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Abstract. This article is devoted to introduce a new operator U

gy Using the generalized Mittag-Leffler

function. Then, we give meromorphic subclasses associated 1[;;’:; Finally, we calculated inclusion relations
. v.km .

by using LA and integral operator F,.

1. Introduction

(e8]

fz)=z"+ Z a,z",
n=0

We need to define some essentially definitions. Firstly, }’ is the class of functions of the form:

which is analytic in the punctured unit disk U*

1)
U\{0} = U\{0}.
The Hadamard product (or convolution) of f(z) given by (1) and g given by
9@ ="+ ) b2, 2)
n=0
is defined by

(fr9)@=2"+) abiz" = (g% f)(2).
n=0

©)
A function f(z) € L is said meromorphically starlike function of order 6 in U, if and only if
zf' (z
{m}<—6, 0<0<1;,zelU 4)
f @)
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We denote by Z5%(0) the class of all meromorphically starlike functions of order 6. A function f(z) € L is
said to be in the class C(0) of meromorphically convex function of order ¢ in U*, if and only if

%{1+ZJJZ;(S)}<—6, 0<o6<1;,zel). (5)
It is easy to observe from (4) and (5) that
f(z) € ZC(0) &= —zf'(z) € Z57(9). (6)

A function f(z) € L is said to be meromorphically close-to-convex function of order ¢ and type 6 in U*, if
there exists a function g € £5*(0) such that

zf' (z)
Q&{ 9(2)

We denote by XK(o, 6) the class of all meromorphically close-to-convex function of order ¢ and type 6. A
function f(z) € L is said to be meromorphically quasi-convex functions of order ¢ and type ¢ in U*, if there
exists a function g € ZC(0) such that

%{(Zf'(z))’}«a 0<60<1zel). 8)
9 (2)

YK*(0,0) is the class of all meromorphically quasi-convex functions of order ¢ and type 0. It follows from
(7) and (8) that

}<—0 (0<6,0<1;,zeU). ()

f(z) € ZK*(0,8) & —zf'(z) € £K(0, 5). (9)

Let the Mittag-Leffler function E,(z) (see [9]) defined as follows:

[ee) Zn
E.(z) = ; Ten D (@ € C,R(a) > 0). (10)

A more general function E,(z) is E, g(z) was introduced by Wiman (see [12, 13]) and given by

(o] Zn
Eop(z) = ; NECETD) (ze Q). 11)

For a,B,y € C, R(a) > max{0, R(k) — 1} and RKR(k) > 0, Srivastava and Tomovski [15] introduced the
function EZZ(Z) in the form

)/k( ) Z r((y)nk v e C) (12)

an + ﬁ)n'
Now, by using (12) we define the function RZ; () as follows:

8152 =TEEL(2).
It follows that, for a, B,y € C, R(a) > max{0, R(k) — 1} and R(k) > 0 that

(e8]

_ (V)(n+1)k r(p)z"
Ly ZS e zeQ). (13)

(n+1)+pl(n+1)
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We can define the function ]KZI; (f)(z) as a convolution product given by:

KA(H@) = K@) f@),

_ Z I'ly + k(n +1)] T(B) o
B T()am+1) +pl(n+ 1)1 "

For a, B,y €C, %(0{)>max0 Rk) -1}, R(k)>0,1>0,meNy=INU{0} and N =

a new linear operator ]I ( f)(z): Y, = ). as follows:

15 (A)@) = K ”ﬁ

1k1

4 ()

anmgqawﬁ%mﬂﬁM'

B F[)/ +k(n+1)] T(B)
a Z IF(y)Ia(n + 1) + Bl(n + 1)!

[1+nmn+ 1)]a,z",

Zﬁm@==ZZZWNM—anW“m@Hﬂ 205 (N @)

B Iy + k(n +1)] T(B)
- Zr JTla(n + 1) + Bl(n + 1)!

