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Abstract. In this paper, we introduce the g-analogue of modified Gamma operators preserving linear
functions. We establish the moments of the operators using the g-Gamma functions. Next, some local
approximation for the above operators are discussed. Also, the rate of convergence and weighted approx-
imation by these operators in terms of modulus of continuity are studied. Furthermore, we obtain the
Voronovskaja type theorem.

1. Introduction

It is well known that the modified Gamma operators are given by

Gulfi) = fo i e () du 1)

n!

In 2007, Xu and Wang [6] introduced and estimated approximation properties for functions satisfying
exponential growth condition of G, defined above. They obtained the approximation properties to the
locally bounded functions and absolutely continuous functions by using some inequalities and results of
probability theory with the method of Bojanic-Cheng.

The g-calculus has attracted attention of many researchers because of its application in various fields
such as numerical analysis, CAGD, differential equations, and so on. In the field of approximation theory,
the application of g-calculus has been the area of many recent researches, it seems there are no papers
mentioning the g-analogue of these operators defined in (1), which motivates us to introduce the g-analogue
of this of modified Gamma operators.
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Before introducing the operators, we recall some concepts of g-calculus, details can be founded in
([11,[31,[4]). For g > 0 the g-integer [n], is defined by

1-g"

[nlg=q 1-¢q’
n, ifg=1,

ifg#1;

for n € IN. Also, the g-factorial [n],! is defined as

1 21, - , f :1/2,...;
[r],! ={ il ]q1, by nifn:O.

The g-improper integrals are defined as

o0 /A

fx)dgr = (1 - q)Zf(%) 450,

provided the sums converge absolutely.
The g-exponential function E,(x) is given as

k(k=1)/2

k
Eq(x) = Uf]q!,

)
k=0

The g-Gamma integral is defined as

o0 /A
L) = f X' Eg(—gx)dgt, t > 0,
0

which satisfies the following functional equations: I'y(n + 1) = [n],!.

Definition 1.1. For f € C[0, ), g € (0,1) and n € IN, we introduce a kind of modified g-Gamma operators Gy 4(f; x)
as follows:

n+1 o /A [1]
Gn(f;x)=% fo Eq(—quau” f (Tq)dqu- 2)

Obviously, G, 4(f; x) are positive linear operators. It is observed that for § — 17, G,,1-(f; x) become the
modified Gamma operators defined in (1).

The paper is organized as follows: In the first section, we give the basic notations and the definition
of modified g-Gamma operators. In the second section, we obtain the moments of these operators. In the
third section and the fourth section, we study the local approximation and rate of convergence for these
operators. In the fifth section and the sixth section, we establish weighted approximation and voronovskaja
type theorem.

2. Auxiliary Results
In this section, we give some basic lemmas which will be useful to prove our main results.
Lemma 2.1. Forqe€ (0,1), x € [0,00)and k = 0,1, - -, we have

[l - k!,

Gu(t5;x) = o

)
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Proof. Direct computation gives

00 k
S L e )
Gu(t5;x) = Fq(n ) f; Eq( qux)u " dqu

[n]’;xk /A n—k
= m | E(—quax)(ux)""dg(ux)
[n]ix* [nl5ln —klg!
BV TS R A P X

Lemma 2.1 is proved. [

Lemma 2.2. For the operators G, 4(f; x) as defined in (2), the following equalities hold:
1 Guy(LLx)=1;
2. Guy(t;x) = x;

3. Gug(t*;x) = [rl, X2, forn>1;

[n_llq
3. 17 3 )
4, Gn,q(t ,X) = mx ,fOT’ n>2;
4.0y _ 13 4
5. Gug(t5%) = gy ¥ forn > 3.

Proof. The proof of this Lemma is an immediate consequence of Lemma 2.1. Hence the details are omit-
ted. O

Remark 2.3. For every q € (0, 1), we have
Gn,q(t - X; x) =0
n—1
q 2
[i’l - 1]q
3¢"3(1 = q)*[n]; + 347" (6 - 3q - 297)[n]; + 1847 |
X
[n —1]y[n - 2],[n - 3],

A(x) = Gug((t = )% %) =

Gn,q ((t - x)4; x) =

Remark 2.4. The sequences (q,) satisfying 0 < q, < 1 such that g, — 1, gy — a and [n];, — oo as n — oo where
a €[0,1], then
1. lim[n —11,,Gyg, ((t - x)z;x) = ax?;
n—oo

