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A Monotone Bregan Projection Algorithm for Fixed Point and
Equilibrium Problems in a Reflexive Banach Space

Sun Young Cho?

*Department of Liberal Arts, Gyeongnam National University of Science and Technology, Jinju-Si, Gyeongsangnam-do, Korea

Abstract. In this paper, a monotone Bregan projection algorithm is investigated for solving equilibrium
problems and common fixed point problems of a family of closed multi-valued Bregman quasi-strict
pseudocontractions. Strong convergence is guaranteed in the framework of reflexive Banach spaces.

1. Introduction-Preliminaries

Fixed Point Theory is a fascinating key component of nonlinear functional analysis. It has a large
number of theoretical and real world applications in many fields, for example, machine learning, differential
equations, game theory, economics, transportation, and control theory; see [2, 13, 20]. During the last
decade, many convergence theorems for various convex optimization problems were established in infinite
dimensional real Hilbert spaces through fixed point methods; see [8-11, 18, 19, 21, 28, 29] and the references
therein. In the Banach setting, the approximation of fixed points via hybrid techniques is important,
however, there are few results since the duality mapping is not easy to calculated in Banach spaces. In this
paper, we are concerned with an equilibrium problem via a fixed method in the Banach setting.

Let E be a real reflexive Banach space with the norm || - || and let E* be the dual space of E. Let
f + E = (—00,+] be a convex, proper and lower semi-continuous function. In this paper, we denote the
domain of f by domf, i.e.,, domf := {x € E : f(x) < +o0}. Let IN and R be the sets of positive integers
and real numbers, respectively. Let any x € int domf and y € E, the right-hand derivative of f at x in the
direction of y is defined by

F,y) = lim fetty) - f)
t—0* t

Recall that the function f is said to be Giteaux differentiable if it is Giteaux differentiable for any x € int
domf; Giteaux differentiable at x if the limit f°(x, y) exists for any y; uniformly Fréchet differentiable on a
subset C of E if the limit f°(x, y) is attained uniformly for x € C and ||y|| = 1; Fréchet differentiable at x if
the limit f°(x, y) is attained uniformly in ||y|| = 1. For function f, the following facts are known. (i) If f is
Gateaux differentiable at x, then f°(x, y) coincides with v f(x), the value of the gradient v f of f at x; (ii) If a
continuous convex function f — R is Giteaux differentiable, Vf is norm-to-weak” continuous; (iii) If f is
Fréchet differentiable, V f is norm-to-norm continuous.
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Let x € int domf. The subdifferential of f at x is the convex set defined by
If(x)={x"€E": f(x) - f(y) <", x—y), VyeE}L
The Fenchel conjugate of f is the function f* : E* — (—oc0, +oo] defined by
(") =sup{{x”,x) — f(x) :x € E}, Vx"€E".

Recall that a function f is said to be (i) essentially stirctly convex if (9f)7! is locally bounded on its
domain and f is strictly convex on every convex subset of domdf; (ii) essentially smooth if df is both locally
bounded and single-valued on its domain; (iii) Legendre, if it is both essentially smooth and essentially
strictly convex.

In the framework of reflexive Banach spaces, we have the following facts: (i) f is essentially smooth
if and only if f* is essentially strictly convex; (ii) (df)~! = df*; (iii) f is Legendre if and only if f* is
Legendre; (iv) If f is Legendre, then V f is bijection satisfying Vf = (Vf*)™!, ranV f=domV f*=int dom f* and
ranV f*=domV f=int domf.

Let f : E — (=00, +00] be a Gdteaux differentiable function. The Bregman distance with respect to f is
the function Dy : domfxint domf — [0, +o0) defined by

Dy(y, x) := f(y) — f(x) =V f(x), y = x).

We remark here that the Bregman distance is not a distance in the usual sense.
Recall that bifunction V¢ : E X E* — [0, o) associated with f is defined by

Vi, x") = f(x) + f(x") —(x,x"), Yx€E x"€F".