[1+nmn+ 1)]a,z"

By induction we prove that

Jom 3 y[I +k(n +1)] T(B)
Loy (D@ =27+ Z T\l + 1) + Bl + 1)

[1+n(n+1)]"a,z"

Note that by taking m = 0 in (15), we obtain (14).
Remark 1.1. We note that

@ Iy (D@ = f@);
() () = 2f(2) +2f'(2);

(i) 177(

z(1- z))_Z e

(iv) ]I; v 2(2(11 5)=2" cosh( \/E),

1,10 _ sinh(+2)
W) ]I22r]( 112))_ Y=t

Observe that:
@ 151"(F)(z) = D} f(2) (see [1, 5], with | = p = 1 and [4] with p = 1);
() Ty;7' ()@ = D}, f(2) (see [2]);
(© T/ ()(z) = M5 f(2) (see [10, 11] with p=1);

@ 177, (D@ = Lkef(2) (€ > 1) (see Yuan et al. [19]).

{1,2

1547

(14)

, ...}, we define

(15)
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2. Preliminaries
The following Lemmas will be required in our investigation.

Lemma 2.1. Let f € ), then the operator Ig’}g”:;( )(z) achieve the following relations

() AN = T (P )—(—) L), (16)
(if) zall) (NE) =PI (AE) = (@+ BT (AE), (17)
(iii) 2T (A = — 32’:“<f)<z)—(1+}7) 0 (F@), (18)

forall o, B,y € C, R(a) > max{0, R(k) — 1}, R(k) > 0, n > 0 and m € Np.

Next, by using the operator ]I) ﬁn the classes X5*(6), LC(5), XK(6,0) and XLK*(6,0) which defined,
respectively, by relations (4), (5), (7) and (8), we introduce the following new classes of meromorphic
functions for 0 < 6,0 < 1:

Jykm Ly km *
£ {er.]Ia,ﬁ,nerS (5)},

Jm v k,m
EC = {f e T I f € EC)),

TR = {f e T I f € TK(5,0))
and

SK = {f e N 04N f € TK(5,0)).
We can see that:

k, , k,
f(z) e £CY ﬁj’; —2f'(z) € zsayﬁ q’" (19)
and
f) e ZK;’;; " —zf'(z) € ZKZ:;':;. (20)
We note that

i) 250;170 £5*(6) (0 < 6 < 1) (see Juneja and Reddy [7]);

ii) zc;;;;g = X.C(5) (0 < 6 < 1) (see Srivastava et al. [14]);

k0 _ k
iii) =87 s

wpin S, o (see Aouf and Seoudy [3], withp =B =1and A =26 -1).

Lemma 2.2. [8] Let ¢ be complex-valued function such that,
p:D—C, (DcCxCQ).
For u = uy + iup and v = vy + iv, in C, we suppose that @ satisfies the following conditions:

i) @(u,v) is continuous in D;
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ii) (1,0) € D and R{p(1,0)} >0
iii) R{p(iuz, v1)} < 0 for all (iuz, v1) € D and such that vy < —(12—@.
Let

Wz)=1+mz+hz*+..., (21)
be reqular in U such that (h(z), zh'(z)) € D forall z € U.
If

Rip(h(z), 2l (2))} > 0 (z € V),
then

Ri{h(z)} > 0 (z € U).

Lemma 2.3. [6] Let the (nonconstant) function w(z) be analytic in U, with w(0) = 0. If [w(z)| attains its maximum
value on the circle |z| = v < 1 at a point zp € U, then

zow (20) = Ew(zo),
where & is a real number and & > 1.

In the following section, we will get inclusion properties which associate the operator ]IZ};Z' with the

classes TS/ y vk gVEM and TR,
apn ! apn’ a,pn a,pn

3. Main results

Unless otherwise mentioned, we shall assume in this paper that a, 8,y € C, R(a) > max{0, R(k) —
1}, R(k) > 0,n > 0 and m € Np.

