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Abstract. In this paper, we aim to obtain a fixed point theorem which guarantee the existence of a fixed
point for both the continuous and discontinuous mappings that fullfill certain conditions in the context of
metric space. We also consider some examples to illustrate our results.

1. Introduction and preliminaries

Nonlinear integral equations play a key role in describing many real-world events [18-20]. In anonlinear
analysis, we are always looking for conditions that guarantee the existence of solutions of integral equations
in various function spaces. It is worthwhile mentioning that the Fixed-point theory creates a powerful,
instrumental and convenient branch of nonlinear analysis which is very applicable in proving existence
theorems for several types of operator equations. Further, Fixed-point theory is one of the most thought-
provoking research fields in nonlinear analysis. The many authors have been published papers and have
been expanded frequently in the last decades. The main reason for this development can be observed easily
for application point of view. Fixed point theory has an application in many disciplines such as chemistry,
physics, biology, computer science and many branches of mathematics like Game theory and Economics
(for details see [21, 22]). Banach contraction mapping principle or Banach fixed-point theorem is the most
celebrated and pioneer result in this direction: In a complete metric space, each contraction mapping has a
unique fixed point. Also, this principle has many generalizations see [24, 25] and others. For example, One

of the important and peculiar generalizations is due to Meir and Keeler [26]. Their result can be stated as
follows:
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Theorem 1.1. (cf. [26])) Let (X, d) be a complete metric space and let T be a Meir-Keeler contraction (MKC) on X,
that is, for every € > 0, there exists 6 > 0 such that

d(x,y) <e+06 implies d(Tx, Ty) <e
forall x,y € X. Then T has a unique fixed point.

The class of Meir-Keeler contractions consists of the class of Banach contractions and many other classes
of nonlinear contractions (see for example, [24]). Meir and Keeler’s theorem was originator of further
exploration in metric fixed point theory.

Khojasteh et al. [11] introduced the notion of simulation function.

Definition 1.2. (¢f. [11]) A weak simulation function is a mapping C : [0,00) X [0,00) — IR satisfying the
following conditions:

(G1) €(0,0)=0;
(C2) C(t,s) <s—tforallt,s>0;

Let Z;, denote the family of all simulation functions C : [0, o) X [0, 00) — R. Due to the axiom (;), we
have

Ct,t) <Oforallt>0.

Let (X, d) be a metric space and T : X — X be a self-mapping. Define a mapping M : X X X — [0, o0) as
follows:

M(x,y) = max {d(x, y),d(x, Tx),d(y, Ty), d(x, Ty) er d(y, Tx)} '

Letp : X x X — [0, 00) a mapping. Consider the following conditions that were defined by Suzuki [17] to
extend the coverage of Meir-Keeler theorem in the setting of metric spaces.

(P, : M) x # yand d(x, Tx) < d(x,y) = p(x,y) < M(x, ),

(Pg :¢) xy # Y, lim d(x,,y) = 0 and lim d(x,, Tx,) = 0 imply
n—00 n—0co

lim sup p(x,, y) < cd(y, Ty), where c € [0,1).

n—oo

Very recently, Suzuki [17] proved the following interesting result:

Theorem 1.3. [17] Let T be a self-mapping on a complete metric space (X, d). Let p : X X X — [0, c0) be mapping
that satisfies the conditions (P; : M) and (Pf, : ¢) defined above. Suppose also that the followings are satisfied:

(i) Forany € > 0, there exists 6(¢) > 0 such that x # y and p(x, y) < € + 0(¢) imply d(Tx, Ty) < ¢,
(ii) x # yand p(x,y) > 0 imply d(Tx, Ty) < p(x, y).

Then T has a unique fixed point z. Moreover, the sequence {T"x} converges to z for all x € X.