Then V¢ is nonnegative and satisfies V¢(x,x") = Df(x, Vf*(x")), Vx € E,x* € E*. D¢(;,-) has the following
important property, called “three point identity”. For any x € domf and y, z € int domf,

(Vf(z) = Vf(y),x —y) = Ds(x,y) + Df(y, 2) — D¢(x, 2).

Let f : E — (=00, +00] be a convex and Gdteaux differentiable function and let C C domf be a nonempty,
closed, and convex set. The Bregman projection x € int dom f onto C is the unique vector P{: (x) € Csatisfying

D(PL(x),%) = inf(Ds(y,x) : y € C}.

Letting f(x) = ||x|[?, Vx € E, we find that the Bregman projection Pé(x) is reduced the generalized projection
Ic(x), defined by I'lc(x) = arg minyec P(y, x).

Let B, :={z € E: ||zl < r} and Sg = {x € E : ||x|| = 1}. Then, a function f : E — R is said to be uniformly
convex on bounded subsets of E if p,(t) > 0 for all #, ¢ > 0, where p, : [0, 00) — [0, c0] is defined by

af(x)+ (1 —a)f(y) - flax+ (1 - a)y).

x,y€B, lx-yll=t,ac(0,1) a(l —a)

Pr(t) =

Let f : E — (—00,+00] be Giteaux differentiable. The modulus of total convexity of f at x € domf is the
function v¢(x,-) : [0, +00) — [0, +oo] defined by

vi(x, t) == inf{D(y, x) : y € domf, |ly — x|| = t}.

The modulus of the total convexity of the function f on the set B is the function v : int domf X [0, +c0) —
[0, +oo] defined by v¢(B, t) := inf{vf(x, t) : x € BN domf}.

Recall that a function f is said to be: (i) totally convex at x if v¢(x,t) > 0, whenever ¢t > 0; (ii) totally
convex if it is totally convex at any point x € int domf; (iii) totally convex on bounded sets if v¢(B, t) > 0 for
any nonempty bounded subset B of E and ¢ > 0.
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A function f is said to be: strongly coercive if limyy—o f(x)/|lx]| = oo; sequentially consistent if for any
two sequences {x,} and {y,} in E such that the first one is bounded,

lim D(y,, x,) =0 = lim [ly, — x,[| = 0.

Let C be a nonempty, closed, and convex subset of E. We use CB(C) to denote the family of nonempty
closed bounded subsets of C. Let H(-, -) be the Hausdorff metric on CB(C) defined by

H(A, B) = max{supd(y, A),supd(x,B),}, YA,Be CB(C),
yeB X€A

where d(a,B) = inf{|la — bl| : b € B} is the distance from point a to subset B. Let T : C — CB(C) be a
multi-valued mapping. The fixed point set of T is denoted by F(T) := {p € C : p = T(p)}. Recall that T is said
to be multi-valued Bregman quasi-nonexpansive with respect to f if F(T) # 0 and

Df(p,u) < Df(p,x), Yu€Tx, x€C, p€F(T).
If f(x) = ||x||? for all x € E, it becomes a multi-valued quasi-¢-nonexpansive mapping, that is,
o(p,u) <Ppp,x), YueTx, xeC, peFT).

Recall that T is said to be multi-valued Bregman quasi-strictly pseudo-contractive with respect to f if
F(T) # 0 and
D¢(p,u) < Df(p,x) + kDg(x,u), Yu€Tx, x €C, p € F(T).

If f(x) = ||x|I* for all x € E, it becomes a multi-valued quasi-¢-strictly pseudo-contractive mapping, that is,
o(p,u) <P, x) +kdp(x,u), YueTx, xeC peFT).

Let g : C X C — R be a bifunction. Recall that the equilibrium problem in the sense of Blum and Oettli
[5] is find X such that

gxy) =0, VyeC 1)

In this paper, the set of solutions of the equilibrium problem is denoted by EP(g). Equilibrium problem
1 provides us a a general and unified framework to study a wide class of problems arising in convex
optimization problems; see [6, 12, 15, 16, 22] and the references.

