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Abstract.

In this paper, we study the approximate controllability of quasilinear evolution equation with random
impulsive moments with less restriction and sufficient condition. The results are obtained by the theory of
Cy semigroup of bounded linear operators on evolution equations.

1. Introduction

Approximate controllability plays an important role in science and engineering. There exists differ-
ent types of controllability like null control, exact control, approximate control, feedback control, relative
control ect., which were studied in literature. The exact controllability is not always realizable in infinite
dimensional space, to overcome this situation we look for approximate controllability. Further, the quasilin-
ear evolution equation is one form of an evolution equation. The time dependent problems in physics can
represent by such evolution equation. For further study on quasilinear evolution equation and approximate
controllability see [1, 6-8, 13-18] and the reference therein.

The processes of short-term perturbations can be modelled by an impulsive systems. Many authors
studied different type of impulsive systems which have existed in the history see [12, 19]. Most of the
papers deal the problem with fixed time impulses, but in real time situation it need not be at fixed times
may be at random time. When the impulses exist at random times, then the solutions of the differential
equations are a stochastic process. It is very different from deterministic impulsive control systems and also
it is different from impulsive stochastic control systems. Thus the random impulsive system gives more
realistic than deterministic impulsive system.

There are few publications in this field, In [3], the author studied the existence and exponential stability
for a random impulsive semilinear functional differential equations through the fixed point technique
under non-uniqueness. The existence, uniqueness and stability results were discussed in [4] through
Banach fixed point method for the system of differential equations with random impulsive effect. In
[5, 20, 21] the author studied the existence results for the random impulsive neutral functional differential
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equations and differential inclusions with delays. In [2], the author detailed the stabilization nature for
random impulsive moments in differential equations with exponential distribution. Recently, in [24, 25],
the authors investigated the unstable continuous time delay systems controlled by the random impulses
and the effects of random impulses shown by the simulation results. Further, the inaccuracy in finding
expectation for the solution x(t) of the random impulsive differential systems [3, 4, 20-23] is rectified in this
paper.

Only a few papers study the existence result and controllability result of quasilinear evolution equation
sees [9-11] and the reference therein. Motivated by the above mentioned works, the main purpose of this
paper is to study the approximate controllability of random impulsive quasilinear control systems. We
extend the results with and without fixed impulsive term in quasilinear control systems to fill the gap in
the approximate controllability of abstract control systems. To the best of our knowledge, there is no paper
which study the random impulsive quasilinear control systems. We utilize the technique developed in
[12,15,17,19].

The paper will be organized as follows: In section 2, we recall briefly the notations, definitions, prelim-
inary facts which are used throughout this paper. In section 3, we study the approximate controllability of
random impulsive quasilinear control systems. Further, we extend our results to fixed impulsive quasilinear
control systems and non-impulsive quasilinear control systems.

2. Preliminaries

Let X and Y be two real separable Hilbert spaces such that ¥ < X is dense and continuous and Q a
nonempty set. Assume that {7};? | be a sequence of independent exponentially distributed random variable

def.
with parameter A, and each random variable 7 is defined from Q to Dy of (0,dy) fork = 1,2,..., where
0 < di < +00. Let 7, T € R be two constants satisfying 7 < T. Let us denote R, = [z, T].
We consider quasi-linear control system with random impulses of the form

x, - A(t/ x)x = (BM)(t) + f(t/ xt)/ Ek <t< Ek+1/ te [tO/ T]/ (1)
ME) = blrxE), k=12,..., @
X, = @ 3)

where A(t, x) is a linear operator in X for each x in an open subset Bof X; f : [to, T|XC — X, C = C([-r,0], X)
is the set of piecewise continuous functions mapping [-7,0] in to X with some given r > 0; u belongs to
L;[ty, T; U] be the control function. Let Z = Ly[to, T; X] and Y = Ly[ty, T; U] be function spaces, B: Y — Z
is a bounded linear operator, x; is a function when t is fixed, defined by x(s) = x(t + s) for all s € [-7,0];
o=ty >0and & = & + 1 fork =1,2,---, here ty € R, is arbitrary given real number. The impulse
moments {&} form a strictly increasing sequence, ie., fp = {o < & < & < -+ < ]}1_{2 =00, b : Dy > X
foreach k = 1,2,--+; x(&) = ltlTI(n x(t) according to their paths with the norm |x||; = sup |x(s)| for each ¢
<k t—r<s<t

satisfying t > to, || - || is any given norm in X; ¢ is a function defined from [-7, 0] to X.