2. Main Results

Definition 2.1. Let T be a self-mapping on a metric space (X, d) and C € Z,,. Suppose that p : X x X — [0, 00) is
a function that satisfies only (P, : M). Then T is called hybrid contraction of type I if the following conditions are

fulfilled:
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(a) For any & > 0O there exists 6(¢) > 0 such that x # y and

p(x,y) < e+ 06(¢) imply d(Tx, Ty) < e.
(b) x # yand p(x,y) > 0 imply
Clalx, y)d(Tx, Ty), p(x, y)) = 0.
Remark 2.2. If T is a hybrid contraction of type I then

a(x, y)d(Tx, Ty) < p(x,y), (1)

for all distinct x, y € X. Indeed, we have d(x,y) > 0 since x # y. If p(x,y) = 0, from (b) we have d(Tx, Ty) < ¢ for
any € > 0. But, € > 0 is arbitrary, then we obtain Tx = Ty. In this case a(x, y)d(Tx, Ty) = 0 < p(x, y). Otherwise,
p(x,y) > 0and if Tx # Ty then d(Tx, Ty) > 0. If a(x, y) = 0, the inequality (1) is satisfies. In the contrary, from (C)
and (b) we get

0 < l(a(x, y)d(Tx, Ty), p(x, y)) < p(x,y) — a(x, y)d(Tx, Ty),
so (1) holds.

Theorem 2.3. Let (X, d) be a complete metric space. Let T : X — X be a hybrid contraction of type 1. Assume that
the following conditions are satisfied:

(i) T is triangular a-orbital admissible;
(i) there exists xy € X such that a(xg, Txp) > 1,
(iii) T is continuous.
Then T has a fixed point u. Moreover {T"x} converges to u for all x € X.

Proof. On account of the assumption (ii), there exists a point xy € X such that a(xg, Txp) > 1. We construct an
iterative sequence {x,} such that x, = Tx,_; for all n € IN. Owing to the fact that T is a—orbital admissible,
we can easily derive that

a(x,, xy+1) = 1, for all n € INp. (2)
Again by using the assumption that T is triangular a—orbital admissible, for any n € IN, (2) yields that
(X, Xp41) 2 1 and a(xpi1, X042) 2 1= alxy, xn42).,
Recursively, we conclude that
a(xy, Xn1j) 2 1, foralln, j € N. 3)
Without loss of generality, we shall assume that
X, # Xp41 for all n € INp. 4)

Indeed, if x,, = xy,41 = Txp, for some ny € Ny, then x* = x,,, forms a fixed point for T. It finishes the proof
and hence we exclude this simple case.

On what follows we shall prove that the sequence {d(x,, x,+1)} is monotone. Hence, letting x = x,, and
Y = Xp41 i (P; : M), we get that

0< d(xnr xn+1) = d(xnr Txn) < d(xnr xn+1)r
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that implies
p(xn/ xn+1) < M(xn/ xn+1)

where,

Tanrl ), A, Txn1 )‘;d(xnﬂ ,Txn) }

M(x, Xpe1) = max {d(xn, Xps1), d(xn, Txn), d(na,

(Xn, xn+2) + d(x,,+1,xn+1) } (5)
> .

d
= maXx {d(xn/ Xn41), d(xn+1/ Xn+2),

On the other hand, by taking the triangle inequality into accounts, we observe that

d(xn,zxn+z) < d(xp, Xns1) + ;l(xm, X4n+2) < max {d(xy, Xs1), dCrst, i)
According the observation above, we conclude that

M(xn, Xp41) = max {d(xn, Xp+1), d(Xns1, Xns2)} -
In the view of such information, by Definition 2.1 (b), we find that

0 < Ca(xn, Xu41)A(Txn, Txn41), P(Xn, Xn41)) < P, Xn41) = (X, Xn1)A(Tx 0, TXp11)

that is equivalent to

A1, Xn42) = A(Txn, Txpe1) < a(Xn, Xpa1)A(Tx0, Txpi1)

6
< p(xn/ xn+1) < M(xn/ xn+1)‘ ( )