In view of the generality and importance of equilibrium problems, fixed point algorithms have been
extensively investigated for approximation solutions of problem (1); see[1,7,14, 23,27, 33] and the references
therein. It is known that Picard iterative method may fail to converge for nonexpansive-type mappings
whose complementary mappings are monotone. Mann-type iterative method which is one of most popular
iterative methods has recently attracted much attention in optimization and analysis communities. Mann-
type iterative method is efficient for nonexpansive-type mappings, however, it is only weakly convergent
in the framework of infinite dimensional spaces. To modify the Mann-type iterative method such that
the strong convergence is guaranteed without compact assumptions, hybrid projection techniques were
considered; see [26, 30, 34]. Unfortunately, the success achieved in using geometric properties in Hilbert
spaces is not easy to carry over to the framework of Banach spaces. The main difficulty is that the normalized
duality map appears in most Banach space inequalities This creates very serious technical difficulties in
computation. Recently, attempts with the Bregman distance have been made to overcome these difficulties;
see [17, 24, 25, 31, 32] and the references therein.

In this article, a monotone Bregan projection algorithm is investigated for solving equilibrium problems
and common fixed point problems of a family of closed multi-valued Bregman quasi-strict pseudocontrac-
tions. Strong convergence is guaranteed in the framework of reflexive Banach spaces. Our algorithm is
efficient for an infinite family of mappings, which is one of the highlights of this paper.

To study equilibrium problem (1), we impose the following restrictions on bifunction g.



S.Y. Cho / Filomat 34:5 (2020), 1487-1497 1490
(R-1) g(x,x) =0,Va e C;
(R-2) g(x,y) 2 limsup, ,g(tz + (1 - t)x, y), Yx, 4,2 € C;
(R-3) g(y,x) +g9(x,y) <0,VYx,y € C;
(R-4) v g(x, y) is convex and weakly lower semi-continuous, Vx € C.

There are a lot of bifunction satisfying the above restrictions, for example, g(x, y) = y — x. For r > 0, the
resolvent operator of bifunction g, Res] : E — C is defined as follows:

Res/(x) ={z€ C:{y -z, Vf(z) - Vf(x)) +r9(z,y) 20, VyeC}, VxeE. (2)

Lemma 1.1. [11] Let E be a reflexive Banach space and let C be a nonempty, closed, and convex subset of E. Let
f : E = R be a convex, continuous, and strongly coercive function which is bounded on bounded subsets and
uniformly convex on bounded subsets of E. Let g : C x C — R be a bifunction satisfying (R-1)-(R-4) and let
Res! : E — C be resolvent defined by (2). Then the following statements hold:

(a) Res! is single-valued;

(b) F(Res!) = EP(g);

(c) EP(g) is closed and convex;

(d) D¢ (p, Res?x) + Df(Rest, x) < D¢(p,x), ¥ p € EP(9), ¥ x € E.

Lemma 1.2. [4] Suppose that f is Gdteaux differentiable and totally convex on int domf. Let x € int domf and let
C Cint domf be a nonempty, closed and convex set. If & € C, then the following conditions are equivalent:
(i) The vector % is the unique solution of the variational inequality

(Vi) -vf(®),2-y =0, VYyeC
(i) The vector % is the unique solution of the inequality

Dg(y,%) + Dg(%,x) < Df(y,x), VYyeC,

(iii) The vector % is the Bregman projection of x onto C with respect to f, i.e., & = Pé(x).

Lemma 1.3. [3] Let f : E — IR be a Gateaux differentiable and totally convex function. If xo € E and the sequence
{D(xn, x0)} is bounded, then the sequence {x,} is bounded too.

Lemma 1.4. [3] Suppose x € E and y € int domf. If f is essentially strictly convex, then D¢(x,y) = 0 & x = y.
Function f is sequentially consistent if and only if f is totally convex on bounded sets.

Lemma 1.5. [3] Let f : E — R be a convex function which is bounded on bounded subsets of E. f* is Fréchet
differentiable and V f* is uniformly norm-to-norm continuous on bounded subsets of dom f*=E* if and only if f is
strongly coercive and uniformly convex on bounded subsets of E.

