (@0y(-1))
® (B~ (bao2) ® A(0)(0))
=(B(b1) X &> (bar-nbra-1)ac) ® (B~ (b210) X & (b1 (@y-1)
® (B2 (b220) ® A0)(0)
=(B(b1) X a~*(bn-) (@ (a1 (a-1))))
® (B~ (b2110) X @ (b20) 1) (@0)-1))) © (B~ (b2200)0)) = A(0)(0)
=(bi X a % (bia-1)(@ > (ba-1y)a 2 (@11))) ® (B~ (bioo) X a2 (ba-1p2)a ™ (a¢-1)2))
® (ba0) > y(a0)))
=A@ (Bey)pb<a),
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and the counit is easy to check. Then for alla,a’ € Aand b, bV’ € B,
p((b=<a) (b’ < a’))
=p(b(a>(acy) - 1) =<y a)a)
=(b(a (@) - B~ OO
X a2 ((b(a*(a-)) - B~ (021 (@ (@)1 (@)
BB (@-1)) - B (V)20 = 7 (@0)0)()
=b1(a2(ba1) - (@ Hacni) - B2(0))))
X a~ (@ (baoy-n)(@ > @c12) - B (05)) 1)
(@ (@)™ (a(_4) ® B (b20)0) ™~ (@ (@1n12) - B (02))0) = a0
=b1(a*(ba-1) - (@ (@) - B2(0))))
X [a 3 (baoy-1))a > (@ (a1)12) 'ﬁ_l(bﬁ))(—na(—l)z)]az_l)
® B2 (bay0)B~ (@ (@-112) - B (1)) < a0y,
=bi(a (b)) - (@ (@) - B2E1) X a7 [bay-1y (@ @121)by_)]a( 4
® B2 (baoy0)(@ > (@1)22) - B2 (V) < a0y
=by (@ (o) (@) - BH()))
x [a3(byrp)a (@) lla 2 by )a™" @(_y)]
® B~ (bao)) (@ (a1y22) - ﬁ_z(bﬁ(o))) < 4(0)(q)
=bi (@ (ba-1yn)a (@) - 1 (0Y)))
X [a”* (ba-1)a (@ ap)lla 2By _q))a (@) )]
® B~ (ba)(@ 2 (@0)-1) - B2 (Bh0))) = ¥~ @00))g)
=p(b<a)p(t’ =<a’).

The proof is completed.
|

Proposition 5.11. Let (H,a) be a Hom-Hopf algebra, (B, ) a Hom algebra and Hom coalgebra, and (H, B) an
admissible pair. Suppose that o be a normalized and convolution invertible right Hom-2-cocycle on H and consider
the left H-comodule algebra H,. Then the map & : (B X H) ® (B X H) — k given by

Gbxhb xh')=¢ep)ep®)oh '),

is a normalized and convolution invertible right Hom-2-cocycle on BxH, and (BxH); = B=<H, as left Bx H-comodule
algebra. Moreover & is unique with this property.

Proof. Forallb,b’ € Band h, ' € H,

(bxh)s (U xHK)

=67 ®a )by x a X(ba-p)a” )BT @ a)(B; x a72(B_y))a” (1))
ep(ba0))ep(byp))o(h2, hy)

=(bx a” ()" x a” (h)o(ha, )

=b(a>(hn) - B (V') X @ > (lnp)a ™" (h))o (o, 1)

=b(a (1) - B (V")) = a P (hon ) (o (a ™ (ha2), )

=b(a(hn) - p7H(E') < a” () o

=(b=< )V <I),
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thus the multiplication in (BXxH); coincides with the one in B<H,; which is associative, so & is a right 2-cocycle,
and we have (B X H); = B < H, as algebras. Obviously they have the same left B x H-comodule structure,
and easy to prove that & is normalized and convolution invertible with the inverse 6-1(b X h, b’ x I’) =
ep(b)ep(t’)a~L(h, I"). For the uniqueness of 3, apply &5 ® ey to both sides of

(bxh) 5O XK= (bxh)b <I).

The proof is completed.
0

Definition 5.12. Let (H, a) be a Hom-Hopf algebra and (A, B) an H-bicomodule algebra with comodule structures
A — A®H,a— a.0>®a>and A — H®A,a = aj_1®a. (M, p) is called a left-right Yetter-Drinfeld module over
(H, A, H) if M is a left A-module (action denoted by -) and a right H-comodule (coaction denoted by m +— m g ® mq))
such that

Bla<o>) - mo) ® a*(a<1>)a(may) = (ap) - 1)) ® (@) - 1)@’ (@g-1y), (4.16)
foralla € A,h € Hand m € M. The category of Yetter-Drinfeld modules is denoted by oYD(H).

Remark 5.13. Note that when A = H the above definition coincides with the Hom Yetter-Drinfeld module introduced
in [20]

Let now ¢ be a normalized and convolution invertible lazy Hom-2-cocycle on H. Consider the H-
bimodule algebra H(c) and the associated category ;) YD(H)!. For an object (M, 1) in this category, the
compatibility (4.16) becomes

(X(hl) s M) @ (Xz(hz)a(fml)) = (hz : m)(()) ® (I’lz . m)(l)ocz(hl), (4.17)
which is the very compatible condition in the category 5 YD(H)™. It is easy to see that 4.17 is equivalent to

(h-m)) ® (h-m)ay = & (ha1) - mey ® [a~ 2 (haz)a ™ (m1))1S ™ (). (4.18)

Proposition 5.14. Let o be a normalized and convolution invertible lazy Hom-2-cocycle on H. Let (M, u) be a finite
dimensional object in p;) YD(H)H. Then

(1) (M, (YY) is an object in H(U_1)YD(H)H with the following structures:

<h-f,m>=<f,5:(h) - u™(m) > (4.19)
fom)fay = f(p?(m))S™ (a2 (m)), (4.20)

forallhe Hme Mand f € M.

(2) (M, (u™)") is an object in g, YD(H)H with the following structures:

<h-f,m>=<f,S(h)- u2(m) > (4.21)
foym)fay = fF(u(m))Sa 2 (ma)), (4.22)

forallh e Hm e Mand f € M".

Proof. We only prove (1) while (2) could be proven similarly. First M" is a right H-comodule with the
structure (4.20), and since S; is an algebra anti-isomorphism, M" is a left H (07)-module. We only need to
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verify the compatible condition. For allz € H,m € M and f € M",

O

(a(i) - Ho)a’(h2)a(fa)
=fo)(S1a(h)) - w2 (m)a* (ha)a(fay)
=f(u2(S1a(l) - w2 (M) o))’ (2)S ™ (@ ((Sra(m) - u=2(m)))))
=f(u (@ (S1ahn))21) - w2 (m(e))))

a*(h)S™Ha 3 ((S1a(m))2)aH(m)S~ a H (((Sra(h1))1))

U2 £(Sa 2 () - ™ (m(0)e(1)S (S () *(m1y)S ™ (S1(112)

=f(Sa 2 (h2) - ™4 (m(q)))
0 (S(Man), o) (@)™ (a21))[S ™ (@™ (m(l)))a_l ()l

=f(Sa (h2) - p~*(m)))o ™ (S(ha12), hao1 )™  (haooho11)[S ™ (@3 (m1y))ha1]

2 F(Sa () - )0 (S (), ha)[S ™ (@ mey)a(hay)]

=(hy - o) (m)(hz - faya®(hr)

Remark 5.15. In the above proposition, when o is trivial, M € yYD(H)! and these are the usual left and right duals
of Min yYD(H)H.
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