Notice that (6) yields a contradiction for the case M(x;, Xp+1) = d(X4+1, Xn+2). Thus, we have
max {d(x,, Xn+1), d(Xu+1, Xns2} = A(X, Xp41)- (7)

Moreover, by (6), we deduce that {d(x,, x,+1)} is a monotonically decreasing sequence of non-negative reals.
Accordingly, there is some ¢ > 0 such that lim,_,co d(x,, x411) = €. Let 0 < € = £. We also note that

e={t<dxy,, xn+1)- (8)

On the other hand, from (6) and (7), we have p(x,, X,41) < d(xn, X441) < € + 0(¢) for n sufficiently large. So, it
implies, from Definition 2.1 (a), that

d(Tx,, Tx,1) < €.

Combining (8) together with the inequality above, we get that
€ <d(Xn+1, Xn+2) = d(Txn, Txns1) < €,

a contradiction. Then, we conclude that ¢ = 0, that is,

lim d(x,,, Xp41) = 0. )

Now, we shall show that {x,} is a Cauchy sequence. Let €1 > 0 fixed. From (9), we can choose k € N large
enough such that there exists 6; > 0, with

o
(i, Xin) < - (10)
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Without loss of generality, we assume that 61 = 61(¢1) < €1. By using the induction method to prove that

d(xk,xk+m) <&+ %, (11)

for all k,m € IN. We already have (11) for m = 1. Suppose that (11) is satisfied for some m = j. We shall
show that (11) holds for m := j + 1. On account of (10) and (11) we, first, observe that

A(Xk, Xkt j41) + A(Xes j, Xia1) 1
= > T < 5 (d(xk,xk+j) + Ak j, X 1) + A(Xpew j, Xie) + d(x, Xk+1))
1 o o 12
<§(2el+231+231) (12)
<ée1+61.

Thus, we have

d( Xkt j+ )+d( +jr +)
M(xg, X4j) = max {d(xk/ Xkt ), Ak, Xie1), A (X j, Xkt j41), M} (13)

< max{sl + %,%,81 +61} =&+ 01.

Definition 2.1 (a), the above inequality implies that d(xi 1, Xx4j+1) = d(Txx, Txsj) < €1. By employing the
triangle inequality, together with (3) we get

d(xg, Xivjs1) < Ak, Xpa1) + A1, Xk 1) = Ak, Xps1) + A(Txx, Ty )

< d(xk, xpe1) + d(Txg, Ty ) < 671 +e1. (14

Therefore, (11) holds for m := j + 1. Hence, d(xx, Xk+m) < €1 for all k,m € IN. In other words, for m > n we
have limsup,_,  d(x,, x,;) = 0 and the sequence {x,} is Cauchy. Since (X, d) is complete, there exists u € X
such that x,, —» uasn — oo.

To finalize the proof, we shall indicate that u is the fixed point of T. Indeed, by using the definition
Xn+1 = Tx, and taking, the continuity of T, into account, we obtain u = Tu, thatis, u is a fixed pointof T. O

In the following, we will give another variant of the theorem in order to weaken the conditions for the
existence of fixed points (often due the continuity of mapping T see e.g. Bisht in [16]).

Theorem 2.4. Let (X, d) be a complete metric space. Let T : X — X be a hybrid contraction of type I satisfying the
following conditions:

(i) T is triangular a-orbital admissible,
(i) there exists xoy € X such that a(xg, Txg) > 1,
(iii) T? is continuous,
Then {T"x} converges to u for all x € X. Moreover if a(u, Tu) > 1 then u is a fixed point for T.