Lemma 1.6. Let f : E — R be a Legendre function which is uniformly Fréchet differentiable and bounded on subsets
of E. Let C be a nonempty, closed, and convex subset of E and let T : C — CB(C) be a multi-valued Bregman
quasi-strictly pseudocontractive mapping with respect to f. Then, for any x € C, u € Tx, p € F(T) and k € [0, 1) the
following hold:

1
Df(x/ M) < m(x - p/ vf(x) - Vf(”))
Proof. Letx € C,u € Tx,p € F(T) and k € [0, 1), by the definition of T, we have

Dy(p, ) < Dy(p,x) + kDy(x, u).
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This implies that
D¢(p,x) + Ds(x,u) +p — x, Vf(x) = Vf(u)) < Ds(p, x) + kD(x, u).

Hence, one has
1

1-k

Dg(x,u) < (x=p, Vf(x) = V).
This completes the proof. [J

Lemma 1.7. Let f : E — R be a Legendre function which is uniformly Fréchet differentiable on bounded subsets of E.
Let C be a nonempty, closed, and convex subset of E and let T : C — CB(C) be a multi-valued Bregman quasi-strictly
pseudocontractive mapping with respect to f. Then F(T) is a convex and closed set.

Proof. Letx,y € F(T) and p = tx + (1 — t)y for t € (0,1). For all w € Tp, one has

Dy(p,w) < T p — 1, V() ~ V(@) ®

and

Dy(pw) < T (p ~ %, VF() ~ V(@) @

respectively. Multiplying (3) by (1 - t) and (4) by t, we have

Dy(p,w) < T4~ p,VF(p) ~ V@),

which implies D f(p, w) = 0. From Lemma 1.4, we have p = w, that is, F(T) is convex.
Next, we show that F(T) is closed. Let {x,},en be a sequence in F(T) such that x, — x* as n — co. We
prove that x* € F(T). In fact, for all u € Tx*, we have

Dy, 1) < T (" = 3, V) = Vf@), ®)

1

which implies D¢(x",u) = 0 by taking limit n — oo in (5). Using Lemma 1.4 we obtain x* = u, that is,
x* € F(T). So F(T) is closed. This completes the proof. [

2. Main results
In this section, we state and prove our main theorem.

Theorem 2.1. Let E be a real reflexive Banach space and let C be a nonempty, closed and convex subset of E. Let
f + E = R be a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Let [] be a index set. Let T; : C — CB(C) be a closed and multi-valued Bregman
quasi-strict pseudocontraction with fixed points. Let g; be a bifunction with (R-1), (R-2), (R-3) and (R-4) for each
i € [1. Assume that Q) := NierF(T;) (N NierEP(9:) # 0. Let {xy}nen be a sequence generated by the following iterative
algorithm:

Xo € E chosen arbitrarily,

C,i=¢C

C1 = Nier1Cuis

X1 = Pé (x0),

Yni =V lanVf(xn) + (1 —an)Vf(zu)l,  zni € Tixy, (6)

rn,igi(un,i/ ]/) + (y — Un,i, vf(un,i) - vf(]/n,z’)) >0, V ye C

Cus1,i =1z € Ci : Dp(z, i) < Df(z, Yni) < Df(z, X0) + 75400 — 2, V(xn) = Vf(za,))),
Cus1 = Nier1Cuxiis

X1 = PL(x1),
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where x € [0,1), liminf, o 7,; > 0, for Vi € []. Then {x,} converges strongly top = Pg(xl), where Pg is the
Bregman projection from E onto Q.

Proof. From Lemma 1.1 and Lemma 1.7, we see that F(T) N EP(g) is convex and closed. Hence PI{(T) AEP(9) (x1)
is well defined. Next, we prove that C, is also convex and closed. It suffices to show that, for each fixed
but arbitrary i € [], C,,,; is a convex and closed set. It is obvious that C;; = C is convex and closed. We now
let C,,; is a convex and closed set for some m > 1. Letting z; and z; be two arbitrary points in Cy,41,, we find

that z1,z, € Gy 5. Set z12 = Az + (1 — A)zp, where A is a real number in (0, 1). Since f is convex, we find that

K
Dg(z12, tm,i) < D(z1,2, Ym,i) < Df(z1,2, %m) + T = 21,2, Vf(Xm) = Vf(zZm,))

In view of z;, € C,;, we obtain that C,,; € Cy,11,;. This proves that C,..1,; is a convex and closed set. Hence,

C,,; is also a convex and closed set. This implies that Nie[C,; is convex and closed. So, 2 o(x0) is well
defined.