Denote {B;, t > 0} the simple counting process generated by {&,}, that is, {B; > n} = {£, < t}, and denote
F: the o-algebra generated by {B;, t > 0}. Then (Q, P, {#;}) is a probability space. Let L, = L,(€Q, 3, X) denote
the Hilbert space of all #; - measurable square integrable random variables with values in X.

Assume that T > tp is any fixed time to be determined later and let 8 denote the Banach space

B([to -rT], Lz), the family of all #;-measurable, C-valued random variables ) with the norm

1/2
Illg = ( sup Enwu?) :

to<t<T

Let Lg(Q, B) denote the family of all ¥ - measurable, 8 - valued random variable ¢.
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Remark 2.1. For any given time t > 0 and integer n > 1, &, and By are related by {B; > n} = (&, < t}. Itis
understood that, (&, < t} is the event that the n'™ arrival occurs by time t, implies that By, the number of arrivals by
time t, must be at least n. Similarly, {B; > n} implies (&, < t}, yielding the equality. The counting process {By,t > 0}
is a stochastic process in time. The given filtration F; represents the evolution of knowledge about the random system
through time. The information at time t carried by filtration F; determines the value of the random variable &y.

lemma 2.2. [2] The probability that there will be exactly k impulses until the time t,t > to,where impulse mo-
ments &g,k = 1,2,--- follow exponential distribution with parameter A, is given by the equality P(Iis ¢, (1)) =

M(tk_ItO)k e~ M=) where the events Iig 60 = {lw € Q: Ew) <t < &), k=1,2,---.

Remark 2.3. From [2], expected value of the solution x(t) for the random impulsive differential equations given as
Ell®I = ) EN(®)lle, 4, O1P g, 0, (1),
k=0

where the impulse moments &,k =1,2,--- follow exponential distribution with parameter A.

The following definition for the evolution family of operators. For further read on quasilinear operator
and evolution operator see monograph [17] and [1, 9] and the references therein.

Definition 2.4. A two parameter family of bounded linear operators S(t,s),t > s > 0, on X is called an evolution
system if

(i) S(s,s) =Iand S(t,1r)S(r,s) = S(t,s),t >r>s>0;
(ii) (t,s) — S(t,s) is strongly continuous for t > s > 0.

Ifu € B and the family {A(t, w), (t,w) € [to, T]1 X X}, then there exists an evolution system Sy(t, s) in X satisfying for
any fixed h € B:

(ii1) |ISu(t, 9)llpx) < M, for t > s > 0, where M is a constant,
(iv) Su(t,t) =1, Su(t,s)Su(s,r) = Su(t, 1), (t,s,71) € [to, T]1 X [to, T] X [to, T], and moreover,
(0) 23 = A(1)Sy(t,5), for almost all t € [to, T, for all s € [to, T].

Moreover, there exist a constant p > 0 such that for every u, v € B with values in B and every y € Y we have

t
1Su(t,8)y = Sult, $)yI* < pllylly f llu(t) — v(o)ld.