Remark 2.5. T is discontinuous at u if and only if lim M(x, u) # 0.
n—o00

Proof. By following the lines in the proof of Theorem 2.3, we derive that a(x,, x,+1) > 1 for all n € IN U {0},
and that there exist # € X such that x, — u. Regarding the fact that any subsequence of {x,} converges to
the same limit point u, we get

lim x,41 = lim Tx, = u and lim x4, = lim T?x, = u. (15)
n—o00 n—00 n—00 n—oo
On the other hand, due the continuity of T?, (hypothesis (iii)), T?u = lim T?x, = u. We claim that Tu = u.
n—oo
Suppose, on the contrary, that Tu # u and p(u, Tu) > 0 we have

(u, T?u) + d(Tu, Tu)
2

p(u, Tu) < M(u, Tu) = max {d(u, Tu), d(Tu, T*u), d } =d(u, Tu). (16)
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Therefore, together with supplementary hypothesis a(u, Tu) > 1 (since lim Tx, = lim T"xy = u) we obtain
n—oo

0<( (a(u, Tu)d(Tu, T*u), p(u, Tu)) ,
and also

0 < d(Tu,u) = d(Tu, T?u) < a(u, Tu)d(Tu, T*u) < p(u, Tu) < M(u, Tu) = d(u, Tu), 17)
which is an contradiction. Hence u is a fixed point of T. [J

Definition 2.6. A metric space (X,d) is called reqular if for any sequence {x,} such that lim d(x,,u) = 0 and

n—oo

satisfying a(x,, Xy+1) = 1 for all n € N, we have a(x,,, u) = 1 for all n € IN.

Theorem 2.7. Let (X, d) be a complete metric space. Let T : X — X be a hybrid contraction of type 1. Suppose that
(Pg : ¢) holds and the followings are satisfied:

(i) T is triangular a-orbital admissible,
(i) there exists xoy € X such that a(xg, Txg) > 1,
(iii) (X, d) is reqular
Then {T"x} converges to u for all x € X. Moreover u is a fixed point for T.

Proof. By following the lines in the proof of Theorem 2.3, we get a convergent sequence {x,} with a limit
u € X. Notice also that all adjacent terms in {x,} are distinct. Moreover, we note T"x # u for alln € IN U {0}.
Regarding the limits lim d(x,, u) = 0 and lim d(x,, x,+1) = 0, we derive from (P% : ¢) that

n—oco n—o0

lim sup p(x,, u) < cd(u, Tu) for any ¢ € [0, 1). (18)

n—o0

Again by the proof of Theorem 2.3 a(x;, xn+1) = 1. So, by the assumption (iii), we get a(x,, u) > 1.
On what follows we prove that u is a fixed point of T. Suppose that, on the contrary, Tu # u. By
substituting x = x,, and y = u in Definition 2.1 (b), we obtain

0 S C (a(xn/ u)d(Tle/ Tu)/ p(xn/ u))
= C (a(xn/ u)d(Txn/ Tu)/ p(xn/ Lt))
< p(xy, u) — alxy, u)d(Tx,, Tu)
which is equivalent to
d(xnr1, Tu) = d(Txy, Tu) < a(xn, w)d(Txy, Tu) < p(xn, u). 19)
By taking into account (18) together with letting n — oo in (19), we find

d(u, Tu) = lim sup d(x,, u) < lim sup p(x,, u) < cd(u, Tu) for any c € [0, 1),

n—oo n—oo

a contradiction. Hence, u is a fixed point of T. [
Theorem 2.8. Suppose an extra condition
(U) a(u,v) =1 for u,v € Fix(T)

in additional to the hypotheses of Theorem 2.3 (resp. Theorem 2.4 and Theorem 2.7). Then, the mapping T has a
unique fixed point.
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Proof. Suppose, on the contrary, that there is another fixed point v of T with u # v. Notice, first, that the case
p(u,v) = 0is impossible since we have Tu = Tv and 0 < d(u, v) = d(Tu, Tv) = 0 a contradiction. Accordingly,
we get that p(u,v) > 0. Since 0 = d(u, Tu) < d(u, v) then by (P}7 : M), we get p(u,v) < M(u,v), where

M(u, v) = max {d(u, o), d(u, Tw), d(v, To), " 10 er 4, T“)} — d(u, ).