Theorem 3.1. If f(z) e L, R(B) > 1, ‘R(%) > 0, then

)/+1km x—;/km ykm
S, eEs et c B (22)
and
zsag’j]’”“ zsa?[;’j]’”. (23)

Proof. To prove the first part of (22), let f € ZS* PR and

2T f@)

o o0—(1-0h(z), (24)
U f(2)
where I is given by (21). Applying (16) in (24), we obtain
]I;/Jrl k, mf( ) K+
= 5 - (1= () + (25)
Ly f@
Differentiating (25) logarithmically with respect to z, we have
AU @)Y 20 fE) _ )
o SO W f@) | a-ome

AR DR (- o)) + o - ()

aﬁn a,pBn
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which, by (24), we get
]Iy+1,k,m , B ,
Loga TOV_ 1 oppey + — =0 @ 26)
Ly f@) (1= o) + 6 - ()
Let
@ Ww,v)=1-0u- (1=9)0 27)

(1-ou+o-(2)
with h(z) = u = uy +iup, zh'(z) = v = v1 + ivy. Then
i) @(u,0) is continuous in D = C\ { (y/k)}
ii) (1,0) € Dand R{g(1,0)} =1-5,
iii) Rig(iuz, 01)) < 0 for all (itz, 01) € D and such that oy < — 22
~(1-8)0
(1= 08)iur +6 — (’”T?)
(1 -9)[(F) - oo
o () + v
_a-oa+)[(F) -9

[[b ~()) - 5)2u§]

Rip(iuz, v1)}

<

Therefore, the function ¢ (u,v) satisfies the conditions in Lemma 2.2. Thus, we have R{h(z)} > 0, that
is, f € ZSaé’;m By using the similar arguments to those details above with (17) instead of (16), we can see
that the conditions of Lemma 2.2 are satisfied for the second part in (22) with O = C\ { 1+ a+ﬁ 1} x C.

We can prove (23) by using the similar arguments to those detailed above with (18) 1nstead of (16) with

D =C\ {1 + 41 } x C, so we omitted the proof of (23). Therefore, the proof of Theorem 3.1 is completed. [

Theorem 3.2. If f(z) € L, then

y+1km y,km y.km
Caﬁn cZCaM cXcy g (28)
and
ykm+1 v km
Caﬁq Caﬁn (29)

Proof. To prove (28) applying (19) and using Theorem 3.1, we observe that

y+Lkm sy+1km
f(z) e Z‘Ca,ﬁ,n — —zf'(z) € ZSaM

— —2f'(x) e IS — f) e xC.
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Also
v km g *,y,k,m
f(z) e Z‘Ca,ﬁ,n — -zf'(z) € ZSa,ﬁ,n
v +y,k,m km
= —zf'(z) € ZS(JM/” = f(z) € ZC%H,”.

By the same manner we can prove (29) which evidently completes Theorem 3.2. [J

Theorem 3.3. If f(z) € L, then

y+1 k,m v.km ykm
LK, C ZKaﬁn CXK/, Ly (30)
and
ZK C SR (31)
Proof. To prove the first inclusion, let f(z) € ZKkam Then, there exists a function g(z) € Zsagl F such
l
that
;/+1 k,m
1k, :
HZ; ; '”9(2)
Let
ok, ,
24 £(2)
=0~ (1-0)h(z), (32)
g0 9)
where h(z) is given by (21). Using (16), we have
k, / k, )
2" f(2) " (2f/(2)
Hz-;—;lnkm (Z) Hz:;lqkm (Z)
UG @)) (M (zf @)
(U 0@) +(F 0@
]I} Jk,m " w Jk,m ’
A1y i Uk(jf @) | (T) . ﬁynkfff @)
Dy g(z) " g(2)
A0 9@) (ke
—_— + —_
L9 ( k )
Since g(z) € ZS y“ ko - ZS[&;I;’" from Theorem 3.1, we have
204" g())
— — - (1-0)x(@), (33)
L)
where x(z) = g1(x, y) + iga(x, y) and R {x(z)} = 91(x, y) > 0 in U. Then, by using (32), we have
vk 7
2" f(2)) (#f”)) (P )lo+1-0ma
— b 34
Lk ) —o—-(1-0)x()+{() (34)

aBn
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Differentiating (32) with respect to z, we have