3. Main result

We consider quasi-linear differential equations with random impulses of the form

X —AlxX)x = flt,x), & <t<iépa, e[t Tl (4)
x(&) = bk('ck)x(é,:), k=1,2,..., )]
Xty = @, (6)

Definition 3.1. For a given T € (ty, +00), a stochastic process {x(t) € B, to—r < t < T} is said to be a mild solutions
to equation (4) -(6) in (Q, B A{T4)), if
(i) x(t) € B is piecewise continuous and Fi—adapted for t € [ty, T);
(ii) x(to + 5) = @(s) € LY(Q, B), when s € [-r,0],
and
k (SI
[Toie) [ sittofsxas
j=i Gi-1 (7)

t
+f Sx(t,S)f(S,Xs)dS]I[,gk/gkﬂ)(t), te[ty, T,

&k

k
k=0 | i=1 i=1

+00 k
x(t) = Z[ bi(1:)Sx(t, to)p +
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where H ()=1lasm>n, H bi(1}) = bi(ti)br-1(Tk-1) - - - bi(t;), and 14(:) is the index function, i.e.,

j=m
|1, if teA,
IA(”‘{ 0, if t¢A.

Now we introduce following hypotheses used in our discussion:
(H1): The function f : [ty, T] X C — X satisfy the Lipschitz conditions: that is, there exit constants L; > 0 for
C, ¢ € Xand for every ty <t < T such that

IN

Ly IC—cl?,

K1, k1 >0

IFt,0) - ft,0) Hz
and Hf(t 0 H

IA

(HZ) Sup{“u (t S ”B(X) M t S) € [tO/ T] X [tO/ T]}

(H3): E {max {H ”b (7 ])”}} is uniformly bounded, that is, there is C > 0 such that

E max H”b (T9) “ <C forallt;eDj, j=1,2,-
j=i
t
lemma 3.2. E|[(#)|*> < x, where Y(t) = f f(s, ys)ds.
to

Proof.

t
Ely(P < 2F f (17, ) = £, OIF + 1£(s, O)]ds
to

IA

t
2Ly f Ellylds + 211 (T — to)ds.
to

Hence the result. [J

Theorem 3.3. Assume that hypotheses (Hi)-(Hsz) be hold. Then, the system (4) -(6) has unique mild solution on
[-7,T].

Proof. Let T be an arbitrary number T > ¢, such that

AT) = [B(T - to)le =00y p|[2 4 g AA-mLONN(T — 1) MLy + par)}] < 1
(®)
In order to apply the contraction principle, we define the nonlinear operator @ : 8 — 8 as follows
(Px)(t) = (t — to), fort € [-r,1o]
and for t € [ty, T]
+oo | k k k & t
@) = Y |[[osue+ Y [[o [ s+ [ seafe xs>ds] lig 600,
k=0 | i=1 i=1 j=i & &k

It is easy to prove the continuity of ®. Now, we have to show @ is a contraction mapping. For any x, y € 8,
we have
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El(@x)(t) = (@y)BIF < 3EISx(t, to)p — Sy(t, to)oll?
+00 k
x Y (] T BNl Pilte, 0 ®)Plte, 0 (8)
k=0 i=1

oo k
+ 3;E[n}%x LHHbj(TJ')“Z ]

! 2
X (f{IISx(f,S)IIIIf(S,xs)—f(S,ys)ll}dsl[ék,ék+l)(f)) Pl g)(5))

to
oo k
+ 3;)‘E[n}%x 1/1}1“17]-(11-)“2 ]

t 2
X (L ||Sx(t,s)f(s, ]/s) - Sy(t,S)f(S, ys)||}d51[§k,£k+1)(t)) P(I[Sk,§k+1)(t))-

By (H3), lemma 2.2 and lemma 3.2,

El[(@x) — @y} < 3ullplA(T - to)Ellx — ylffe~ -
i 3M2L1(T _ tg)zEIIx _ y||t26—/\(17max{1,Cl)(t7tg)
+  Buk(T — to)Ellx — y|[Pe~M1-maxLCEo),
El[(@x) = (@y)lf < 3(T - to)fe =)yl
+ e M-max{LON(=h) (T _ )(M?L; + ui)}Ellx — 3/||t2

Hence,
I(@x) = (@y)llz < AT) llx - yll.
By (8), we get A(T) < 1.