So, by Definition 2.1 (b), we have

0 < C(a(u, v)d(Tu, Tv), p(u, v)) < p(u,v) — a(u, v)d(Tu, Tv), (20)
and the condition U implies

0 <d(u,v) =d(Tu, Tv) < a(u,v)d(Tu, Tv) < p(u,v) < d(u,v). (21)
So, we get d(u,v) = 0 which completes the proof. O

We define a a mapping N : X X X — [0, o0) as follows

1+d(x,T
N(x,y) = max {d(y, Ty)%z;yx)), d(x, y)} ,

where T is a self-mapping defined on a metric space (X, d). Notice that for any x, y € X with x = y we have
0 =d(Tx, Ty) < N(x,y). Moreover, if x # y, then N(x, y) > 0.

Definition 2.9. Let T be a self-mapping on a metric space (X, d) and C € Zy,. Suppose that p : X X X — [0, 00) is
a function that satisfies (P,l, : N) and (Prz7 t¢), forall c € [0,1). Then T is called hybrid contraction of type II if the
following conditions are satisfies:

(a) For any & > O there exists 6(¢) > 0 such that x # y and

p(x,y) < € + 6(¢) imply d(Tx, Ty) < e.

(b) x # yand p(x, y) > 0 imply
Cla(x, y)d(Tx, Ty), p(x, ) = 0. (22)

Theorem 2.10. Let (X, d) be a complete metric space. Let T : X — X be a hybrid contraction of type II. Assume that
the following conditions are fulfilled:

(i) T is triangular a-orbital admissible;
(i1) there exists xg € X such that a(xg, Txg) > 1,
(iii) either T is continuous
(iii)’ or T? is continuous and a(u, Tu) > 1
(iii)" or (X, d) is reqular.
Then T has a fixed point u. Moreover {T"x} converges to u for all x € X.

Proof. The proof is the mimic of the proof of Theorem 2.3. As in the proof of Theorem 2.3 we shall built a
recursive sequence {x,}, for an arbitrary initial value xy € X as follows:

X, = Tx,_1 forall n € IN. (23)
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One can conclude also that a(x;,, x,,) > 1 for all n,m € IN, from (i) and (ii), as in the proof of Theorem 2.3.
Throughout the proof, we assume

X, # Xp41 forall m € IN. (24)

Indeed, as it is discussed in the proof of Theorem 2.3, the other case is trivial and it is excluded.
Now, by letting x = x, and ¥y = x,41 in (P; : N), we have d(x,, Tx,) < d(x,,x,+1) which implies
p(xn, Xn+1) < N(Xn, Xp41), where

1+d(x,, Tx,)

N(xu, Xp41) = max {d(xn+1/ Txn+1)m,
nrs *n+

d(xnr xn+1)}

1+ d(xn/ xn+1)
1+ d(xnr xn+1)

7 d(xnr xn+1 )}

= max {d(xn+1/ xn+2)

= max {d(xy, Xn1), d(Xn+1, Xns2)} -
Regarding that T is a hybrid contraction of type II, we have
0 < Car(xn, X+ 1)A(TXn, Txp11), P(Xn, Xn41)), (25)
by replacing the pair x, y with the pair x,, x,41 in (22). Consequently, the inequality (25) yields that

A1, Xn42) = A(Txy, Txpi1) < a(Xn, Xp41)A(Tx0, Txpi1)
< p(Xn, Xpa1) < max{d(xn, Xn41), d(Xpa1, Xns2)} -

Thus, the above inequality implies that
N(xp, Xp+1) = max{d(x, Xp+1), d(Xn41, Xn42)} = d(Xn, Xn11), (26)

and hence {d(x,,x,+1)} is a non-increasing sequence of non-negative real numbers. Consequently, there
exists a real n.umber ¢ such that d(x,,x,+1) — € as n — oco. Suppose that { = ¢ > 0. First, we note that
e = € < d(xy,x441). On the other hand, from (26) there exists 6 > 0 such that p(x,, xp+1) < N(Xp, Xp11) =
d(xp, x441) < € + 0(¢) for n sufficiently large. Keeping the observations above, Definition 2.9 (a) yields that