A=y )

]I;kn

e =—(1-0)zl () + [0+ (1 —-0) x(2)][o + (1 —0)h(z)]. (35)
wpn

By substituting (35) into (34), we have

v+1 kmf(Z)) (1 _ O_)Zh,(z)
ﬂ—mw:— (1 - o)h(z) - _
HLM 9() 1-0)x@)+06- (Ty)

Let
1-o0)
(1-0)x(x) +06 - (42

with h(z) = u = uy + iuy, zh'(z) = v = v1 + iv. Then

pWw,v)=1-0)u-

i) @(u,v) is continuous in D = C\D* x C, where

4

D' = {z:z € Cand Rix@) = q1(x,1) > 1+ 15—

}/

ii) (1,0) € D and R{p(1,0)} = (1 - 0),

iii) Riq(iuz, v1)) < 0 for all (i, v1) € D and such that o; < —22),

-1 -o)

%{(1 5);(((z)+()51("”)}
1-0)[(52)-6- -8 g(x, ]
(-0 q16 1) + 0~ (S)] +[0 - 026 I

(1 =o)(1+1) () -6 - (1= 8) g1(x, )]

2[00 +o- () + [0 - ot )
< 0

Rip(iuz, v1)}

Therefore, the function ¢ (u,v) satisfies the conditions of Lemma 2.2. Thus we have R{h(z)} > 0, that
is, f € ZKa ﬁ1 By using the similar arguments to those details above with (17) instead of (16), we can
see that the conditions of Lemma 2.2 are satisfied for the second part of (30) with Q = C\Q* X C, where
Q' ={z:z€Cand Rix(@) = ;i(x, y) > 1+ SE2).

We can prove (31) by using the similar arguments to these precedent details with (18) instead of (16)
with B = C\B* X C, where B* = {z: z € Cand R{x(z)} = ;1(x, y) > 1+ %}, so we omitted the proof of (31).
Therefore, the proof of Theorem 3.3 is completed. [

Theorem 3.4. If f(z) € L, then

*y-%—lkm *ykm »ykm
ARSI D

and

+,m+1,k,m *,y,k,m
ZKaﬁq cZKaﬁq
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Proof. Just as we derived Theorem 3.2 as a consequence of Theorem 3.1 by using the equivalence (19), we
can also prove Theorem 3.4 by using Theorem 3.3 in conjunction with the equivalence (20).

Let F, be the integral operator

F(HE) =L ft“f(t)dt (271+Z,1+k+1 2 f2)

(feX,u>0zelU).

25 FUAE) = HEEOE = e+ DEFIFUPE (1> 0). o

In the following theorems we will get inclusion properties which associate the operator F,, with the classes

*,y.k,m gamma,k,m v k,m *,y,k,m
ZSaﬁ1 , Caﬁn ZK{XM dZKaM. O

+,,k, *,,k,
Theorem 3.5. If f(z) € £, >0 and f(z) € S, ", then F,(f)(z) € £S/7 ™.

apn apn
Proof. Let f € ZS”’km and set
2 (LA"Fu(H)@) 1+ -20)w() -
L Fu(P)) 1-wi@

where w(0) = 0. Using (36) in (37), we obtain

L@ - (u+2-20)0)

o = (38)
1 Fu(F)E) Hlt - w@)l
Differentiating (38) logarithmically with respect to z, we have
z(llll;?’:f(z»’ _ 14— | w'@) (220w )
]IZ;ZIJC(Z) B 1-w(z) 1-w(Ez) u-(u+2-20w()’
so that
Z(Hﬁ’ﬁ”,';f @) 5. (1-0)(1+w@) =@ (u+2-20)zw' (2) (a0)
HZ’;’:]:(Z) - 1-w(z) 1-w(z) p—(u+2-20w(z)

Let max‘z‘s‘zmlw(z)l = |w(zp))| =1, zo € U and applying Lemma 2.3, we have

zow’(z0) = Cw(z) C > 1.

