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Abstract. In this paper a new algorithm considered on a real Hilbert space for finding a common pointin the
solution set of a class of pseudomonotone equilibrium problem and the set of fixed points of nonexpansive
mappings. We produce this algorithm by mappings T that are approximations of non-expansive mapping

T. The strong convergence theorem of the proposed algorithms is investigated. Our results generalize some
recent results in the literature.

1. Introduction

Let H be a real Hilbert space with inner product h (.,.) and its reduced norm ||.||. Let C be a nonempty
closed convex subset of H. We recall that a mapping T : C — C is said to be a nonexpansive on C iff
ITx Tyl < lx— yll Vx,yeC.
We denote by F(T) the set of all fixed points of T, i.e.
F(T)={xe X:Tx =x}.

It is well known that if F(T) # 0, F(T) is closed and convex. Let f be a bifunction from C X C to R such that

f(x,x) = 0 for all x € C. An equilibrium problem EP(f, C) in the sense of Blum and Oettli [3], is stated as
follows:

Find x* € C such that f(x",x) >0 forallxeC.

We denote the set of solutions EP(f, C), by Sol(C, f). This problem is also often called the Ky Fan inequality
due to his contribution to this field. It is well known (see e.g. [3], [4], [5], [6]) that some important problems
such as convex programs, variational inequalities, the Kakutani fixed point, minimax problems and Nash
equilibrium models can be formulated as an equilibrium problem of the form EP(f, C).
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Example 1.1. Let ¢ : C — R be given. The point x* is a solution of optimization problem
Find x* € C such that @(x*) < @(x) forallx e C.
if and only if it solves the equilibrium problem relative to EP(f, C) where f(x, y) = ¢(y) — @(x).

Example 1.2. Let T : C — C be given. The point x* is a fixed point of T if and only if it solves the equilibrium
problem relative to EP(f, C) where f(x,y) = (x — Tx,y — x).

Many algorithms have been developed for solving problem EP(f,C) combining diagonal subgradients
with projections, see for instance ([1], [2], [7], [8], [10], [12]) and references therein. The problem P(C, f, T)
of finding a common point in the solution set of problem EP(C, f) and the set F(T) of a nonexpansive
mapping T recently becomes an attractive subject, and various methods have been developed for solving
this problem. Most of the existing algorithms for this problem are based on the proximal point method
applying to equilibrium problem EP(C, f) combining with a Mann’s iteration to the problem of finding
a fixed point of T. In 2006, Takahashi and Takahashi [11] proposed an iterative scheme under the name
viscosity approximation methods for finding an element of the solutions set S of problem P(C, f, T) of non-
expansive mapping T in a real Hilbert space H. In 2014, Anh and Muu in [2] studied a new algorithm for
solving P(C, f, T) of nonexpansive mapping T in a real Hilbert space H which defined as follows:

Pick any xo € C

Wi € e, f(xx, ) (XK),

Vi = max{Ay, llwill} and ay = &

Yk = Pelxe — agwy) and let xiyq = Opxic + (1 — 00 T(yi)
where the sequences {Ar}, {Bil, {€k}, {0k} of nonnegative numbers satisfy the following conditions

0<Ak<x,0<a<6k<b<1,6k—>%,
B >0, Yplofr =00, leoﬁ1%<°°r

2120:0 ﬁkek < 00,

The aim of this paper is to present a new algorithm for solving P(C, f,T), by technical of Reich in [13],
[14]. Anh and Muu in [2], produced an algorithm by non-expansive mapping T but we produces it by
mappings T that are approximation of non-expansive mapping T. Our results complement some known
recent results in the literature.

2. Preliminaries

Let C be a nonempty closed convex subset of a Hilbert space H. The bifunction f : CxX C — R is
pseudomonotone on a set A C C with respect to x if and only if for every y € A,

fx,y) =0 implies f(y,x) <0.

We say that f is pseudomonotone on A if it is pseudomonotone on A with respect to every x € A. We
write x, — x to indicate that the sequence {x,} converges weakly to x as n — oo, and x, — x means that x,
converges strongly to x. In a real Hilbert space H for every x,y € H and A € R we have

1A% + (1 = yl? = Allxl? + (1 = DIyl = AL = Al = I
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Since C is closed and convex, for any x € H there exists a unique point in C, denoted by Pc(x) satisfying
llx = Pe(ll < [lx = yll, Yy € C.

Pc is called the metric projection of H to C. It is well known that Pc satisfies the following properties:
(x =y, Pc(x) = Pc(y)) = IPc(x) = Pc(y)IP, Vx, y € H,
(x = Pc(x),Pc(x)—y)20,Yx € HyeC,
llx =yl = llx = Pc@)I + lly = Pc()I, Vx € Hy € C.