1615

Then we can take a suitable 0 < Ty < T sufficient small such that A(T7) < 1, and hence @ is a contraction
on Br, ( Br, denotes B with T substituted by T7). Thus, by the well-known Banach fixed point theorem
we obtain a unique fixed point x € Br, for operator @, and hence ®x = x is a mild solution of (4) — (6).
This procedure can be repeated to extend the solution to the entire interval [—#, T] in finitely many similar
steps, thereby completing the proof for the existence and uniqueness of mild solutions on the whole interval

[-7, T].
O

From the above result, a mild solution for the control system (1)-(3) can be written as follows

Definition 3.4. For a given T € (ty, +00), a stochastic process {x(t) € B, tg —r < t < T} is said to be a mild solution

to equation (1)-(3) in (Q, P {F+)), if
(i) x(t) € B is piecewise continuous and Fi—adapted for t € [ty, T);
(ii) x(to +s) = @(s) € LYQ, B), when s € [-1,0];
and

k &
[Tvitx f Su(t, )| Bus) + f(s, x:)]ds
j= Ci-1

1

+oo | k
x(t) = Z[Hbim)sx(t,to)w

k
k= i=1 i=1

fe=}

+ f t Su(t,s)[Bu(s) + (s, xs)]ds] Iig, 0 (B), t € [to, TI,

&k

©)
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k
where fl] ()=1asm >n, [1bj(tj) = bp(Tr)bx-1(Tx-1) - - - bi(T;), and 14(-) is the index function, i.e.,
j=i

j=m
|1, if teA,
IA(t)‘{ 0, if teA.

Definition 3.5. The control system (1)-(3) is said to be approximately controllable on [to, T] if for any € > 0, the
initial function @ € C, there exist a control u € Y such that the mild solution x(-) of (1)-(3) satisfies

Ellx(T) - x| <.

Let x¢(p(t), u) denotes state value of the system (1)-(3) at time ¢ corresponding to the control u € Y and
the initial value @(ty). The set of all possible trajectories, denoted by

Ka(f) = {xa(p(to), u) e C([a, T, X) :u e ¥Y,0 < a < T} (10)

is called the trajectory reachable set of system (1). In particular, the reachable set of the system (1)-(3) at
terminal time T is defined by

Kr(f) = {xr(p(to), u) : u € Y}. (11)

A control system is said to be approximately controllable on [to, T], if Kr(f) = X.

Now we define
(i) the solution ‘W from Z to C([ty, T], X) can be defined by (Wu)(t) = x(¢(to), u)(-), u € Z.
(ii) the continuous operator Q from Z to C([to, T], X) is

f
@) = f Su(t,p(s)ds, p e Z, te T, TI.

(iii) the functions, F : Ly[to, T;C] — Z as (Fx)(t) = f(t,x:(-));x € Ly[ty, T;C] and B: Y — Lyt, T;X], as
(Bu)(t) = Bu(t).

Now we introduce additional hypotheses used in our following discussion:
(Hs): For any given € > 0, p(-) € Z, there exists some control u(-) € Y such that

EllQp — QBulf* < e.

(Hs): R(F) € R(B).
In the following lemma, we prove the approximate controllability of the following linear system of the
form

X —A,x)x = (Bu)t), & <t <&, telt,T), (12)
x(&k) = b(t)x(Ey), k=1,2,..., (13)
xto = (Pl (14)

lemma 3.6. Under hypothesis (Hy), K,(0) = X.

Proof. Since, D(A) is dense in X, it is sufficient to prove that D(A) C K,(0), that is, for given € > 0, and
O € D(A) there exists a control function u(-) € Y such that
El0 -0 - QBul? <,

k

+00
where O = Z H bi(ti)S«(t, to)p

k=0 L i=1

I[‘Skrékﬂ)(t)’ tela, Tl
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Let us take O € D(A) , then O — O € D(A). It can be seen that there exists some function p(-) € Z such
that 0 - O = Qp.

By the assumption (Hy), for any given € > 0, there exists some control u(-) € Y such that E ||Q;9—QBMI|2 <e.