Next, we show that Q c C,. Q c C; = Cis obvious. Let Q c C,,;. Note that u,, = Resfmym. For any
w e Q c Cy i, we derive that

Df(w/ ”m) = Df(w/ Vf*[amvf(xm) + (1 - am)vf(zm)])
= f(w) = (w, anV f(xm) + (1 = am)V f(zm))
+ famVfxm) + (1= am)Vf(zm))
< (me(w) - apw, vf(xm» + amf*(xm)
+ (1 —aw)f(w) = (1 — aw)w, Vf(zm) + (1 = an) f(Vf(zm))
=1 = aw)Ds(w,zm) + anD (W, xp)
< (1= am)[Ds(w, xm) + kD (X, Zm)] + D r(w, )
< (11 az) X —w, Vf(xm) - vf(zm» + Df(w/xm)
< k¢xy —w, Vf(xm) - Vf(zm»
- 1-k

+ Df(w/ xm)/

that is, w € C,41,. This proves that Q) C C,;, which further implies that O € C,, = NiC,,;. Using Lemma
1.2 yields that

<]/_xnlvf(x1)_vf(xn)> S0/ V]/GCnr
It follows from Q c C,, that
(w—x,, Vf(x1) = Vf(x,)) <0, VweQ. (7)
From Lemma 1.2, one has
Dy(xu, x1) = Dy(PL (x1),%1) < Ds(w, 1) — Dy(w, PL (x1)) < Dy(w, x1),

for each w € Q. Therefore, {Df(x,,x1)} is bounded. An application of Lemma 1.3 yields that {x,} is
a bounded sequence. In view of the fact that x,.1 = Pf Cout (x1) € Cy31 € Cy, and Since x;,, = Pf (xl)
one has D¢(xy,x1) < Df(xy41,x1). This implies that {D f(xn,xl) is a nondecreasing sequence. Therefore
lim,,—,co D(x,, x1) exists. Since {x,} is a bounded sequence and space E is a reflexive space, there exists a

subsequence {x;, j} C {x,,} such that x,, ;= p. Since C,, is closed and convex, we find thatp € C,. On the other
hand, one has

Df(xnj,xl) < Df(p\,xl), Y nj € IN U {0}. (8)
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On the other hand, one has
1i?_1)(imnf Dy(xn;, x1) = 1i§gi§1f{f(xnj) = f(x1) =<V f(x1), X, — x1)}

2 f(p) = f(x1) = (Vf(x1),p = x1) )
= Df(ﬁ,xl).

It follows from (8) and (9) that

Dy(p,x1) < ligrlngf(xnj,xl) <limsup Dy (xy;, x1) < D¢(p, x1).

]*)00
Hence, limj e Df(xy;, x1) = Df(p,x1). Employing Lemma 1.2, one obtains that D¢(p,x,) < Ds(p,x1) —

Dy(xy,;, x1). Hence, lim;c Df(ﬁ,xn/.) = 0. Using Lemma 1.4 that lim;cx,; = p. Since {Df(xn, x0)} is a
convergent sequence, one obtains that

lim Df(xy, x1) = Ds(p, x1). (10)
Using Lemma 1.2, one has

Df(ﬁrxn)SDf(ﬁ/xl)_Df(xn/xl)- (11)
Letting n — oo in (11), one finds from Lemma 1.4 that

lim x, = 7. (12)

n—oo

On the other hand, one has
Dyt ) € Dynen, Yoi) < Dyl ) + T (o = ur, VI ) = Vf @),
which together with (12) implies that
Hm D¢(xe1, i) = M D1, Yni) = 0.