If we set w(zo) = €, 0 € Rin (40) and observe that

%{a -o)(1 +w(20))} .

1 — w(zp)
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then, we have

HZZ':JC(Z )’ sl ‘R{ zow'(z0)  (+2—20)zow’ (zo) }
Hzﬁ’:f(z()) 1-w(zo) u—(u+2-20)w(zo)

R {_ 2(1-9) }
(1—e®) (u— (u+2—20)e'®)
20(1 = §)(u +1-0)
p? = 2u(u +2—20)cos 0 + (u + 2 — 20)?
> 0,

)km

apn
for any z € U, which, in view of (37), proves the integral-preserving property asserted by Theorem 3.5. [J

which obviously contradicts the hypothesis f(z) € S’ Consequently, we can deduce that |[w(z)| < 1

Theorem 3.6. If f(z) € ¥, > 0 and f(z) € TC);", then Fy(f)(z) € TCLy™.

Proof. Applying (19) and using Theorem 3.5, we observe that

f) e zcﬁ;ﬁ;’: ~2f'(2) € £S” ?”“” — Fu(-zf'(2)) € zs;’j]
4 Jk,m v, k,m
= -z(Ffl) excy = Fy(f)(z) ezc; o

which evidently proves Theorem 3.6.
|

Theorem 3.7. If f(z) € X, >0 and f(z) € ZKz;:]" then F,()(z) € ZKZE:

Proof. Let f(z) € ZK};I’;:’; Then, there exists a function g(z) € ZS;”;’Z’m such that
]I;/ km
% I[VT < —0.
a,pn g (Z)

Let

Wmam@>

1km

I4"F,(9)(@)

— (1 -0)h(z), (41)

where h(z) is given by (21). Using (36), we have

AUFE@) Ly (-2 @)
L) Lg(z)

_ AR @) S D (2 )

- A0 Fu(9) @) +Hur DI Fu(9) @)

g k,m e v k,m
(u,;,g Fu(=+f@)) (D) aﬁZFp( =)
1 g Fu(9)@ g Fr(9)@

Aprea) |

vk,
T

+1
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Since g(z) € ZS;;I:]'", then from Theorem 3.5, we have F,(f)(z) € ZSZ?;’ZM, we set

]Iy,k,mF !
W Fug@) =—6—(1-0)x(2), "

k,
T Fug(@

where x(z) = g1(x, y) + ig2(x, y). Then

¥k , Y

}/,k,m ’ M 1 o
L e
HV/k,m

a,ﬁ,q g(z)

= PN G s w) (43)

Differentiating (41) with respect to z, we have

a,pn

K
L Fug(@)

A=W fE)) ,
- = —(1-0)zh () + [0+ (1 =0) x(2)] [0 + (1 — 0)h(z)]. (44)

By substituting (44) into (43), we have

Z(]IZ'ZIT;J( (@) (1 -0)zh'(2)
Py - _ — o _ .
R LN T TR

Let

1-o)
d-ox@+o-pu-1

pWw,0)=1-0)u-

with h(z) = u = uy + iup, zh'(z) = v = v1 + iv,. We can see that the conditions of Lemma 2.2 are satisfied
with Q = C\Q*' X C, where Q = {z : z € Cand R{x(2)} = g1(x,y) > 1+ %}. The remainder of our proof of
Theorem 3.7 is similar to that of Theorem 3.3, so we choose to omit the analogous details involved. This
completes the proof of Theorem 3.7.

|

Theorem 3.8. If f(z) €L, u >0 and f(z) € ZK’;Z’};"", then F,(f)(z) € ZK;;’;'"
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