A(Txy,, Txpt) < e.
Therefore, we have
€ <d(Xn+1, Xn+2) = d(Txn, Txys1) < €,
a contradiction. So, we derive that € = 0, that is,

lim d(x,,, x,41) = 0. (27)
n—00

On what follows we shall indicate that the sequence {x,} is Cauchy. For this aim, let m € IN large enough
to satisfy d(x,;, X;u+1) < 01. We will show, by induction, that

d(xm; xm+k) < gl + 61/ (28)

for all k € IN. Without loss of generality, we assume that 61 = 61(¢) < €. We have already proved for k =1,
so, consider the following two situations.
(1) If d(xXusks Xmaks1) < d(X, Xmek) then we find

d(xm+k/ xm+k+1)
——— <d(x X
1 +d(xm,xm+k) ( m-+ks m+k+1)
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and

Ak Xk 1)A (X Xr1)
1+ d(xm/ xm+k)

< d(y, Xpe1)-

Hence, we have

d k7 Xn 1dvm/m
P, Ximak) < N(X, Xppak) = max { G Xln_:;?;)n[“;"f:) ot ,d (X, xm+k)}
< max {d(Xp+k, Xmk+1) + A%, Xm+1), d(Xm, Xmk)} < max {261, &1 + 61}
< &1+ 01,

and from Definition 2.9, we get that d(Tx,,, Tx,,1x) < €1. So, we have,
A, Ximrke1) < AXm, Xina1) + AXm1, Xmaks1) = A%, Ximr1) + d(Txp, TXpgx) < €1 + 01 (29)

() It d(Xnsks Ximrke1) > A(Xm, Xi1k) then

ACcm, Ximakr1) < A, Xmak) + Ak, Xmakr1) < 24Xk, Ximakr1) < 201 < €1 + 01. (30)
Thus, by induction, (28) holds for every k € IN. Since ¢; > 0 is arbitrary, we get

lim sup d(x, Xm+p) = 0,

p—)OO

which implies that {x,} is a Cauchy sequence in a complete metric space (X, d).
Hence, {x,} converges to some u € X. Next, we will prove that u is a fixed point of T. For first assumption,
since T is continuous, we derive that

lim d(Tx,, Tu) = lim d(x,+1, Tu) =0
n—o0 n—oo

that is, the sequence {x,} converges to Tu as well. Since the limit is unique, we conclude that Tu = u which
completes the proof.

For the second assumption, since the sequence x, — 1 we get that any subsequence of {x,} converges to
the same limit point u, so

lim x,41 = lim Tx, = u and lim x,.» = lim T%x, = u. (31)
n—00 n—00 n—-0o0 n—o00

On the other hand, due the continuity of T2, T?u = lim T?x, = u. We claim that Tu = u. In the contrary, if

n—oo

Tu # u, we have p(u, Tu) > 0 and

1+d(u, Tu)

3 2
p(u, Tu) < N(u, Tu) = max {d(Tu,T u)l T d(u, Tu)’

d(u, Tu)} =d(u, Tu).

Therefore, together with supplementary hypothesis a(u, Tu) > 1 (since lim Tx, = lim T"xg = u) we have
n—oo

0 < C(a(u, Tu)d(Tu, T*u), p(Tu, T*u)) < p(Tu, T?u) — a(u, Tu)d(Tu, T*u),
and from here,
0 < d(Tu,u) = d(Tu, T*u) < a(u, Tu)d(Tu, T*u) < p(u, Tu) < N(u, Tu) = d(u, Tu), (32)

which is an contradiction. Hence u is a fixed point of T. For the last alternative assumption, we deduce
that d(u, Tu) = 0, using the same arguments as in Theorem 2.7. This means that u is a fixed pointof T. O
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Theorem 2.11. Suppose an extra condition
(U) a(u,v) =1 for u,v € Fix(T)
in additional to the hypotheses of Theorem 2.10 we obtain that the mapping T has a unique fixed point.
We skip the proof by regarding the analogy with the proof of Theorem 2.8.