Since f is totally convex on bounded subsets of E, and sequentially consistent, one sees that

Hm [le1 = yuill =0, lm [lxe1 = 14,41 = 0. (13)
From (12) and (13), one obtains that

lim [, =yl =0, Tim [, — ] = 0. (14)
Since Vf is uniformly continuous on each bounded subset of E, one has

lim [IV£(x,) = V f(yni)l = 0. (15)

It follows that

. i 1
Tim 1V ) = Vo)l = lim, -——[IVf(0) = V(g )l = 0. (16)
Using Lemma 1.6, we find from (16) that lim;,—c [, — 2| = 0. Therefore lim,_,o zy; = lim,—e X, = p- In

view of z,,; € Tix,, and from the closedness of T;, it follows ?)\e F(T;). Hence, fl\e Nier F(T7).
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Next, we prove p € NierrEP(g:). Since ||tti — Y ill < 11X = Y ill + i — x4ll, we find from (14), one obtains

that limy, e [[t4s,; — Y,ill = 0. Since V f is uniformly norm-to-norm continuous on bounded subsets of E, one
has
Vi) -V i
o 1V = Vf il _ -
n—eo Tni

which together with u,, = Resfm Yni implies that

rn,igi(un,i/ y) + <]/ — Un,i, vf(un,i) - Vf(yn,l» = 0/ A y eC.

Hence, one has

||vf(un,i) - vf(yn,l)” > <y — Un,i, vf(un,i) - Vf(yn,z»

Vi rn,i

lly — wn,ill > gi(y, uni), VYyeC
Using (17), one sees that gi(y,p) <0, Yy € C. For t; € (0,1) and y € C, letting y, = t;y + (1 — t;)p, we have
gi(ys,p) < 0. Hence
0= gyt yr) < (1 = t)gi(Ye, p) + tigi(ys, y) < tigi(ys, y)-
Dividing by #;, one has gi(y:,y) > 0, Yy € C. Letting ¢ | 0, one finds that g;(p,y) > 0, Yy € C. Hence
P € Nic1EP(g;). This proves thatp € Q.
Finally, we take n — oo in (7) and obtain that

(w=p,Vf(x1) = Vf(xy)) <0, YweQ.

Using Lemma 1.2, one hasp = P{)(xl). This completes the proof. [J

For the class of multi-valued Bregman quasi-nonexpansive mappings, we find the following result
easily.

Corollary 2.2. Let E be a real reflexive Banach space and let C be a nonempty, closed and convex subset of E. Let
f + E = R be a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Let [] be a index set. Let T; : C — CB(C) be a closed and multi-valued Bregman
quasi-nonexpansive mapping with fixed points. Let g; be a bifunction with (R-1), (R-2), (R-3) and (R-4) for each
i € [[. Assume that QO := NierpF(T) (N NierEP(g:) # 0. Let {x,}nen be a sequence generated by the following iterative
algorithm:

xo € E chosen arbitrarily,

C,i=C

C1 = NiertCi,

x1 = P, (xo),

Yni = Vo Vi) + (1 —an)VFzu)l,  zni € Tixy,
TniGi(Un,is Y) + Y = i, Vi) =V (yni)) 20, YyeC,
Cui1,i = {2 € Cpi 2 Df(z, uni) < Df(z, yn,i) < Df(z, x0)},
Cus1 = Nier1Cuviis

X = PL (1),

where iminf, e r; > 0, for Vi € T]. Then {x,} converges strongly to p = Pg(aq), where P{) is the Bregman
projection of E onto ().