Since € is arbitrary, we infer that K,(0) € D(A). The denseness domain D(A) in X implies the approximate
controllability of the linear system (12) — (14). O

In the following theorem, we prove the approximate controllability of the quasi-linear control system (1)—(3)
Theorem 3.7. Let the hypotheses (H1) — (Hs) be hold. Then we have K,(0) € m
Proof. Let x(-) € K,(0), there exists a u € Y, which can be written as

x(t) = p(t — ty), fort e [-r 1],

for t € [ty, T],
w = ¥
k=0 i=

k k & ¢
+ Y [Teien f St 9Bu(s)ds + f k Su(t, 9)Bu()ds |l ... (1),

i=1 j=i

k
bi(t:)Sx(t, to)p
1

Since Fx € R(B) for a given € > 0 there exists a w € Y such that

E||Fx — Bwll% <e. (15)
Now, let y(t) be mild solution of (1)-(3) corresponding to the control u# — w, then

+00 k
xt)-y® = Y [[]oesu(t to)p

k=0 =1

kK k & t
+ Z bi(t)) Sx(t,s)Bu(s)ds + f Sx(t,s)Bu(s)ds]I[gklgm)(t)
i=1 j=i Ei1 Ek
+00 k

[]]bis, to)p

—_

| Rkl ng
—-

i t
bj(t) fg Sy(i‘,i‘o)[F]/](S)dS"‘f(E Sy(f,fo)[F]/](S)ds]flék,£k+1)(f)

+
i=1 j=i
foo K ko _k &i
= Y ([ [o@is.690-s,0991+ Y [ [o) [ .0.91Bw - Fxions
k=0 i=1 i=1 j=i Gi-1
t
+ f Sult, 5)[Bw - Fx](s)ds|Ife, e, ()
+:: ko _k i t
+ Z ZHb]'(Tj) Sx(t,s)[Fx—Fy](s)ds+fSx(t,s)[Fx—Fy](s)ds]l[gk,gm)(t)
k=0 =1 j=i i &
+00 éx

k Kk ; ¢
+ [ZHbj(Tj) [Su(t:9FY(s) = Sy(t, S)Fy(s)ds + f [S2(t, )FY(s) — Sy(t, $)Fy(s)lds | g, ... ()

i=1 j=i &in1
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+00 k
2
() = yOIF < 4] Y [ [T 1eemis«t s — Syt )l |l e ®] Plic, e (®)
k=0 i=1
+00 kK k &
w4 Y[ T f 12t )l Bw — Fx](s)llds
k=0 i=1 j=i Sim1
t R 2
+ | 1St B — Fx)(s)lds T 10 (O] Pl 0,()
&k
+00 k k &
+ 4 Y [ TTespn f IS (t, SINIFx = Fyl(s)lds
k=0 i=1 j=i Si-1
t 2
b [ IMEx = NS 0O Pl ,0)
&k
+00 k k &
+ 4D T f IS<(t, SFy(s) = Sy(t, $)Fy(s)llds
k=0 =1 j=i Si-1
t 2
+ | 1ISu(t,$)Fy(s) = Sy(t, )Fy&)ds|lie, £, (1) PUig, 1))
&k
Elx—ylf < 4pllpl*(T - to)E|lx — yllfe~ (-0
t
4o~ MA-max(LENE—t) \12(T — 1) f E||[Bw — Fx](s)|[*ds
fo
t
+4e M (Immax LENEOIMA(T — 1) f E|l[Fx — Fy(s)I[*ds
to
+4e—/\(1—max{1,C})(t—t0)#K(T _ i’o)E”x _ y”tZ
< 4je—/\(l—max{1,C})(t—t0)M2(T _ t0)2€

t
4G e AL ONR(T — o)Ly f Ellx - ylPds

to

Taking supremum over ¢, and by Grownwall’s inequality we get,

||X _ y”(ZB < ME—A(l—max{l,C])(t—to)MZ(T _ to)ze exp(Ue‘A(l_maX{1’C])(H°)M2(T _ tO)le)/

_ 1 . . . . 2
where J = 2T i) e O e M T > 0. From the above inequality it is clear that [|x — yl|l3; can

be made arbitrarily small by choosing suitable w. Hence the theorem is proved. [J

Theorem 3.8. Under assumption of the above theorem, system (1) — (3) is approximately controllable if its corre-
sponding linear system is approximately controllable.