Every Hilbert space satisfies the Opial condition, i.e., if the sequence {x;} in a Hilbert space H converges
weakly to x € H, Then

limsup [|xx — x|| < limsup |lxx — yll forall y € H that y # x.

k—o0 k—o0

We denote by d. f(xo) the set of e-subdifferential of the convex function f : C - Ratx, € C, i.e.
def(xo) ={x € C: f(y) — f(xo) = (x,y — x0) — &, Yy € C}.

Also d; f(x,.)(x) stands for e-subdifferential of the convex function f(x,.) at x. Let us assume that the
bifunction f : C X C — R and the nonexpansive mapping T : C — C satisfy the following conditions:

A;. For each x, f(x,x) = 0and f(x,.) is convex on C,

Ay. 9, f(x,.)(x) is nonempty for each ¢ > 0 and x € C and bounded on bounded subsets of C,

As. f is pseudomonotone on C,

A,. f is paramonotonic i.e.
x€Sol(C, f),yeC, f(x,y) = f(y,x) = 0 implies that y € Sol(C, f)

As. For each x € C, f(.,x) is weakly upper semicontinuous on C,

Ag. The solution set S of Problem P(C, f, T) is nonempty.
Suppose that the sequences {Ax}, {Br}, {ex), {0k} and {1y} of nonnegative numbers satisfy the following
conditions

0<)_\</\k<i,6k<b<1,5k—>%,
B>0, L0 Bk =00, Lo Bf < 0,

Yoo Bréx < o0,

Yo Mk < 0.

and the mappings T : C — C such that for each integer k > 0, [|T(x) — Tx(x)|| < nx for all x € C. Now the
iteration scheme for finding a common point in the set of solutions of Problem P(C, f, T) can be written as
follows:

Pick xq € C;

Wi € de, f(Xx, ) (Xk);

ﬁ 3)
vk = max{Ag, [lwill} and ax = v_i’

Yk = Pc(xx — axwy) and let Xiq = Opxie + (1 = 0k) Tie(yio).-

To investigate the convergence of this scheme, we appeal the following results which will be used in the
sequel.
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Lemma 2.1. Suppose that {a,} be a sequence of nonnegative real number such that Y5 a, < co. Then the sequence
[Ti2;(1 + ;) is convergent.

Lemma 2.2. Suppose that {s,}, {a,} and {B,,} are sequences of nonnegative real numbers such that

2

Sn+1

2
< S, + AuSp + Pu,
where Y5 ay < 00 and Y,5° B < 00. Then the sequence {s,} is convergent.

Proof. We claim that {s,} is bounded. Otherwise, there is a subsequence of {s,} (which we shall denote by
{sx} again) such that for any n € N, s, > n?. Then we have

a
S S<shtansy B < (1+ n—;’)si + Bu-

Hence,
04 (04 [0
s2<(1+ Zz)sg +h <1+ Zz)(l +ap)s? + (1 + Zz)ﬁl +Po
and
[04 a a [04 [04 [04
< (1+ 33)55 +Bs<(1+ 33)(1 + f)(l +ap)s? + (1 + 33)(1 + Zz)ﬁl +(1+ 33)52 +B3.

Now by induction we see that for every n > 1,

n n-1 n
sa<st[la+S+p+ Y6 [Ta+3.
i=1

k=1 i=k+1

Then by lemma 2.1, we obtain

sass[Ja+z+ Y 6 [[a+F) <,
i=1

k=1 i=k+1
which is a contradiction. Hence our claim is proved. Since {s,} is bounded, there is a number M such that
foreveryn € N, s, < M. So

2

Sn+1

Ssi+ansn+ﬁn SSi+Man+ﬁ,,.

Now for any n,m > 1, we have
n+m

2 2 2
Svmet < Snem T My + Buim < o <55 + ZM(X,‘ + Bi
i=n

and then limsup, s? <s2 + Y2, Ma; + f; which implies that

. 2 .. 2
limsups;, < hlr}1 infs;.
m

O

Lemma 2.3. Suppose that f apply in Az, A, As, x* € Sol(C, ), {xx,} be a subsequence of {xx} in H such that xy, — X
and

lim sup f(xx, x*) = lim f(x,x") = 0.
1—00

k—o0

Then x € Sol(C, f)
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Proof. Since f(., x*) is weakly upper semicontinuous, we have

f(x,x") > limsup f(xg, x") = lim f(x, x") = limsup f(x, x*) = 0.

i—oo k—o0

On the other hand, f is pseudomonotone. So f(x,x*) < 0 and then f(x, x*) = 0. Now we obtain x€Sol(f,c). O