If f(x) = ||x||*, Vx € E, then the class of multi-valued Bregman quasi-strict pseudo-contractions is reduced
to the class of multi-valued quasi-¢-strict pseudo-contractions. We have the following result.
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Corollary 2.3. Let E be a real reflexive Banach space and let C be a nonempty, closed and convex subset of E. Let
f + E = R be a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Let [] be a index set. Let T; : C — CB(C) be a closed and multi-valued Bregman
quasi-strict pseudocontraction with fixed points. Let g; be a bifunction with (R-1), (R-2), (R-3) and (R-4) for each
i€ []. Assume that Q) := N F(T7) (N NierTEP(g:) # 0. Let {xn}nen be a sequence generated by the following iterative
algorithm:

Xo € E chosen arbitrarily,

Ci=C

C1 = Nier1Ci,

x = P (xo),

Yui = ] ] (6) + (1= an)[(z0)],  2ni € Tixy,

rn,igi(”n,i/ y) + <}/ — Un,i, ](un,i) - ](yn,i» >0, V ye C

Cos1i = {2 € Cpi : Pz, ni) < P2, Yni) < (2, X0) + T (X0 — 2, J(Xn) = J(zni)),
Cus1 = Nier1Coviis

X1 = PL_(x1),

where x € [0,1), liminf, e 7,; > 0, for Yi € []. Then {x,} converges strongly top = P{l(xl), where Pg is the
generalized projection of E onto Q).

Let E be a real Banach space and let E* be the dual space of E. Let C be nonempty closed and convex
subset of Eand let A : C C E — E*be anonlinear mapping. The variational inequality problem for mapping
A and its domain C is to find X € C such that

(Ax,y-%) 20, YyeC (18)

The set of solutions of the variational inequality problem is denoted by VI(C, A).
Recall that a mapping A : C — E* is called monotone if

(Ax—Ay,x—-yy=>0, Vx, yeC.
A mapping A : C — E” is said to be y-inverse strongly monotone if there exists y > o such that
(Ax — Ay, x —y) 2 VllAx - Ayl>, Vx,yeC

Lemma 2.4. Let f : E — (—o0,400] be a coercive Legendre function and let C be a nonempty, closed and convex

subset of E. Let A : C — E* be a continuous monotone mapping. Fors > 0 and x € E, define a mapping Res{ :E-C
as follows: for all x € E,

Res;‘\ ={zeC:(Vf(z2) - Vf(x),y—2z) +s(Az,y—z) 20, VYyeC}

Then the following hold:

(1) Res? is single-valued;

(2) F(Res?) = VI(C, A);

(3) D¢(p, Res?x) + D¢(Resi'x, x) < D¢(p, x), for p € F(Res{);
(4) VI(C, A) is closed and convex.

Based on above lemma and Theorem 2.1, the following result is not hard to derive.

Corollary 2.5. Let E be a real reflexive Banach space and let C be a nonempty, closed and convex subset of E. Let
f + E = R be a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Let [] be a index set. Let g; be a bifunction with (R-1), (R-2), (R-3) and (R-4) for

eachi € []. Let A; : C — E* be a continuous monotone mapping with a mapping Resﬁ" : E — Cis defined by

Resﬁf::{zeC:si(Aiz,y—z>+(Vf(z)—Vf(x),y—z)20, YyeC}, Vxe€E
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Assume that QO := NieTEP(g:) (N Nierp VI(C, A;) # 0. Let {x,}nen be a sequence generated by the following iterative
algorithm:

xo € E chosen arbitrarily,

C,i=C

C1 = Nier1 G,

x1 = P, (xo),

Yni = VI TanVf(xa) + (1= an)Vf(Resgx)],

Tu,ii(Un,is Y) + Y = Ui, V(i) =V (yni)) 20, YyeC,
Cui1,i = {2 € Cpi : Df(z, uni) < Df(z, yn,i) < Df(z, x0)},
Cus1 = Nier1Cuviis

Xpsl = P{;M (x1),

where {s;} is a sequence of positive real numbers, liminf, ., 1,,; > 0, for Vi € [[. Then {x,} converges strongly to

p= P{)(xl), where P{) is the Bregman projection of E onto Q.

Remark 2.6. In this paper, we proposed a monotone Bregan projection algorithm for solving equilibrium problems
and common fixed point problems of a family of closed multi-valued Bregman quasi-strict pseudocontractions. Our
algorithm is strongly convergent wihtout any compact assumption. It deserve mentioning that our algorithm is valid
for a family of uncountable many bifunctions and quasi-strict pseudocontractions in the framework of reflexive Banach
spaces.
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