Proof. The proof is a particular case of Theorem 3.7 ata=T. O

The following remark generalize the system (1) — (3) with fixed impulsive system under sufficient
condition.

Remark 3.9. If the impulses are exist at fixed times in the system (1) — (3), then by the similar argument as in the
Theorem 3.8, the system (1) — (3) is approximately controllable.

When there is no impulse condition, then the problem becomes abstract quasilinear differential equations
with delay.
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Remark 3.10. If there is no impulses, then the system (1) — (3) becomes,
x/ - A(t/ x)x (Bu)(t) + f(t/ xt)/ te [tO/ T]/ (16)
Xty = @, (17)

Theorem 3.11. Let the hypotheses (H1) — (Hy) and (Hy) — (Hs) be hold. Then the system (16) — (17) is approximately
controllable.

Proof. The proof is a particular case of Theorem 3.7 ata =T. O

4. An application

Example 4.1. Consider the following partial differential control systems with random impulses of the form

3
az(axt, H, 2 25; D 2, t)% = Bu(x, t) + H(z(x, tsint), t), & < t < Exas,
z(x, &) = qk)Tez(x, &), t =&, (18)
z(0, 1) = z(m,t)=0
z(x, t) = @(x1) 0<x<m -r<t<0, t>0.

where u > 0 and q is a function of k; So = to; & = Ex-1 +Tx fork =1,2,...; 7; and 7 are independent with each other
asi# jfori,j=1,2,...and follow exponentially distributed random variable with parameter A.

For every reals s we introduce a Hilbert space H*(R) as follows [17]. Let the linear space functions z € L*(R) and
2 is the Fourier transform of z, then

Il = ( [ aerriegiray)

Let the linear space functions z € L*(R) with the inner product is defined as

<z ( [aereoio).

Denote Hilbert space H*(R) with respect to the norm || - ||s. From this, it is clear that H°(R) = L*(R).

Let us consider X = U = H'(R) = L*(R) and Y = H*(R),s > 3. Define an operator Ay by D(A¢) = H3(R) and
Aoz = Dz for z € D(Ag) where D = d/dx. Then Ay is the infinitesimal generator of a Cy group of isometries on X.
Now we define for every v € Y an operator A1(v) by D(A1(v)) = HY(R) and z € D(A1(v)), A1(v)z = vDz. Then for
every v € Y the operator A(v) = Ag + A1(v) is the infintesimal generator of Cy semigroup Sx(t,0) on X satisfying
IS(t, 0)| < e for every « = cllvlls, where c is a constant independent of v € Y. Let B, be the ball of radiusr > 0 in'Y
and it is proved that the family of operators A(v), v € B,, satisfies the conditions of definition (2.4) and H; (see [17]).

Now we define an infinite dimensional control space U by U = Z UKy with Z u? < oo with the norm |uly =
n=2 n=2

(Z u2)2. Define a continuous linear map from U to X as follows Bu = 2uyky + Y ey Uy, fOr u = Yoo s thyic, € UL
n=2
We assume the following conditions hold:

(i) E[lg()(@)IP] < eo.
Assuming that condition (i) is verified. Further (Hy) holds, then the problem (18) can be modeled as the abstract form
of the equations (1) by defining
f(t,xs) = H(z(x, tsint), t),  be(ti) = q(k)t. and R(F) € R(B).

Proposition 4.2. Let the hypotheses (H1)-(Hs) be hold. Then the mild solution z of the system (18) is approximately
controllable.

Proof. Condition (i) implies that (Hs) holds. [
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