2. lim [n = 1], Gug, ((t = 0% x) = 0,

Lemma 2.5. For f € Cg[0, o) (space of all bounded and uniformly continuous functions on [0, oo) endowed with
norm ||fll = sup{|f(x)| : x € [0, 00)}, one has

Gnq(f5 0l < MIFNI-

Proof. In view of (2) and Lemma 2.2, the proof of this lemma easily follows. [

3. Local Approximation

In this section we establish direct local approximation theorem in connection with the operators G, 4(f; x).
Let us consider the following K-functional:

K(f,6)= _inf {If = gll + 8l
(f ) gEClZg[O,oo) f g g
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where 6 > 0 and Cé[O, o) = {g € Cp[0, ) : g’, 9" € Cp[0,0)}. By [2],(p.177, Theorem 2.4), there exists an
absolute constant C > 0 such that

K(f,8) < Caa (f, Vo) 4)
where

wo(f,0) = sup sup |f(x+2h) —2f(x+h) + f(x)|

0<[h|<5 x€[0,00)

is the second order modulus of smoothness of f. By

w(f,8) = sup sup |f(x+h)— f(x)l.

0<|h|<6 x€[0,00)

we denote the usual modulus of continuity of € Cg[0, o).
Our first result is a direct local approximation theorem for the operators G, 4(f; x):

Theorem 3.1. Let f € Cp[0, +0), g € (0,1), then for every x € [0, o0) and n > 2 we have
1Gug(f3 %) = f(0] < Can (f, VA®)),

where C is some positive constant.

Proof. Let for all g € C3[0, o), using the Taylor’s expansion for x € [0, o), we have

t
9@=ﬂm+¢@&—ﬂ+f&—w¢wmw

Applying the operators G, to both sides of above equality and using Remark 2.3, we get

t
Gug (fx (t—uw)g” (u)du; x)

< Gy ( ft(t —u)g” (u)du ;x)

< Gg (Ilg”lCt = 2% %)
< AElg”l

|Gonag:2) - 9(0)| =

By Lemma 2.5, we have
[Gng(f3%) = FO)| < [Gualf = 9:%) = (f = )] + |Guglg:0) - 9(x)|
<2|f - gl + Ayl
Lastly, taking infimum on both side of the above inequality over all g € C3[0, c0)

Gug(fix) = f()| < 2K (f; A(x))
for which we have the desired result by (4). This completes the proof of Theorem 3.1. [J

Theorem 3.2. Let 0 <y < 1and E be any bounded subset of the interval [0, 00). If f € C[0, o) is locally in Lip(y),
i.e., the condition

If(x) = fOI <Llx—t",teE and xe€]0,o)

holds, then, for each x € [0, o), we have
IGug(fi2) = f < L{(A(®))? +2(d(x; E)),

where L is a constant depending on y amd f; and d(x; E) is the distance between x and E defined by
d(x; E) = inf{|t — x| : t € E}.
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Proof. From the properties of infinum, there is at least an point ¢, in the closure of E, that is ¢y € E, such that
d(x; E) = |ty — x|
Using the triangle inequality, we have
Gnq(f; ) = fO] < Gug(If () = f(X)]; x)
< Gug(If () = f(t0)l; X) + Gg(If (F0) — f(O); )
< L(Gug(lt = tol’; %) + Gug(Ito — 2175 %))
< L(Gug(lt = ;) + 21t — 21)

2
Choosing a; = ; and a; = > and using the well-known Holder inequality

Gual 50 = FON < L{(Gut = 2 50) (Gg1%30) + 20 = '}
< 1{(Gual(t = 0% + 200 =27

y

< L{A*(x) + 2(d(x; E))}

This completes the proof. [

4. Rate of convergence

Let C,[0, o) be the set of all functions defined on (0, ) satisfying the condition |f(x)| < C¢p(x), where

Cr > Oisaconstant depending only on f and p(x) is a weight function. Let C(p’[O, o) be the space of all contin-

uous functions in C,[0, o0) with the norm ||f]|, = sup % and Cg[O, 00) = {f € Cy[0,00) : lim U;Eg' < oo}.
x€[0,00) r—eo

We consider p(x) = 1 + x? in the following two theorems. Meantime, we denote the modulus of continuity
on f on the closed interval [0,4], a > 0 by

wa(f,0) = sup sup |f(t) — f(x)l.