Example 2.12. Let X = [0,4], d : X X X — [0, o) defined by d(x,y) = (x - y| and let a continuous mapping
T : X — X defined by

L
_ ) 3 ifxe[2,4]
T"‘{ 1, ifxel0,2)

Let also a function o : X X X — [0, 00),

—_

, ifx,ye(2,4]
alx,y) =14 2, ifx,y€l0,2)
0, otherwise

and q : X X X — [0, 00), where g(x, y) = max {%,d(x, y)}.

First of all, we note that q satisfies condition (P : g : N) and q(x, y) > 0 for all x # y. Since, for x = 0 we have TO = 1
and (0, T0) = a(0,1) = 2 > 1 so assumption (ii) by Theorem 2.10 is satisfied. Also, is easy to see that T is triangular
a-orbital admissible. Let C € Z, for example, ((t,s) = £ — t. We consider the following cases:

(1) For x,y € [0,2), x # y we have d(Tx, Ty) = 0, so

4q(x,y)
Clalx, y)d(Tx, Ty),q(x,y)) = q . Y >0
(2) For x,y € [2,4], x # y we have d(Tx, Ty) = |x;—y|, g(x, y) = max {—ﬁfﬂ’ x—y }, 50

@y -yl
5 1 =

(3) In all other cases, we have a(x,y) = 0, and

C (alx, )d(Tx, Ty), 4(x, y)) = 4(x, y) > 0.
Thus, T satisfies the conditions of Theorem 2.10 and has a unique point of x = 1.

Clalx, y)d(Tx, Ty), q(x,y)) =

3. Consequences

Theorem 3.1. Let (X,d) be a complete metric space and T : X — X be a hybrid contraction of type I, whith
p(x,y)=d(x,y). Assume that the following conditions are satisfies:

(i) T is triangular a-orbital admissible;
(i1) there exists xg € X such that a(xg, Txg) > 1,
(iii) either T is continuous or T? is continuous and a(u, Tu) > 1 or (X, d) is reqular.

Then T has a fixed point u. Moreover {T"x} converges to u for all x € X.

Remark 3.2. In this case, since x # y implies d(x,y) > 0 it is obviously that (b) from Definition 2.1 is equivalent to
the following:
(b) d(x, y) > 0 implies C(a(x, y)d(Tx, Ty), d(x, ) = 0.
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Proof. 1t is clear that d satisfies the conditions (P : d : M), respectively (P : d,0) and so all assumptions by
Theorem 2.3, Theorem 2.4, Theorem 2.7 are also satisfied. [

Example 3.3. Let X = [0, 4] and we endow X with usual metric. Define T : X — X and a : X X X — [0, 00) by

(1, ifxe[0,4)
T(x)‘{o, ifx=4

and

if (x,y) € [0,4) x [0, 4)

if (x, y) € {{4} x [0,2)} U {[0,2) U {4}}
ifx=y=4

otherwise

~

a(x,y) =

~

OSOhRNW

~

Since Tx € {0, 1} for all x € [0,4] we have a(x, Tx) = 1. It is clear that T is triangular a-orbital admissible. Also, for
x0 =0, (0, T0) = (0, 1) = 3 > 1 so assumption (ii) is satisfied. The mapping T is not continuous, but T>x = 1 for
any x € [0,4] which shows that T is continuous. Since d(x,y) < M(x, y) for all x, y € [0, 4], it remains to be verified
that (Definition 2.1 (b)) holds. We will consider the following cases:
(1) Ifx,y €[0,4), x # y then d(Tx, Ty) = 0 and

a(x, y)d(Tx, Ty) = 0 < d(x, y).
Therefore,

Claly, y)d(Tx, Ty), d(x, ) 2 0,

forallx,y €[0,4), x #y.
(2)Ifx €[0,2) and y = 4 then d(Tx,T4) = 1 and d(x,4) = 4 — x. We have in this case:

a(x,4)d(Tx, T4) =2<4-x=d(x,4) = x < 2.
Then,
Cla(x,4)d(Tx, T4),d(x,4)) < 0.