Lemma 2.4. [9] Let H be a real Hilbert space, {0} be a sequence of real numbers such that 0 < a < 0y < b < 1 for all
k=0,1, ..., and let {vy}, {wy} be sequences of H such that

lim sup [[vill < ¢, limsup |[wil| < ¢,

k—oo k—oo

and

I}im [0k + (1 — Op)wyl|| = c.Then, limy_, |l — wi|| = 0

3. Main results
Now we are ready to prove the convergence of algorithm 3.

Theorem 3.1. Suppose that Assumptions Ay — Ag are satisfied, the parameters 6, A, and the sequences {Ax}, {Bk},
{ex}, {0k} satisfy restrictions 2. Then the sequences {xx}, {yx} and {Pc(xy)} generated by 3 strongly converge to the
same point X and X = limy_,co Pc(xy).

The theorem is proved through several claims.
Claim 1 For every x* € C there is a real number ¢ such that limy_, [|xx — x| = c.

Proof. It follows from xy,1 = Oxxx + (1 — 6k) T (yx) and x* € F(T) that
lIxesn = X1 = [10xk + (1 = ) Te(ye) — 7|7
= 16k = x7) + (1 = 5)(Tk(yi) = TP
< Okl = X1 + (1 = 6 Te(y) = TP
< Ol = X1 + (1 = 0 Tele) = T(we) + T(yi) = TP
< Oxllve = 7117 + (1 = ) (e + llye = x°11)°
= Oellee = 212 + (1 = 5) (g + llyic = 12 + 2l — x°l)
= Ollxe = X°IP + (1 = 0 (1 + Il = 2717 = Ny — xell® + 20k = Yoo, X — yio) + 2ellyie — x711)
<l = X1 + (1 = )7 + 20k — Yo, X — i) + 20llye — X°11).

Since yx = Pc(x¢ — aywy) and x* € C,
X% = Y X = yk) < a{Wr, X = Yio)-
Also since x; € C, we have
(Xk — Wi — Yi, Yk — xx) = 0.
Hence
ek = yill* < aaop, xe — Y < agllwllllxe — yill

B B
= —lwillllxge — vl £ ——lwrllllxx — yxll = Brllxx — yill,
Yk [[eo|
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which implies that ||xx — ykl| < Br. Combining this inequality with 4 yields

st = 1P <l = NP + (1= 8 (77 + 2¢x = yi, X = i) + 2nillyie — x711)

<l = X1 + (1 = 6) (1 + 205wy, X — Y — Xic + XY + 21l lyie — %))

<l = |7 + (1 = 8) (177 + a0y, X — xi) + 2alleorllllxe — vl + 2mellye — x°11)

< e = 1P + (1 = 00) (17 + 2wy, x° — xi) + 2B + 2nellye — x°1l) ®)
<l = |7 + (1 = 06) (17, + 200wy, X — xi) + 2B5 + 2millye — xell + [lxi — x7])))

< e = X1 + (1 = 00) (17 + 2wy, X — x) + 25 + 217i(Be + |l — x7]1))

< e = 1P + 2mi(1 = Sl — 1| + (1 = 8 (1 + 200wog, x* = xi) + 2B + 21 B).-

Since wy € ¢, f(xx, )(xx), x* € C and f(x, x) = 0 for all x € C, we have

(Wi, X" = 1) < f i, X7) = floe, i) + & = f(x,X7) + & (6)
Combining 5 and 6, we obtain that

lesn = X2 < e = 1P + 206(1 = 0l = X711+ (1 = SR + 2a(f (xx, x7) + ) + 285 + 217iBr). @)

On the other hand, since x* € S, f(x*,x¢) > 0 and then by pseudomonotonicity of f, we have f(x, x*) < 0.
Then

et = X717 <l = X717 + 2me(1 = Sl — 71| + (1 = 8) (17 + 2aeex + 27 + 21iBr).- )
Now applying Lemma 2.1 to 8, by Assumption 2, we obtain the existence of limy,_,co [[Xg+1—x*. O
Claim 2 limsup,_, , f(x, x*) = 0.