[t—x|<6 x,t€[0,a]

Obviously, for the function f € C,[0, o), the modulus of continuity w,(f, 6) tends to zero. Now we give a
rate of convergence theorem for the operators G, 4(f; x).

Theorem 4.1. Let f € Cp[0,00), g € (0,1) and wa41(f,0) be its modulus of continuity on the finite interval
[0,a + 1] C [0, 00), where a > 0. Then, for every n > 2,

1Gug(£3%) = F@)llcrom < 4C,(1 +a)A) + 251 (£, VAR))
Proof. Forall x € [0,a] and t > a + 1, we easily have (t — x)* > (t — a)* > 1, therefore,
F(6) = FI < IFO1+ If @] < Cp2 + 2% + 1)
=Cp(2+ 2%+ (x—t—x)?) < Cp (2 + 3% + 2(x - 1)?) (5)
<Co(4+ 3x%)(t —x)* < 4C,(1 + a*)(t — x)2.
and for all x € [0,4], t € [0,a + 1] and 6 > 0, we have

|t — x|

O = 01 £ @ (f 1t = 3D < (14 52 (£, 0) (6)
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From (5) and (6) , we get

|t — x|

B = 0] < 4C, 1+ )t = 07 + 1+ 55 ) @uea (£,

By Schwarz’s inequality and Remark 2.3, we have

|Gn,q(f; x) = f(x)l < Gn,q(|f(t) - f@)x)

< 4C,(1+ )Gy ((t — X)%2) + Gy ((1 L lt=x

2)5x)@u £,

< 4C,(1+ )Gy (t — %2) + waen () (1 Gyt — x)z;x))

5
1
5

< 4C, (1 + a)A) + wp(f, 0) (1 .o )

by taking 6 = /A(x), we get the proof of Theorem 4.1. [

As is known, if f is not uniformly continuous on the interval (0, o), the usual first modulus of continuity
w(f;6) does not tend to zero as 6 — 0. For every f € Cg[O, o0), we would like to take a weighted modulus
of continuity Q(f; 6) which tends to zero as 6 — 0.

Let

lf(x+h) - f(x)

Q(f;0) =
(f:0) 0<h<6,x>0 1+ (x+h)?

, forevery f € Cg[O, 00).

The weighted modulus of continuity Q(f; 6) was defined by Yuksel and Ispir in [7]. It is known that Q(f; 0)
has the following properties.

Lemma4.2. Let f € Cg[O, ), then:
i) Q(f; 6) is a monotone increasing function of o,
ii) For each f € CO 0, 00), lim Q(f;0) =
iii) For each m € IN'\ {0 Q(f mod) < mQ(f 0),
iv) For each A € R*, Q(f; A0) < (1 + A)Q(f; ).

Theorem 4.3. Let f € C(p’[O, o) and g = g, € (0,1) such that q, — 1asn — oo, then there exists a positive constant
K such that the inequality

Gua i) = S _ Q(f. ! ]

xe[0,00) 1+22)3 [n—1],,

@)
holds.
Proof. Fort >0, x € (0,00) and 6 > 0, by the definition of Q(f; ) and Lemma 4.2, we get

F(®) = FOOI < (L4 (x + b = H))* Q(f; 1t~ x])

<21 +3)(1+(t- x)2)(1+ = ) (f; 6).

Since G4, is linear and positive, we have

|Gug (f:2) = F@)] < 21 + QS 6){1 + G, ((t x)2 x)+

8)
Gug, ((1 +(t— ) )}
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Using Remark 2.3, we have

1+ x2
[n—-1],,°

for some positive constant K;. To estimate the second term of (8), applying the Cauchy-Schwartz inequality,
we have

Gy, ((1 +(t-2?) 't% ; x) <2(Gug, (1+ (¢ - 0)* ;x))% (G% ((t;_;‘)z x)) .

By Remark 2.3 and (9), there exist two positive constants Kj, K3 such that

Gung, ((t - 0% %) < Ky ©)

1

(Gug, (1+ (t=0%x))" < Ka(1 +27)

and
1
t—x? \\* Kz [ 1+x2
Gug, | —— < —= .
( n,qn ( 62 ;X = 6 [n — 1][]’1
Now we take K = 2+2K; +4K;K; and 6 = ———. Combining the above estimates, we obtain the inequality

]qn

(7). The proof is completed. O

5. Weighted Approximation
Now, we obtaion the weighted approximation theorem as follows:

Thzorem 5.1. Let the sequence q = {q,} satisfy q, € (0,1), g, — land [n];, — coasn — oo. Then for f € Cg[O, ),
we have

1im Gy, () = fllp = 0.