(3)Ifx € [2,4) and y = 4 then a(x,4) = 0 and Definition 2.1 (b) hold. Note that d(x, y) < M(x, y) for any x,y € X,
x # y. For this reasons, we conclude that all assumptions of Theorem 3.1 are satisfied and T has a fixed point, x = 1.

Theorem 3.4. Let (X, d) be a complete metric space, T : X — X be a hybrid contraction of type I. Let p : X X X —
[0, 00) defined by

p(x, y) = md(x, y) + axd(x, Tx) + asd(y, Ty),
where ay,a5,a3 € [0,1), a1 +a; < % and az < % Assume also that:
(i) T is triangular a-orbital admissible;
(i1) there exists xg € X such that a(xy, Txg) > 1,
(iii) either T is continuous or T? is continuous and a(u, Tu) > 1 or (X, d) is reqular.

Then T has a fixed point u. Moreover {T"x} converges to u for all x € X.



E. Karapinar et al. / Filomat 34:5 (2020), 1645-1657 1656
Proof. Let x,y € X such that x # y and d(x, Tx) < d(x, y). Then,

p(x,y) =md(x,y) + axd(x, Tx) + azd(y, Ty) < (a1 + a2)d(x, y) + asd(y, Ty)
d(x,y) +d(y, Ty)
s— 5 = M(x, y)
which shows that (P : p : M) holds. On the other hand, if x, # y, lim d(x,, y) = 0, lim d(x,, x,+1) = 0 hold,
then we have

limsup p(xy, y) = limsupla1d(xy, y) + a2d(xn, Xn1) + asd(y, Ty)] = azd(y, Ty),

n—oo n—oo

Thus, (P : p,as) holds. O

Example 3.5. Let X ={0,1,3} and dx X X — [0, ), d(x,y) = |x - y|. Then (X, d) is a complete metric space. Let
mapping T : X — X defined by TO = T1 = 0and T3 = 1. Define a : X x X — [0, o0), by

1, ifx,yefl,3}
ax,y)=4 1, 1ifx,y€{0,3}
3, ifx,ye{0,1}
and p(x,y) = a1d(x, y) + axd(x, Tx) + azd(y, Ty), a1 = 411/’12 = %,03 = %. Clearly, T is triangular a-orbital admissible,
and since a(0, T0) = a(0,0) = 1 then (ii) holds. Also, is easy to see that (X,d) is reqular, since if T"x = 0 and
a(T"x,0) = a(0,0) = 1. We have:

d(0,T0) =0,d(1,T1) =1,d(3,T3) = 2,d(T0,T1) = 0,
d(T0,T3) =1.d(T1,T3) =1,d(0,1) =1,d(0,3) = 3,d(1,3) = 2

s0 is easy to see that for x # y and d(x, Tx) < d(x, y), hence condition (P1 : p : M) hold. For x = 0,y = 1 we have
d(TO, T1) = 0O, so conditions (a) and (b) by Definition 2.1 are satisfied, which shows that T is a p-a-orbital admissible

contraction.
Forx =0,y =3, wehave p(0,3) =3 -3+4-0+2-2=%and

a(0,3)d(T0,T3) =1-1 < Z = p(0,3),
SO

C(a(0,3)d(T0,T3),p(0,3)) 20

Forx=1,y=3 wehavep(1,3)=1-2+%-1+2-2=3Land

a(1,3)d(T1,T3) =1 < % = p(1,3),
SO
C(a(1,3)d(T1,T3), p(1,3)) = 0

T satisfies the condition of Theorem 3.4 and has a unique point of x = 0.
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