Proof. By 7, for every k, one has

= 2a(1 = Op) f (xx, X7)
<l = X2 = [lxiar — X NP + 2061 = Sl — X1 + (1 = 8)(17 + 2akex + 27 + 20k

Since ||lxx — x*|| is convergent, there is an M such that |lx; — x*|| < M. So
=251 — &k) f(xk, x°) < Ml = X1 = Ilxier — X°IP + 20M + (7 + 2ae + 267 + 21iBr).-

Summing up the above inequalities for every k, we obtain that
0<-2)" ai(l - ), x)
k=0

<l — x| + Z 2nk(1 = 6)M + Z(l — 8K} + 2akex + 2B7 + 21iPy) < oo
k=0 =0

On the other hand, by A; we have that {|[wy||} is bounded. In fact, by claim 1, we get that ||x¢|| is bounded.
Therefore, the assertion follows from A;. In consequence, using 2 we conclude that there exists L such that

oy > ﬁf Therefore
- Br . . .
0< —kZO‘ ﬁff(xk,x ) < —Z;ak(l — 8 f(x, X°) < 0.

Now by Y2 Br = 0 and —f(xi, x*) > 0 we have limsup,_, , f(xx,x)=0. O
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Claim 3 limy_,o [IT(xx) — x|l = 0.
Proof. By nonexpansiveness of T, we can write

I Ti(yx) — 7Nl < 1 Ti(yx) — Tyl + 1T Cyx) — X7N1 < 15 + llye — X7l
S+ e = X7+ llyke = xill < i+ B + e — X7,

which implies

lim sup (| Ty (yx) — x| < ]}g{}o llxe = x| + B + e = c.

k—o0

On the other hand
B [16¢(x¢ = ) + (1 = 90 Te(y) = €1l = lim [l = 1l = c.
Then, applying Lemma 2.4 with vy := x; — x* and wy := Ty(yx) — x* it results
lim [[Ti(y) = el = 0. ©)

Since

T (xx) — xill < 1 Te(xi) = Tell + N TkCer) — xill < 1 + 1T (yr) — TrCeo)ll + 1Tk (yi) — 2kl
< 31k + IT(yk) = T(xo)ll + 1Tk (i) — Xl

< 31k + llyk — xill + 1 Te(yx) — xll

< 3k + Br + [Tk (yi) — xll,

we have
,}Lrgo 1T (xx) — xll = 0.
O
Claim 4 There is subsequence {x;} of {x;} such that x;, = xand x € C.

Proof. Since {x;} is bounded in Hilbert space H, there is a subsequence {xy,} of {x} and x € Csuch thatx;, — X
and

lim sup f(x, x*) = im f(x, x).

k—oo

So by lemma 2.3, x € Sol(C, f). Now we show that x € F(T). Suppose in contrary that T(x) # x. Then by
Opial condition we have

lim sup [|xx, — x|| < limsup ||lx, — Tl

i—o0 i—c0
< limsup [|xg, — T(x)Il + lim sup [|T(xx,) = T)||
i—o0 i—oo

< limsup [|xx, — x|,

1—00
which is a contradiction. Hence T(x) =x. O

Claim 5 limy_, o, X = X.
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Proof. By definition of xy41, we have

kst = Perien)IP < llxer = Pl

= [16x (i — Pe(xi)) + (1 = 0)(Ti(yi) — Pe(xi))II”

< Oxllxe = Pe(xill” + (1 = 8l Te(yk) — Pl

< Oxllxk = Pe(ll” + (1 = 8) 1Tk (i) — xl* = llxe — Pe(xo)l?)
< (28 = Dllxe = PP + (1 = 01 Tie(yi) — x0)II%.

Now by [lxx — Pc(xi)ll < |lxx — x7|| and (9), we obtain

Lim lxet = Pe(iea)ll = 0. (10)

Now we claim that {Pc(xx)} is Cauchy. For simplicity, let Py := Pc(x¢). By relation (8) with x* = Py for m > k,
we have

Il = Pill* < -1 = Pell® + MAy—1 + By
< ”xm—2 - Pk||2 + M(Am—l + Am—Z) + Bm—l + Bm—Z
<..

m—1 m=1
2
<l PP+ MY A+ ) B,
i=k i=k

where Ay 1= 21(1=6m), B = (1= 0) (12, + 20 €m + 22, + 21mPm) and M is a bound of [|x; —x*||. By convexity
of C, we have %(Pm + Py) € C and then

I[P — Pk”2 < 2llxm — Pm||2 + 2l — PkHZ
m—1 m=1

< 2l = Pull? + 2l = PP + MY Ai+ ) B,
i=k i=k

which, together with Zgl A; < oo, Zgl B; < o and (10), implies that {Px} is a Cauchy sequence. Hence
there is P € C such that P, — P and then

P =1lim Py, = lim P(x;,) = P(lim xx,) = P(x) = x € C.
1—00 1—00 1—00
So Py — x. Finally by
llxx — x| < llxx — Pill + 1Pk — I,
we can conclude that x; —» x. [J

Remark 3.2. Let for map T in theorem 3.1, Ti(x) = T(x). Then we obtain the iteration processes in [2].
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