Proof. Using Korovkin’s theorem (see[5]), it is sufficient to verify the following three conditions:
lim |Gy, () = %M, = 0,k =0,1,2. (10)
n—o0

Since G 4,(1;x) = 1, Gy 4,(t; x) = x, (10) holds for k = 0, 1.
By Lemma 2.2, we have,

G (P50 2], = sup 5 |Gy, (%52) ]

xe[0,00) 1+x
x? ["]qn ‘

= su -1

oy 1T+ 2 |[n—11,,

qn—l

_ n

[n— 1]41"
=0,n — oo.

which implies that

lim ||Gug, (1% x) - x2||p =0.

n—o0

Thus the proof is completed. [
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Now, we present a weighted approximation theorem for function in C,[0, o).

Theorem 5.2. Let g = g, € (0, 1) satisfies q, — 1 as n — oo. For every f € C,[0,00) and a > 0, we have

. |Grg, (f;2) = f)
im sup =

0.
"m0 0wy (LX)t

Proof. Let xj € [0, o) be arbitrary but fixed. Then
|Gn,q,, (f/ x) — f(x)l |Gn,q,, (f/ x) — f(x)l |Gn,q,, (f/ x) — f(x)|
=s + su

xe[0,00) (1 + x2)1+0( xe[0,x0] (1 + x2)1+a xe(xp,00) (1 + x2)1+0t
< Gy ()~ @ lctong + Wl sup a0 a1
pS nqa\J s C[0,x0] Pxe(xogo) (1 +x2)1+a
|f ()l
+ sup ———
xe(xol,zo) (1 + x2)1+a
Since |f(x)| < || fll,(1 + x?), we have Es(up ) (1l§f))1|w < (1@5),). Let € > 0 be arbitrary. We can choose x; to be so
x€(xq,00
large that
M, (12)
(1+x3)p
In view of Lemma 2.2, while x € (xj, ©), we obtain
G, (0 + ) x)] 1+ x? A1l A1l
£l tim et T PR Q) g e Ul
n—eo (1 + x2)l+a (1 + x2)l+a (IT+x) = (1+xp)
Using Theorem 3.1, we can see that the first term of the inequality (11), implies that
Gog, (f; %) = f®llciox <€, asn — oo. (13)

Combining (11)-(13), we get the desired result. [

6. Voronovskaja Type Theorem

In this section, we give a Voronovskaja-type asymptotic formula for G, 4, (f; x) by means of the second
and fourth central moments.

Theorem 6.1. Let q = g, € (0,1) satisfying q, — 1, qi — a € [0,1], [n],, — co. For f € C3[0, c0), the following
equality holds

n—oo

lim [ = 11, (Gug, (i) = f()) = 50> (14)
for every x € [0,A], A > 0.

Proof. Let x € [0, ) be fixed. In order to prove this identity, we use Taylor’s expansion

70 )= G =0r @ + -7 (552 0,0,2),
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where @, (x, t) is bounded and ltim @y, (t,x) = 0. By applying the operator G, ;4,(f; x) to the above relation,
—X

we obtain

Guay(f3) = F8) = F'00Gug, (¢ = X520 + 2 (0Gug, (= 0753

+ Gug, (P, (£, 0)(t — %)% %)

- % G (= X)55) + Gug, (g (9 = 9% 2).

Since ltim @y, (t,x) = 0, then for all € > 0, there exists 6 > 0 such that |t — x| < 6 implies |®,, (¢, x)| < € for all
—X

fixed x € [0, o) where n large enough. While if |t — x| > 6, then |®,, (¢, x)| < 6—€(t —x)?, where C > 0 is a
constant. Using Remark 2.3, we have

lim [1n = 1];, Gy, (t — )% x) = ax”

n—o0

and

(1= 1lq, |Gug, (@, (6 0)(t = )%3)| < €l = 115, G, (¢ = 2)%3)

C
501 =113,Gug, ((t=0)%x) = 0 (n > o0).

The proof is completed. O
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